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Abstract. In this paper, the boundedness of a large class of sublinear commutator opera-
tors T}, generated by a Calderén-Zygmund type operator on a generalized weighted Morrey
spaces Mp, ,(w) with the weight function w belonging to Muckenhoupt’s class A is studied.
When 1 < p < oo and b € BMO, sufficient conditions on the pair (¢1, ¢2) which ensure the
boundedness of the operator T}y, from Mp o, (w) to Mp, o, (w) are found. In all cases the con-
ditions for the boundedness of T}, are given in terms of Zygmund-type integral inequalities
on (1, p2), which do not require any assumption on monotonicity of 1 (z,r), w2(z,r) inr.
Then these results are applied to several particular operators such as the pseudo-differential
operators, Littlewood-Paley operator, Marcinkiewicz operator and Bochner-Riesz operator.

Keywords: generalized weighted Morrey space; sublinear operator; commutator; BMO
space; maximal operator; Calderén-Zygmund operator
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1. INTRODUCTION

The classical Morrey spaces M) » were originally introduced by Morrey [29] to
study the local behavior of solutions to second order elliptic partial differential equa-
tions. For the properties and applications of classical Morrey spaces, the readers are
referred to [29], [30], [31], [32].

Let R* be the n-dimensional Euclidean space of points = (1, ..., x,) with the
n 1/2
norm |z| = (Z xf) . For x € R* and r > 0, denote by B(x,r) the open ball
i=1

The research of V. S. Guliyev was supported by the grant of Ahi Evran University Scien-
tific Research Projects (PYO.FEN.4001.12.18).
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centered at x of radius 7. Let B(x,7) be the complement of the ball B(z,r), and
|B(x,r)| the Lebesgue measure of B(z,r).

A weight function is a locally integrable function on R* which takes values in
(0, oo) almost everywhere. For a weight w and a measurable set E, we define w(E) =
Jpw w(x)dz, the Lebesgue measure of £ by |E|, and the characteristic function of E
by xg. Given a weight w, we say that w satisfies the doubling condition if there is
a constant D > 0 such that w(2B) < Dw(B) for any ball B. When w satisfies the
doubling condition, we write w € Ag, for short.

If w is a weight function, then we denote the weighted Lebesgue space by L,(w) =
L,(R*,w) with the norm

1/p
ey = ([ 1P ar) <o when 1<p <o

and | f|z..., = esssup|f(z)|w(x) when p = oco.
TERX

We recall that a weight function w is in Muckenhoupt’s class A,, 1 < p < oo, if

[w]a, = sup[w]Ap(B)
B

-y )Gy )

where the sup is taken with respect to all balls B and 1/p+ 1/p’ = 1. Note that for
all balls B we have

1 1 _
(1.1) [w] % 5y = [BIH w5 o™ 7|, 5y > 1

by Holder’s inequality. For p = 1, the class A; is defined by the condition Mw(z) <
Cw(z) with [w]a, = sup Mw(z)/w(x), and for p = co we define Ao = |J A4,.

TERX 1<p<oo
For f € LI°°(R*), the Hardy-Littlewood maximal operator M and the sublinear
commutator of the maximal operator are defined by

M(z) = sup|B(z, 1) /B Ly

t>0

My(f)(x) = sup|B(z, )]~ 1/3( ) [b(x) = b(y)| £ (y)| dy,

t>0

respectively. Let K be a Calderén-Zygmund singular integral operator, briefly
a Calderén-Zygmund operator, i.e., a linear operator bounded from Lo(R*) to
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Lo(R™) for all bounded measurable functions f with a compact support, represented
by

Kf(x)= [ k(z,y)f(y)dy, =z ¢ suppf.

RIX
Here, k(x,y) is a continuous function away from the diagonal which satisfies the
standard estimates: there exist ¢; > 0 and 0 < € < 1 such that

|k(z,y)| < cilz —y[™"

for all x,y € R*, z # y, and

JINE
z.9) = )]+ k() — K] < e (= ool
whenever 2|z — 2’| < |z — y|. Such operators were introduced in [6].
It is well known that the maximal operator and the Calderén-Zygmund operators
play an important role in harmonic analysis (see [10]-[42]).
Let T represent a linear or a sublinear operator which satisfies that for any f €
L1 (R*) with compact support and x ¢ supp f

/W)l
(12) Tt <a [ PO
e |z —ylm
where ¢¢ is independent of f and .
For a function b, let T} represent a linear or a sublinear operator which satisfies

that for any f € L1(R*) with compact support and = ¢ supp f

(13) @) < o [ @)= bl la = o115 0)] s

where ¢ is independent of f and x.

We point out that the condition (1.2) was first introduced by Soria and Weiss
in [37]. The condition (1.2) is satisfied by many interesting operators in harmonic
analysis, such as the Calderén-Zygmund operators, Carleson type maximal op-
erators, Hardy-Littlewood maximal operators, C.Fefferman’s singular multipliers,
R. Fefferman’s singular integrals, Ricci-Stein’s oscillatory singular integrals, and the
Bochner-Riesz means (see [37], [36], [26] for details).

Definition 1.1. BMO(R") is the Banach space modulo constants with the norm
[Ill« defined by

1
o]« = sup ——— 1b(y) — bp(am|dy < oo,
vers r>0 | B(@: 1) JB(@r o
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where b € LI°¢(R*) and

1

bB(z,r) = W

b(y) dy.
T, 7’)| B(z,r)

Let K be a Calderén-Zygmund singular integral operator and b € BMO(R™).
A well known result of Coifman, Rochberg and Weiss [7] states that if b € BMO(R™)
and K is a Calderén-Zygmund operator, then the commutator operator [b, K|f =
K (bf)—bK f is bounded on L,(R*) for 1 < p < co. The commutators of a Calderdn-
Zygmund operator play an important role in studying the regularity of solutions of
elliptic, parabolic and ultraparabolic partial differential equations of second order
(see [4], [5], [8], [33])-

We define the weighted Morrey and generalized weighted Morrey spaces as follows.

Definition 1.2. Let 1 < p < 00, 0 < kK < 1 and let w be a weight function. We
denote by L »(w) = Ly, ,(R*,w) the weighted Morrey space of all classes of locally
integrable functions f with the norm

1flle, )= sup  w(B@,7) P fllL, (B < oo
TERX ,r>0
Furthermore, by WL, ,.(w) = WL, . (R*,w) we denote the weak weighted Morrey
space of all classes of locally integrable functions f with the norm

Fl Wiy ) = sup  w(B(@, )| fllwr, (B < oo
xER® ;r>0
Definition 1.3. Let 1 < p < oo, let p(z,7) be a positive measurable function
on R* x (0,00) and w non-negative measurable function on R*. We denote by
My o(w) = My (R, w) the generalized weighted Morrey space, the space of all
classes of functions f € L)°¢ (R*) with finite norm

I fllaz, p(w) = sup 50(3%T)_lw(B(xaT))_l/p||f||Lp,w(B(z,r))-
zER® ,r>0

Furthermore, by WM, ,(w) = WM, ,(R*,w) we denote the weak generalized
weighted Morrey space of all classes of functions f € WLL??U(R“) for which

1 lwaty oy = sup o, r) " w(B@,r) " P flwe, (B < oo
zeR* ,r>0

In [12], [13], [14], [16], [20], [28] and [31], sufficient conditions on ¢; and ¢y for
the boundedness of the maximal operator M and a Calderén-Zygmund operator K
from the generalized Morrey spaces Mp, ,, to M, ,, for 1 < p < oo and from M; ,,
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to WM, were obtained (see also [34], [2], [1]). In [9], the following condition was
imposed on (z,7):

(1.4) ¢ lo(z,r) < pla,t) < cp(a,r)

whenever r < ¢t < 2r, where ¢(> 1) does not depend on ¢, r and « € R jointly with
the condition

(15) | et < ol

for the sublinear operator 7', satisfying condition (1.2), where C(> 0) does not
depend on r and = € R*.
The following statement was proved in [18].

Theorem 1.1. Let 1 < p < oo, w € Ay, and let (1, p2) satisfy the condition

t<s<oo e <C902(£L',7“),

o essinf o1 (z, s)w(B(z,9))'/” g
(1.6) / B t

where C' does not depend on x and r. Let T be a sublinear operator satisfying the
condition (1.2) bounded on Ly,(w) for p > 1, and bounded from L;(w) to WLy (w).
Then the operator T is bounded from My, ,, (w) to Mp ,,(w) for p > 1 and from
M, (w) to WMy o, (w).

Remark 1.1. Note that Theorem 1.1 was proved in the case w = 1 in [15] and
in the case w = 1 and ¢(z,7) = v1(x,r) = p2(x,r) satisfying conditions (1.4) and
(1.5) in [9].

In this paper, we prove the boundedness of the sublinear commutator operators
Ty satisfying condition (1.3) from one generalized weighted Morrey space M, ., (w)
to another M, ,,(w) for 1 < p < oo and b € BMO(R*). We apply this result to
several particular operators such as the pseudo-differential operators, Littlewood-
Paley operator, Marcinkiewicz operator and Bochner-Riesz operator.

By A < B we mean that A < CB with a positive constant C' independent of the
appropriate quantities. If A < B and B < A, we write A =~ B and say that A and
B are equivalent.

2. MAIN RESULTS

In the following, main results are given. First, we present some estimates which
are the main tools for proving our theorems, for the boundedness of the operator T}
on the generalized weighted Morrey spaces.
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Theorem 2.1. Let 1 <p < o0, w € Ay, b € BMO(R™), and let T}, be a sublinear
operator satistying the condition (1.3). Let also Ty, be bounded on L,(w). Then

dt

oo t —
m@+FNM%MMmmw@@mmlm_

TSI, i < CuB)” | :

2r

for all f € LL‘:?U(R'*), where C' does not depend on f, xg € R* and r > 0.

Now we give a theorem about the boundedness of the operator Tj, on the general-
ized weighted Morrey spaces.

Theorem 2.2. Let 1 < p < o0, w € A,, b € BMO(R™) and let (¢1,¢2) satisfy
the condition

essinf @1 (x, s)w(B(z,s))'/P dt

o t t<s<oo
. - - < ) )
(2.1) /r ln<e * r) w(B(z,t))/P t Coa(a,1)

where C' does not depend on x and r. Let T, be a sublinear operator satisfying
the condition (1.3) and bounded on L,(w). Then the operator Ty is bounded from
M, . (w) to My, o, (w). Moreover,

1T £l a1y, oy ) S W llnty 4, (w)-

Note that for the sublinear commutator of the maximal operator M; and for the
linear commutator of the Calderén-Zygmund operator [b, K|, from Theorem 2.2 we
get a new result. When o1 (z,7) = @o(x,r) = w(B(x,r))* /P from Theorem 2.2
we also get the following new result.

Corollary 2.1. Let 1 <p < 00,0 < K < 1, w € 4,, b € BMO(R") and let T,
be a sublinear operator satisfying the condition (1.3). Let also T}, be bounded on
L,(w). Then the operator T} is bounded on Ly, ,,(w).

Proof. Letl<p<oo, we Ay, 0<r <1andbeBMO(R"). Then the pair
(w(B(z,r)) "= D/P w(B(z,r))"~1/P) satisfies the condition (2.1). Indeed,

oo inf w(B(x,s))"/P oo
ty o5 8 ’ dt t (e_1)/p dt
[ tn(e+ ) wB@ Ot / tn(e+ 1 Juw(Ble, 1)/

< Cu(Bla,r) =017,

where the last inequality follows from Lemma 13 in [3]. O

Note that from Corollary 2.1, for the operator [b, K| we get results which are
proved in [19].
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3. SOME LEMMAS

Lemma 3.1 ([11]).

(1) If we A, for some 1 < p < oo, then w € Ay. Moreover, for all A > 1 we have
w(AB) < A"Plw]a, w(B).

(2) If we A, then w € Ay. Moreover, for all A > 1 we have
w(AB) < 2*" [w]}_w(B).

(3) If we A, for some 1 < p < oo, then there exist C > 0 and § > 0 such that for
any ball B and a measurable set S C B,

s <l

We need the following statement on the boundedness of the Hardy type operator:

1 [ t
(Hig)(t) := ?/ ln(e + ;)g(r) du(r), 0<t< oo,
0
where p is a non-negative Borel measure on (0, 00).
Theorem 3.1. The inequality

esssupw(t)H1g(t) < cesssupv(t)g(t)
>0 >0

holds for all non-negative and non-increasing g on (0, c0) if and only if

t) [ ty d
A :—supw/ ln(e+—)ﬂ<oo,
t>0 t Jo r/ esssupv(s)
0<s<r

and c~ A;.

Note that Theorem 3.1 is proved analogously to Theorem 4.3 in [15].
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Lemma 3.2 ([30], Theorem 5, page 236). Let w € A.. Then the norm of
BMO(R™) is equivalent to the norm of BMO(w), where

1
BMO(w) =<4b: [|bllsw= sup —————
= b Pllw= w0 oot

[ 1w -bsenalto) dy < oo}
B(z,r)

and
1

bB(z,r),w = W/B(x,r) b(y)w(y) dy.

Remark 3.1.

(1) The John-Nirenberg inequality: there are constants Cy, Co > 0 such that for all
b€ BMO(R*) and 8> 0

l{z € B: |b(z) — bg| > B}| < C1|Ble=C2A/IbI- " vB c R*.

(2) For 1 < p < oo the John-Nirenberg inequality implies that

1 l/p
(3.1) ||b||*zsup<— / |b<y>—b3|pdy)
B \|B| /5

and for 1 < p < oo and w € Ay
1 1/p
3.2 b« = su —/b —bp[Pw d> .
(3.2 o1 w0 (57 /. 1o = baPuto) dy

Indeed, from the John-Nirenberg inequality and using Lemma 3.1 (3), we get
w({z € B: [b(z) — bs| > B)) < Cw(B)e=C28%/Ibll-

for some 6 > 0. Hence, this inequality implies that

/ 1by) — bs[Pu(y) dy = p / T lw({z € B: [b(x) — bs| > B})dB
B 0

< Cw(B) /Oo Bp=1e=C283/IIbll+ 43
0

= Cuw(B)|]b]|%-

To prove the required equivalence we also need to have the right hand inequality,
which is easily obtained using the Holder inequality, and then we get (3.2). Note
that (3.1) follows from (3.2) in the case w = 1.
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The following lemma was proved in [21].

Lemma 3.3. Let b be a function in BMO(R™). Let also 1 < p < o0, z € R¥,
and 1,792 > 0. Then

1 1/p -
_ — p < 1 In = .
<|B(x,n)| oy Y T B dy) (1 +m )il

where C > 0 is independent of f, x, 1 and r,.

The following lemma is valid.

Lemma 3.4.

(i) Let w € A and let b be a function in BMO(R"). Let also 1 < p < oo, z € R*,
and ri,r9 > 0. Then

1

1/p -
w(B(z.m)) b —b x,r2 wlPw(y)d <Cll1+ |In— bll«,
(Bt Lo, 110 o ) <0t 1o

where C > 0 is independent of f, x, r1 and 9.

(ii) Let w € A, and let b be a function in BMO(R™). Let also 1 < p < o0, z € R*,
and ri,r9 > 0. Then

1 C o A\
- b _ b ' p -p d
(wl‘p'(B(x,m)) ~/B(z,r1)| W)= sl wly) y>

1
< -
<C(1+m mDHbH*,
where C > 0 is independent of f, x, r1 and rs.

Proof. We only consider the case 0 < r; < r9. Actually, the similar procedure
works for the other case 0 < ro < rq.

For 0 < 7 < 79, there are ki, ks € Z such that 25171 < r; < 2% and 221 < ry <
2%2. Then k; < ko and (ks — k1 — 1)In2 < In(ra/r1) < (k2 — k1 + 1) In2.
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(i) From (3.2), Lemmas 3.1 (2) and 3.2 we have

1 1/p
CTER b(y) — b Puly)d
(BT P00

1 1/p
S\ wB@m) b —b x,2k1 P d
<“’<B(J%T1)) /B(x,rl)| ) = bp (2o [P0 (y) y>

+ |bB(£C,27€1),U) - bB(x,T2)7w| + |bB(x72k1) — bB(x,2k1)7w|
1 1/p
NS YIYY b —b P d
<w(3($7m)) /B(x,rl) b(y) = bp(z,0m) [Pw(y) y>
ko—1

+ |bB(z,r2),w - bB(z,2k2),w| + Z |bB(x,21+1),w — bB(;c,QJ),wl
J=k1

<

1 1/p
NS YIYY b —b Py d
<w(B(x,r1)) /B(x’n)| (¥) = bp (20 [Pw(y) y>
1

— b(y) —b ; d
" w(B(z,r2)) ~/B(z,r2) b)) = bp(e.202),wl0(y) dy
ko—1

" 2 W BT e M)~ Prtease )

<

1
+7/ b(y) = bp(a,2rn)lw(y) dy
w(BE, ) Jp (o) ") T OB )

1 1/p
< (5B 350 Ly, M)~ Potean Pt )
1
- - b b | 1
+w(B(q;,2kz)) ~/B(z,2k2)| (y) B(x72k2)7w|’u)(y) Yy
ka—1

3 T BT o, e, 118) ~ Dotz )

1 /
T o(Blz 2k ) b(y) — bp(z 201y |w(y) dy
DB 25)) s, W) T B2 [00)

S (ke = k)l S (141 %) o]l

This completes the proof of the first part of the lemma.
(if) We have

1 D A\
VAT b —b x,r2),Ww P w - d
(wlp (Bz, ) /B@,m ) = Bateiayanl” 18) y)
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1
< —_— — . 1—p/
= (wlp/ (B(QC,TI)) /B(%Tl)ﬂb(y) bB(x’le),w |

1/p’
+ |bB(z’2k1)’w1—P/ - bB(z,rz),w|}p w(y)lip dy)

1 , L , 1/1’7/
< 7 b - b —»’ b o’ d
(wlp (B(x,71)) /B(x,m) o(w) B(z,2M),w! [ w(y) y)

+ |bB(z’2k1)’w1—P/ - bB(x,rg),w| =Ji1 + Jo.

It is known that, if w € A, for 1 < p < oo, then w P € Ay C As and from
Lemma 3.1 (1) and Lemma 3.4 we get

1/p’
1 ’ /
Jp < b(y) —b o |P 1=r"q < |b]| .
t (wlp,(B($,2k1)) /B(x,le)l ) B(e28),wime ) y) < el

Now we estimate Jo:

Jo = |bB(x,2k1),w1*P/ - bB(z,rz),w|
< |bB(x,2k1),'w1*P/ - bB(z,2k1)| + |bB(z,2’“1) - bB(x,rz)l + |bB(z,r2) - bB(z,rz),w|
= Jo1 + Jag + Jos.

From (3.2) we have

Jo1 = |bB(z,2k1),w1—p’ - bB(x,2k1)|
]. !
< b(y) —b . =" dy < ||b||..
TTBET o g, 10~ batem o) dy 5 o

From Lemma 3.3 we get

1
J22 = |bB(;c,2’€1) - bB(gc,r2)| < |B( |b(y) - bB(x,r2)| dy

z, 2k1)] B(x,2%1)
2k
S (1 ==l s (14 [m 2] el
T2 T2
From (3.2) we have

J23 = |bB(a:,r2) — bB(I,Tz),wl
: /
S W(Ba by be,r wly yS b*,
w(B(x,r2)) B(x,r2)| (y) (z.ro)|W(y) d lll

Then
S+l s (14 :—Q)an*.
1

This completes the proof of the second part of the lemma. O
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4. PROOF OF THE THEOREMS

Proof of Theorem 2.1. Let p € (1,00). For arbitrary zo € R* and r > 0, set
B = B(zg,r). Write f = f1 + fo with f1 = fxop and fo = fxc(2p)- Hence

1T fllz,..c8) < ITofillz,..B) + 1Tof2llL, . (B)-

From the boundedness of T} in L,(w) it follows that:

ITvf1llz, .8 < I Tofille,.. S 1Al = 1flz,..e5)-

For x € B we have
b(y) — b()| - b(y) — b()|
) s [ PRl [ PR )y
Then

1/p

— b(z)

B( ¢(2B) |$o—y|”

L) = Benel 1)1y ) )

C(2B) |$0 - y|”

B
— bB,wl P 1/p
(/( — "w |f(y)|dy) W(a?)dx) =1 + I>.
B\J¢(2B) Iwo Y|

n=umyr [ Sl a,

ITfalle, o) < ( LORLCIY >|dy) w(z) dx)

(LU

1/p

Let us estimate I7:

|0 — y|"
dt
| tn+1 dy

~ w(B)/? / oy 10 =Pl )

|zo—y

& dt
s ] Ib(y)—bB,wIIf(y)Idy—th
2r J2r<|zo—y| <t
B)/P bly) — b d
// ) b1 .

Applying Holder’s inequality and by Lemma 3.4, we get

o0 , N dt
nsumre [C( [ )|b(y>—b3<x0,r>,w|pw<y>1*p W) 1y im0 o
r zo,t
1 dt
S[w]A/fubu* B)/» / (1410 ) ™2l 0yl 2 w500,
1 dt
S 10w [ (e )17, e (Blan, 0) 7
T
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In order to estimate I note that

1/p
B o @)
b<éw@)baﬂw@ﬁ@>!kwﬂ%j]g®

By Lemma 3.4, we get
c2m) [To — y|™

Applying Holder’s inequality, we get

Sl g, < [ . N
4.1 AL gy < /p
I e TR Ll M T L P

l/p o _1/pdt
< [wl4) ; 112y s B0ty w (B0, )~ =
T

Thus, by (4.1)
< 1/p = -1/p dt
Iy Sw(B) , 12y (B0, 0y w(B (0, 1)~ F =

Summing up I; and I, for all p € [1,00) we get

o t Ly, dt
42) [Tofalle, cm S 0B [0 (et D)1, oo o (Blan. )5
On the other hand,
o dt e dt
(4.3) fllr,..2m) = IBIIIJ"'IILp,w(zB)/2 A S IBI/2 1Ly (B0, ot
<w(B) 0w [ IS A
B Lp/(B) o Lp’w(B(xo,t)) tn+1
< w(B)Y/P ~ —-1/p d
< w(B) ; ALy wB o 0™ P, (Bo.0) g
1/p e [ —1/pdt
< (w4, w(B) ; 11 2p.w(Bo,0pw(B (20, 1))~ F =
T
Finally,
1Tofll Ly i) S I lLy.weB)
e [ t —1/pdt
+w(B)7 [ e+ )1, o w (Bl )P,
2r
and the statement of Theorem 2.1 follows by (4.3). O
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Proof of Theorem 2.2. By Theorem 2.1 and Theorem 3.1 we have for p > 1

1T £l a1, ()

[T ¢
S swea@n) ™ [ wn(et D), wneoe(B)
zER®,r>0 T r

*l/pg
t

-1

" 1 i dt
= sup a(z,7) 1/ ln(e+_>||f”Lp,w(B(;c,t*l))w(B(xat byt —
ER® >0 0 tr t

—1/p%

ERTURTE N A r _
= sw eafar ) / (e + 2 )£l uipeyw(B, )
0

z€RX , >0

S osup () T (B D)) TP f (B
zeR* ,r>0

= sup iz, ) wB@, )P f oy wse) = 1F a0
2ER*, 7>0

5. SOME APPLICATIONS

In this section we will apply Theorem 2.2 to several particular operators such as
the pseudo-differential operators, Littlewood-Paley operator, Marcinkiewicz operator
and Bochner-Riesz operator.

5.1. Pseudo-differential operators. Pseudo-differential operators are general-
izations of differential operators and singular integrals. Let m be a real number,
0<é<1and0< o<1 Following [17], [41], the symbol S}"5 stands for the set of
smooth functions o(z, ) defined on R* x R* such that for all multi-indices a and S
the following estimate holds:

D2 DEo(,6)] < Cop(1+ €]y elBI+le,

where C,3 > 0 is independent of x and £. The symbol S;g’o stands for the set of
functions which satisfy the above estimates for each real number m.
The operator A given by

Af(@) = [ ole, e f) de

is called a pseudo-differential operator with o(x,&) € Sy's, where f is a Schwartz
function and f denotes the Fourier transform of f. As usual, L7's will denote the
class of pseudo-differential operators with symbols in S7;.
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Miller [27] showed the boundedness of L(1),0 pseudo-differential operators on
weighted L, (1 < p < o0) spaces whenever the weight function belongs to Muck-
enhoupt’s class A,. In [6] it is shown that pseudo-differential operators in LY ; are
Calderén-Zygmund operators. From Theorem 2.2, we get the following corollary.

Corollary 5.1. Let 1 < p < oo, w € A,. Suppose that (¢1,p2) satisfies the
condition (2.1) and b € BMO(R™). If A is a pseudo-differential operator of the Hor-
mander class LY ;, then the operator [b, A] is bounded from M, ,, (w) to M, o, (w).

From Corollary 2.1 we get

Corollary 5.2. Let 1 <p < o00,0< Kk <1, we A, and b € BMO(R*). If A is
a pseudo-differential operator of the Hérmander class LY ,, then the operator [b, A]
is bounded on L, ,,(w).

5.2. Littlewood-Paley operator. The Littlewood-Paley functions play an im-
portant role in classical harmonic analysis, for example in the study of non-tangential
convergence of Fatou type and boundedness of Riesz transforms and multipliers [40],
[38], [42], [39]. The Littlewood-Paley operator (see [42], [22]) is defined as follows.

Definition 5.1. Suppose that ¢ € L1(R*) satisfies

(5.1) P(z)dz = 0.

R*

Then the generalized Littlewood-Paley g function gy, is defined by

s =([ |Ft<f)<x>|2?)l/2,

where ¢ (x) =t ™p(z/t) for t > 0 and Fi(f) = e * f.

The sublinear commutator of the operator g, is defined by

bl = ([ IRowrL)”

where

FUP@) = [ o) = bwline — 9)fw)

The following theorem is valid (see [25], Theorem 5.2.2).
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Theorem 5.1. Suppose that ) € L1(R*) satisfies (5.1) and the following condi-
tions:

C

(5.2) [ (x)] < At )
C

(5.3) IVip(z)| < At e

where C' > 0 is independent of x. Then g, is bounded on L,(w) for 1 < p < co and
w € Ap.

Let H be the space H = {h: ||a|| = ([~ |h(7§)|2dt/7§)1/2 < oo}, then, for each
fixed z € R*, Fi(f)(x) may be viewed as a mapping from [0, 00) to H, and it is clear

that gy (f)(x) = [|FL(f)()]].
In fact, by the Minkowski inequality and the conditions on 1 we get

@< [ sl [ ue-nrt)

oo —2n ar\?
_ / |f(y)] dy
re [T —y|"

Thus, we get

Corollary 5.3. Let 1 < p < oo, w € A,. Suppose that (p1,p2) satisfies the
condition (2.1), b € BMO(R") and ¢ € Li(R*) satisfies (5.1)—(5.3). Then the
commutator of the Littlewood-Paley operator [b, gy] is bounded from M, ,, (w) to

My, o, (w).
From Corollary 2.1 we get

Corollary 5.4. Let 1 <p < 00,0 <k <1, we€ Ay, b € BMO(R"). Suppose that
1 € L1(R™) satisfies (5.1)—~(5.3). Then the operator [b, gy] is bounded on L, . (w).

5.3. Marcinkiewicz operator. Let S"~! = {z € R*: |z| = 1} be the unit
sphere in R* equipped with the Lebesgue measure do. Suppose that ) satisfies the
following conditions:

(a) € is a homogeneous function of degree zero on R* \ {0}, that is,
Q(tz) = Q(z) forany t >0, x € R*\ {0}.
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(b) Q has mean zero on S™~1, that is,

/ Q) do(a') = 0.
Snfl
(c) Q€ LipW(S”*I), 0 < v < 1, that is, there exists a constant C' > 0 such that

1Q(z") — Q)| < Clz’ —y/|" for any z’,y' € S" L.

In 1958, Stein [39] defined the Marcinkiewicz integral of higher dimension pgq as

where

Fau(f)(z) = /

z—y|<t |£L' -y

The continuity of the Marcinkiewicz operator ug has been extensively studied in
[25], [40], [38], [43].
The sublinear commutator of the operator g is defined by

0o 1/2
ol = ([ 1FneaN@PE )

where

FasalDie) = | U =Y) 1) - alw)] (3) dy.

lz—y|<t |£L‘ - y|n—1

Let H be the space

= {nsn = ([ |h<t>|2%)1/2 <o},

Then it is clear that po(f)(z) = ||Fa..(f)(2)].
By the Minkowski inequality and the conditions on 2, we get

a0 < [ BBy ([ dt)mdys/k WLy,

" |£L‘ - y|n71 z—y| t3 x |{E - y|n

Thus, puq satisfies the condition (1.2). It is known that uq is bounded on L, (w) for
1<p<ooand we A, (see [43]). From Theorem 2.2 we get

381



Corollary 5.5. Let 1 < p < oo, w € A,. Suppose that (p1,p2) satisfies the
condition (2.1), b € BMO(R™) and () satisfies the conditions (a)—(c). Then [b, pq] is
bounded from M, ,, (w) to Mp ., (w).

From Corollary 2.1 we get

Corollary 5.6. Let 1 <p <00, 0 <k <1, we Ay, b € BMO(R®). Suppose
that Q satisfies conditions (a)—(c). Then the operator [b, uq] is bounded on Ly, ,(w).

5.4. Bochner-Riesz operator. Let § > (n—1)/2, BS(f)(€) = (1— t2|£|2)if(§)
and B (z) = t " B%(z/t) for t > 0. The maximal Bochner-Riesz operator is defined
by (see [24], [23])

Bs.(f)(x) = sup| B} (f)()].

>0
Let H be the space H = {h: ||h| = sup|h(t)] < oo}, then it is clear that
>0

Bs(f)(x) = 1B () ().
By the condition on B? (see [10]), we have

1Bi(z — y)| S (1 + |w — y|/r) D/
B ( r )57(%1)/2 1
7“+|x—y| (7’—|—|x—y|)n
Sle—yl™,

and

By (f)() < / @y,

|z —yln

Thus, Bs . satisfies the condition (1.2). It is known that Bj . is bounded on L,(w)
for 1 < p < oo and w € A, and bounded from L;(w) to WL (w) for w € Ay (see
[35], [44]). From Theorem 2.2 we get

Corollary 5.7. Let 1 < p < oo, w € A,. Suppose that (p1,p2) satisfies the
condition (2.1), 6 > (n —1)/2 and b € BMO(R"®). Then the operator [b, Bs .| is
bounded from M, ,, (w) to Mp o, (w).

Remark 5.1. Recall that, under the assumptions that w = 1 and ¢(x,r) =
v1(z, 1) = pa(z, ) satisfy conditions (1.4) and (1.5), Corollary 5.7 was proved in [24].

From Corollary 2.1 we get
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Corollary 5.8. Let 1 < p < 00,0 < kK < 1, w € Ay, b € BMO(R*) and

d > (n—1)/2. Then the operator [b, Bs ] is bounded on L, . (w).
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