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Symmetries and currents in nonholonomic mechanics

Michal Cech, Jana Musilova

Abstract. In this paper we derive general equations for constraint Noether-
-type symmetries of a first order non-holonomic mechanical system and
the corresponding currents, i.e. functions constant along trajectories of the
nonholonomic system. The approach is based on a consistent and effective
geometrical theory of nonholonomic constrained systems on fibred mani-
folds and their jet prolongations, first presented and developed by Olga
Rossi. As a representative example of application of the geometrical theory
and the equations of symmetries and conservation laws derived within this
framework we present the Chaplygin sleigh. It is a mechanical system sub-
ject to one linear nonholonomic constraint enforcing the plane motion. We
describe the trajectories of the Chaplygin sleigh and show that the usual
kinetic energy conservation law holds along them, the time translation gen-
erator being the corresponding constraint symmetry and simultaneously
the symmetry of nonholonomic equations of motion. Moreover, the expres-
sions for two other currents are obtained. Remarkably, the corresponding
constraint symmetries are not symmetries of nonholonomic equations of
motion. The physical interpretation of results is emphasized.

1 Introduction

While a wide variety of problems within the mechanics of first order systems with-
out constraints or with holonomic constraints is solved, mechanics of nonholo-
nomic systems is still studied relatively intensively by various authors using var-
ious approaches. Bibliography concerning nonholonomic constraints is very rich,
see e.g. famous books by Neimark and Fufaev , Bloch and coworkers [2], Cortés

Monforte [7], and Bullo [3], and others, or many papers as e.g. [9], [23], [24], [29],

, , [39], , or recently e.g. (for nonlinear constraints), to mention just
a few. Most of the above cited works are concerned with linear or affine nonholo-

nomic constraints, relevant a.e. for technical applications. A geometrical theory of
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nonholonomic systems on fibred manifolds and their jet prolongations was proposed
by Olga Rossi (Krupkova) in [14] and elaborated in her later works among which
we can emphasize e.g. [15], [16], . This theory differs from other approaches
by the idea that a nonholonomic constraint is a fibred submanifold of the first
jet prolongation of the underlying fibred manifold. The nonholonomic mechanical
system is considered as a dynamical system on this constraint submanifold which
is its true phase space. The equations of motion called the reduced equations are
equivalent with the well known Chetaev equations @ based on the standardly used
d’Alembert’s principle. In this sense the geometrical model is a generalization of
the d’Alembert’s principle to nonlinear as well as higher order constraints. A de-

tailed explanation of the theory based on the nonholonomic variational principle
can be found in .

The geometrical theory is an effective tool for solving a wide variety of problems
connected with nonholonomic systems. One of them is the nonholonomic inverse
problem, see e.g. and . The relevance and applicability of the theory was
verified on examples see and practical 51tuat10ns (see | . . . . .
including the experlmental verlﬁcatlon in and . An interesting realistic
case of a nonlinear constraint is represented by the mechanical system consisting
of a mass particle in the special relativity theory. This problem is solved in [21]
and . Explicit results of this kind should be compared with usually applied an-
alytic and geometric techniques which provide mostly only conclusions concerning
equilibria.

Some questions concerning nonholonomic systems are still not satisfactorily
understood. One of them is the problem of nonholonomic symmetries and con-
servation laws. On the other hand, a proper understanding of symmetries and
conservation laws is a key question in mechanics including nonholonomic systems
in particular. Here we emphasize a new concept of nonholonomic symmetry of
a Lagrangian system and generalization of Noether theorem formulated by Olga
Rossi |1§] within the framework of her geometrical theory. An interesting example
of the projectile motion controlled by the constant speed constraint was discussed
and completely solved in .

In the present paper we derive general equations of constraint Noether-type
symmetries for a Lagrangian first order mechanical system subjected to a quite
general nonholonomic constraint and the expressions for corresponding currents,
i.e. quantities conserved along trajectories. It should be emphasized that the con-
straint symmetries of a Lagrangian in the generalized Noether theorem need not
be symmetries of the constraint equations of motion. So they play similar role as
“pseudosymmetries” in nonconservative mechanics (see [4], [33], [36]). More gen-
erally, in the solution of the problem of symmetries is based on the idea of
generating first integrals through so called adjoint symmetries (a dual concept of
pseudosymmetries). We focus to Noether-type symmetries defined as vector fields
leaving invariant (up to a constraint form) the constraint Lepage equivalent of a
Lagrangian. We illustrate the results on an example interesting from the physical
point of view: the Chaplygin sleigh. It appears that the solution of the problem
is technically not so simple. We present the solutions of reduced equations of the
sleigh including graphical outputs, as well as conservation laws and corresponding
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symmetries. Moreover, we find the (non-variational) Chetaev constraint forces ex-
plicitly and emphasize the physical interpretation of the results. A brief overview
(following the page restriction requirements) has been submitted for publication in
the proceedings of the VIII-th International Conference Differential Geometry and
Dynamical Systems (DGDS) 2014 where the results were reported, see [5].

2 Elements of the geometrical theory of nonholonomic
mechanics

In this section we summarize elements of the geometrical theory of first order
nonholonomic mechanical systems arising from initially Lagrangian unconstrained
ones.

2.1 Underlying structures and notations

The geometrical theory of nonholonomic mechanical systems is developed on an
(m 4+ 1)-dimensional underlying fibred manifold (Y, 7, X) with the total space Y,
the one-dimensional base X and the projection (surjective submersion) w. The
dimension of fibres m represents the number of degrees of freedom of an un-
constrained system. We use the standard notation for jet prolongations of this
manifold, (J'Y, m,., X), r =0,1,2,Y = J°Y, 7 = 7y and for fibred manifolds
(J'Y, 75, J°Y), s =0, 1. We denote as (V, ) afibred chart on Y, where V' C Y is
an open set, ¥ = (¢, ¢°), 1 < o <m. Then (U, ¢), U = x(V), ¢ = (t), is the associ-
ated chart on X, and (Vm 1/}7")7 ‘/r = 71';3(‘/), 1/)1 = (tv qg’ qd)a 1;[}2 = (tv qov q'g', ija)a
are the associated fibred charts on J'Y and .J2Y, respectively. Let U C X be an
open set. A section §: U 3t — §(t) € J'Y, r =1, 2, is called holonomic if there
exists a section v: U 3t — ~(t) € Y such that 6 = J".

We also use the standard concept of a vector field on Y and its prolongations
connected with the fibred structure. The standard concept of differential forms
is used as well. A vector field £ on J"Y is called 7,.-projectable if there exists a
vector field £y on X such that Tn. £ = &y om,.. A vector field £ is called m.-vertical
if Tm. & = 0. A vector field £ on J"Y is called 7, s-projectable if there exists a
vector field ¢ on J°Y such that T'r, ;& = (om, 5. A vector field on J"Y is called
mys-vertical if T'm. ;& = 0. The chart expressions of the above mentioned vector
fields are (for r =0, 1,2,s=0, 1, s <)

0 _ 0
£=£") 5 +j§:josz;-><t,q%...,q:) el

J

with £€° = 0 for a m,-vertical vector field, and

0 > 0 : 0
0 v v o v v o v v
= t — S (t (t —
§=8(tq", ,qs)8t+§‘ &7 (t,q%, 7qs)aq¢,+‘§ Gta" o a) 52
7=0 J j=s+1 J
with € = 0 and £ = 0, j = 0, ..., s, for a 7, -vertical vector field. In the

preceding expressions we denoted ¢ = ¢f, ¢° =¢7, ¢° = ¢5.
A differential g-form 7 on J"Y is called m,-horizontal if i¢n = 0 for every
my-vertical vector field £ on J"Y. A g-form 5 on J"Y is called 7, ;-horizontal if
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i¢n = 0 for every m, s-vertical vector field £ on J"Y. m.-horizontal 1-forms have a
chart expression

n= no(t7qo.a"'7qsz-)dt'
Every 7-projectable vector field & = £°(t) 2 + ¢7(t, ¢ )
onJY, r=1, 2,

0 0 = O 0 0 5‘ 0
le 0 o o 2 —_ 0> o Fo o
PE=E g €t o PE=E g T
where €7 = dg 798 and g =& _ d”dd—i). A g-form n on J"Y is called

contact if J"vy*n = 0 for every section ~y of 7. Contact forms on J"Y form a differ-
ential ideal Z¢ called the contact ideal. For expressing differential forms in coordi-
nates we use the basis of 1-forms adapted to the contact structure, (¢, w?, dg7)
and (¢, w’, w7, d§°) on J'Y and J2Y, respectively, where w® = dq° — ¢° dt,

7 = dg¢? — §?dt. There exists a unique decomposition of a g-form n on J"Y
into its (¢ — 1)-contact and g-contact component m}  ,.n = py—11m + pgn. The
chart expression of p,_i7n in the basis adapted to the contact structure is a linear
combination of terms with just (¢ — 1) factors of the type w? or w? and the chart
expression of p,n is a linear combination of terms with just ¢ such factors. (The
only contact form on Y is the trivial (zero) one.) Notice that jet prolongations of
m-projectable vector fields are closely related to the contact ideal being its symme-
tries: 0jrew € Ie for every w € Z¢. Here Oy-¢ denotes the Lie derivative along a
vector field J"¢€.

A distribution on J"Y is a mapping D: J'Y > ¢z — D(z) C T,J"Y, where
D(x) is a vector subspace of T,,J"Y. A distribution is generated by local vector
fields £, on J"Y, t € Z, where 7 is a set of indices. Equivalently, the distribution D
can be annihilated by 1-forms 7 on J"Y such that i¢n = 0 for every vector field {
belonging to the distribution D.

2.2 Unconstrained systems

The geometrical theory of nonholonomic systems, as introduced in , is uni-
versal in the following sense: It concerns all types of nonholonomic mechanical
systems given by equations of motion of the initial unconstrained system and the
nonholonomic constraint, independently whether the equations of motion of the
initial system are variational (Lagrangian) or not. In this paper we concentrate
on the first of both situations because the concept of nonholonomic symmetries is
formulated for constrained Lagrangians, not for equations.

Let A be a first order Lagrangian, i.e. a horizontal form on J'Y, A = L(t,¢%, %) dt.
The pair (7, A) represents a Lagrange structure. The first order Lagrangean me-
chanics studies a.e. extremals of the Lagrange structure, i.e. sections y of 7 repre-
senting critical sections  of the variational integral (action function)

Sa: ()97—)552 /Jl’y*A

where I'(7) is a set of all sections of the projection 7 defined on open subsets of
the base X, and 2 is a compact set included in the domain of . Critical sections
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of S are zero points of the variational derivative of S, i.e. integral

} :/Jl’}/*aJlg)\,
u=0 Q

where ¢ is a m-projectable vector field called the variation and {v,}, u € (—¢, ¢€),
is a one-parameter system of sections generated by £ such that vy = v, i.e. v, =
¢y o0yo qbaul, where (¢u, ¢o.) is the one-parameter group of the vector field £. The
variational derivative of the variational integral leads to the first variation formula

/Jl 8]15)\ /Jl’}/ ZJ1€d9A+/J Y ’LJIEH)\, (1)
Q o0

where 0y = Ldt+ 88 qLd w? is the Lepage equivalent of the Lagrangian (the Poincaré-
-Cartan form). The condition for an extremal leads to Euler-Lagrange equations—
equations of motion of the system. The coordinate free expression of these equa-
tions reads J'y* i1 dfy = 0 or J2y*E) = 0, where in coordinates

oL d oL
Ey=E,0® Adt, E,——&—_%S9% P
A “ 0q°  dt 0¢° 2)

or equivalently
E; o J27 = (AU + Bauqy) o JQ’V =

/ 2 3
pPL WOL L @
0q° dt 9q dG¢°0q”
Here
d’ d ., 0 o .0

g

a-a T @ e
A rw-projectable vector field £ on Y is called a symmetry of the Lagrange structure
(m, A) if it holds 0j1¢A = 0. This condition is the Noether equation. For a given
Lagrangian it is interpreted as a set of equations for symmetries, for a given vector
field £ it represents a functional equation for Lagrangians having the symmetry &.
(For our purposes the first of both interpretations will be relevant.) The chart
expression of the Noether equation is

o, 0L, der  deo o de?
§+— +5‘q(_q dt)+Ldt— : (4)

Taking into account the first variation formula we can see that if £ is a symmetry
of the Lagrange structure then the quantity

. ., OL oL
= (17 55 ) € + 5 ®)

(called the current) is constant along extremals. This result representing conser-
vation laws is well known as the Emmy Noether theorem.
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2.3 Nonholonomic dynamics

Suppose that an unconstrained first order Lagrangian mechanical system is sub-
jected to a nonholonomic constraint given by k equations, 1 <k <m — 1,

ft,q%,¢°)=0, 1<a<k, where rank <8f > k,
qa'

or in a normal form

g =gt ¢% ), 1<I<m—k.
These equations define a constraint submanifold Q) C J'Y of codimension k fibred
over Y (and, of course, over X as well). The corresponding projections 7 ¢ and
71 are the mappings 71,9 and 7 restricted to (), respectively. Denote

L: Q > (t7 qU7 ql) — (ta qU» ql7 ga(ta qy7 qé)> € JlY

the canonical embedding of Q into J'Y. On the submanifold @) there arise the
induced contact ideal Z¢ generated by forms @’ = t*w° and the canonical distri-
bution

C ={span¢y®|1<a <k}, @ = rwmTRre 2l (6)
The 71-projectable vector fields belonging to the canonical distribution are called
Chetaev vector fields. They represent admissible variations in the nonholonomic
variational principle (first introduced in ) Let us briefly recall this principle
and its consequences. Let (m, A\) be an unconstrained Lagrangian structure and )
the corresponding Poincaré-Cartan form. By the constraint system on ) defined
by A we mean the differential form :*@y. Denote A\ = t*\ = (Lo:) dt and 05 = 0,- .
Calculating ¢*0 we obtain

oL =
L*e)\ = Ldt + 7&1 + La@a = eb*)\ + La(pa7

g

- - oL

L=Lou, LGZWOL.
Let 0 be a section of the projection 71: @ — X defined on an open subset U C X
containing a compact set 2 C X. Let Z € C be a 71-projectable vector field and
let (¢u, Pou) its one-parameter group and {5,} = {¢n 0§ 0 ¢5.' }, 6 = J, the one-
parameter family of sections generated by Z. The constraint variational integral
and its variational derivative are

/5*82L

ds
/5* *0}\’ du

If we restrict to holonomic sections we obtain the variational derivative of the
variational integral in the form
:/le*BZL*G,\
u=0

dS[Vu]

du
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Nonholonomic first variation formula reads (taking into account that iz (L%p?) = 0,
because Z € C)

/le* 07070\ = /le*iz du* 0, + / TN i 0, . (7)
Q Q 29
By a direct calculation we can justify that the integrand in the first integral on the
right-hand side of depends only on components of Z on Y. The requirement of
vanishing of this integral (for arbitrary 2) leads to equations of motion
J'yriz dii0y =0 = (e5(L) — Laes(9*)) 0 J*y =0, (8)
for 1 < s < m — k. In the expressions of the type

_0f  d.of
C 0¢s dt ¢’

es(f) where f = f(t, q°, d"),

the constraint derivative operators are used

9 8 dg* 9

aqs - aqs + aqs aqukJra 3

%79+~li+ aL+~-l£7d7/c+--li
at ot Tog T ggmtrra TTgg T ar T ag-

Note that these operators have an important geometrical meaning: Vector fields

o, d.  ,0. 9. 0
e _ Ce Ge O 1<i<m—k
ot at lagdw o o ='=TTH

generate the canonical distribution C. The equations can be written as follows

A+ Byi" =0, 1<s<m-—k, 9)
i 0.L dé@ 5 (09" d;O0g° 5 0*L i 0%¢g°
S 0¢s dtogs T\ 9¢s  dtogs )’ T 0¢s0¢m " 0¢50¢m’

or, via functions A, and B, ,

k
_ aga
AS - AS Am— a -
+ ; k+ 0g°
k k
dg® og*  Jg“ .
Bs m— a Bmf m— aa .o 7
+a2_:1< m—k+ +b2:; ktb,m—k+ 6q8> < 5 +6q"q ot
b ag® ag®
Bsr = Bsr Bs m—k+a ... Bm— a,r 8 o
+azl< m—k+ 8q’“+ k+’5‘q5)

k
g’ dg°
B Ckta—— oL
+agb:1 m—k+bm—k+a 96° 0"
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The last relations are universal in the following sense: They hold for both types of
equations of motion of an initial unconstrained mechanical system, i.e. variational
as well as non-variational ones.

We obtained m — k reduced equations of a nonholonomic system. These equa-
tions together with k equations of the constraint form a complete set of equations of
motion of the system for its trajectories v: t — v(t) = (¢, ¢°v(t)) € Y, 1 <o < m.

2.4 Chetaev equations

In the framework of the geometrical theory of nonholonomic systems the well known
Chetaev equations of motion can be derived. We present them for completeness.
These equations are obtained by introducing the Chetaev constraint force into
equations of motion. Suppose that A, + B,,§” =0, 1 < 0, v < m, are equations
of motion of an unconstrained system. The Chetaev force is defined as the form
¢ = u“% w? Adt. The coefficients u®, 1 < a < k, on J'Y are Lagrange multipliers.
The Chetaev equations read

Ay + Boni” — 120 o g2y = 0 (10)
o + O'l/q l’L aq~0- o ’y - *

Together with the equations of the constraint f* =0, 1 < a < k, we obtain m + k
equations for trajectories and Lagrange multipliers. Knowing the Lagrange multi-
pliers we can determine the constraint force ¢ which is important for interpretation
of results from the point of view of physics.

3 Nonholonomic constraint symmetries

In this section we present the definition of a (nonholonomic) constraint symmetry
and derive general equations for symmetries of a constrained mechanical system
arising from an initially unconstrained first order Lagrangian structure.

3.1 The concept of constraint symmetries
Let Z be a Chetaev vector field, i.e. Z € C. The chart expression of Z is

0 0 0 = 0
- ZOf Zli Zm—kr-‘ra Zli
ot + 8ql + aqm—k+a + 6ql ’
da®
ZE = 2 (20 = 2 G ()

The condition for components Z™~*+¢ follows from the assumption that Z belongs
to the canonical distribution, i.e. izp® =0 for 1 < a < k. We say that Z is a con-
straint symmetry of the nonholonomic mechanical system arising from a primarily
unconstrained Lagrangean structure (7, A) subjected to nonholonomic constraints
gmkte = ga(t, q°, ¢') if the constrained system :*0) on Q defined by \ remains
invariant under transformations given by the one-parameter group of the vector

field Z up to a constraint form. This means that

Oz0"0)\ =iz 0y +digl* 0y = Fagﬂa, (12)



Symmetries and currents in nonholonomic mechanics 167

where F,, are some functions on (). Relation represents the constraint Noether
equation. From the nonholonomic variation formula we can see that if Z is a
constraint symmetry of a nonholonomic mechanical system and -y is a solution of the
corresponding reduced equations together with constraints, then dJ'y*izt*6y = 0,
i.e. (izt*0))oJ1y = const. This means that the quantities ® = iz.*6, are constant
along solutions. We obtain

- OL 0L
-l l
o= (L_qaql>zo+aqlz' (13)

The quantities ® are called Noether-type currents and the conditions ¢ = const.
are the corresponding conservation laws.

3.2 Equations for constraint symmetries
Using the definition of constraint symmetries and relations @ we obtain after

some tedious calculations the following set of partial differential equations for
(2(m — k) + 1) components of these symmetries:

d.L o.L - o.L -
0 c” | T 1/ a .l 1 el ' a
4 dt <8ql Laei(g )) q|+7Z (aql Lagi(g ))
doz° (- oL ,\  d.Z' 0L
T (L8¢q> a ag ~ 0 (4
d. /0L 0 oL _
0| Xc _ c oL .5 1 a
4 t( ql) dq° (3qz>q + Lagi(9%)
—L.é° ac 39“ _ Z’)C aga
o dq' d¢s  9g° \ O¢
s ac 8I/ 8@ 39“ 8C 89“
+Z dq° ( (jl>+La <8ql (8qs> dq° (8(11))]
- 82E _ 829(1 9.70 [ _ 8E .75 8E
ZS _ L (& L _ .S C _ 1
! (&MS “641645) 0q' ( aqsq> o g~ (19
g _ 0L\ 02" 0L oz
I ZS _ -szo L— .s o4~ oL _ 1
a@qlé)qs( q )+< 8@sq) 5ql + aqs aql 0, ( 6)

for 1 <1 < m — k. The following expression represents the coefficients F, of the
constraint form F,¢® (we present them for completeness):

dg" 0 &g -5 70
75— §°Z
aqukﬂra + aqukJraaq's ( q )

L (p_ 9L _02° oL oz
aqsq aqm—k+a aqs aqm—k+a .

Fa:izdia—i—ib(

For a special but in practical situations frequent case of a semiholonomic constraint
(linear constraint with €(g¢) =0, 1 <1 <m —k, 1 < a < k) the equations for
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symmetries take a simplified form

AL o 0L _ 0L\ d.z° 9L d.Z
ZO Z -lzo I — -1 c Y Y _
dt +al< 1 >+< 0q) dt o¢t dt ’

d (0L o O (OL\ . . .. o
7 (a7) 7+ o (5 @ -2
g L 0L 02" 02" 0L
oo "o o ag \" 1oz ’

- 3L 0z° 9L 0Z*
L— - + A. o — Y,
aq o¢t  0¢® 9¢!

1 <, s < m—k. These relations are fully consistent with equations for symmetries
of Poincaré-Cartan form of unconstrained systems, 91,0, = 0, taking into account
that for unconstrained systems ¢ is a m-projectable vector field on Y, ie. £ =
E0(t), €7 = €9(t, ¢¥), 1 < 0, v < m, and components €7 are uniquely given by £°
and & (see relations in Section 2.1). It is obvious that for a nonholonomic case
the constraint differential operators are used instead of the usual ones.

Using the expressions for currents and for coefficients of reduced equations A
and Bjs given by @ we obtain a more suitable form of equations f:

d/ 170\ __

g + A2 -¢Zz% =0, (17)
0. P 0A, OL L
——-AZ°+ { =+ — a} Z5 —¢°Z% - B, Z° =0, 18
o ! ol T o (9") - q)( ¢*Z°) — By (18)

0

% +Bis(Z° - ¢ 2% =0,  (19)

where 1 < I, s < m — k. (The equations are expressed via currents, for clar-
ity. Nevertheless, the constraint derivatives of the current ® depend on symmetry
components and their derivatives. There arises, of course, the problem of solution
of these equations for concrete situations.)

Equations (|17] . enable us to obtain symmetrles of the mechanical system
via currents: For a regular matrix B denote B = . Multiplying the system of
equations by the matrix B we get

8<I>
9q*

Zl o ql Bls

Putting the obtained expressions for Z! — ¢'Z° into (13) we can express the com-
ponent Z9 explicitly. Putting the result into 1' we finally obtain explicit
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expressions for the components of symmetries:

0_1 lsi‘iaq)
2=z (e+Bgmge )

15 0P
g%’

- 0P - 0A OL
Zl:Bls c —A5Z0+{ .T =+ a / } 77— -rZO .
(3(15 aqs aq (g ) alt(r,s) ( ! )

The problem of computing symmetries simplifies if we know the currents (constants
of motion). This might happen during the process of solving the equations of
motion. It is obvious that for vector fields obtained by such a way the verification
of conditions f should be made. In particular we take advantage of this
simplification in the example presented in Section

Z'=¢2° - B

(20)

3.3 Classification of constraint symmetries

There is a possibility to classify the constraint Noether-type symmetries in the
context of constraint equations of motion. For a regular matrix B the equations of
motion @ can be written in the explicit form §' = —B'* A, (recall that B = B~!).
The holonomic paths of these equations in @ are integral sections of local vector
field belonging to the canonical distribution C called constraint semispray (see )

o 40 0 -, 0

I'=_—+4¢

ls A
9 al+g m“‘rafql, =—B"A. (21)

The constraint semispray I" spans a distribution Dr of rank one called a constraint
connection. Let Z be a vector field on Q). It is a symmetry of equations of motion
of the corresponding nonholonomic mechanical system if [I", Z] = fT', where [T, Z]
is the Lie bracket of vector fields I' and Z and f = f(t,q%, ¢') is a function on Q.
Let ® be a current, i.e. quantity conserved along trajectories of the nonholonomic
system (not necessarily a Noether-type current). Then I'(®) = 0r® = 0. If Z is a
symmetry of equations of motion then [I', Z](®) = fI'(®) = 0. On the other hand,
[T, Z](®) = Ordz® — 020r® = Or(9z®). This means that 0z is the current as
well.

Let Z be a constraint symmetry of a nonholonomic system. Let us discuss
possible relationship between distributions spanned by vector fields I', Z and [T, Z].
First of all let us answer the question whether and under what conditions a vector
field belonging to the distribution Dr can be a constraint symmetry. Putting
components of the vector field fT', f = f(t,q%,¢') being a function on Q, into

conditions 7 we obtain

d'L o.L oL
¢ = = — = 1<i<m-—k.
& 0, o 0, 0, <l<m

Because of the relation

A gy OF g OF o OF

dF = _
dt a a l 8qm—k+a ¥
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for every function F = F(t,q°,¢') on @ this means that d € annihC and L is
constant along the distribution Dr. In the following considerations we exclude this
trivial situation.

Another question is whether and under what conditions the Lie bracket [I', Z]
belongs to the canonical distribution. For general vector fields &, € C it holds
ife,qp® = —dp®(£,¢). As dy” need not belong to the constraint ideal Z¢, it is
evident that [£, (] need not belong to C. For dp® we obtain from @

a 2 a
dp® = — el (g") @ A dt + O (ag )wSAwUr 09" o dg”

oq” \ 0¢° 94" 9q*°
99" b 0 99" b A ~s
T gkt @' A dt — Hgm—k+b (5qs PN W

Calculating the Lie bracket [I, Z] using relations and we obtain after
some technical calculations

ir,z1 ¢ = —de"(T', Z) (22)

s o 00
— 5[0 5

829a 0. P oP 0A, OLq
+q.p ] ] < : - ] BT’U{_FE; ’ ] } >:|’
Aqrogt \ q®  Og 0¢® (") 9q° alt(r,s)

where @ is the Noether-type current corresponding to the constraint symmetry Z.
We can see that for a semiholonomic constraint this condition is fulfilled and thus
[, Z] € C. For a general linear constraint this conditions reduces to

0D
0>

There can be, of course, special cases with a general constraint for which the
condition is fulfilled too. We shall see various situations in the example presented
in Section [

Now let us discuss the relation of the Lie bracket [I', Z] with respect to dis-
tributions spanned by vector fields I' and Z. Let ® be again the Noether-type
current corresponding to the constraint symmetry Z (not belonging to Dr). Then
0z® = 0 and thus O 2/® = Ordz® — 9z0r® = 0. This means that the quan-
tity @ is conserved along the vector field [I'; Z]. On the other hand, let ¢ be a
vector field belonging to the distribution D, z) spanned by vector fields I' and Z,
i.e. ( = al'+bZ, where a = a(t,q%, ¢') and b = b(t, ¢°, ¢') are functions on . Then
¢((®) =0:® =0a0r®+b0z® =0 and  is conserved along the distribution Dr z).
Moreover, because of the relation [I', Z](®) = 0 it is conserved along the distribu-
tion D spanned by vector fields I, Z and [I', Z]. There are three possibilities for
the relation of a symmetry Z to the vector field I':

I B'ei(g") (23)

1) Z is a symmetry of equations of motion, i.e. [[', Z] = al', a = a(t, ¢, ¢).

2) The Lie bracket of vector fields I" and Z belongs to the distribution spanned
by these vector fields, i.e. [[', Z] = al’ + bZ, where a = a(t,q",¢') and b =
b(t,q°, ') are functions on Q.
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3) There is no specific relation of the symmetry Z to the vector field T

In the cases 1) and 2) the the distribution spanned by vector fields I'; Z and [T, Z]
has the rank two, in the case 3) its rank is three. (Recall that this distribution
need not be a subdistribution of the canonical distribution C, because [I', Z] need
not belong to C.) We shall derive the conditions under which situations 1) take
place. After some tedious technical calculations we obtain components of the vec-
tor field 2 = [I', Z] for a vector field Z belonging to the canonical distribution
(i.e. relations are considered). It holds

0 0 0 ~ 0
— —0 =l —m—k+a =l
=E=="— — 4+ = — = — 24
ot += a l 8quk+a + aql ’ ( )
d/ ZO 0
EO _ __¢ B.STA 0Z ,
dt 3 s
4z ozt~
=l ST 1
== BT A, Z
ar TP g T4
Emkara — v—Oga + ( o qlEO)aga + (Zl o quO>€/(ga) o Z()BST‘A ql 8ga
dq! ! " 9¢lags
~ d’ o) _
=l _ 0 Ir 0 c ir
= BT A 7 BT A,
2B A + (20— 2 G (BT A)
d ozt 8zt ., <
Zs Ber c BSTAT )
+ 0¢° (- 2 dt + 0¢*
The requirement [I', Z] = al' (in such a case the constraint symmetry Z is a

symmetry of equations of motion as well) means that there exists a function

a = a(t, ¢°, ¢') on the constraint submanifold @ such that Z° = a, = = ag',
gm-kta — q¢°, 2 = —B¥A,, 1 <Il,s <m—k, 1 <a < k. This leads to
conditions
dﬁ’ _ BS’!‘A a (Zl _ qu()) _ BZTA Z() _ Zl =0 (25)
dt 0g* " ’
U L0y 0 »g°
7' —¢Z lzoBr A, = 2
( q¢Z")e(9") -4 2°8B T 0, (26)
d., 19) - 0
Ber ZO 75 _ -sZO < BZT‘A Ze Ber
SEBTALZ) (20— 20 5 (BT A + 2 (B A
.zt 07! sy« 5 020
_ e ST T 1RSD _
T + 33 . (B A,) +B"B%A,A, 95 0. (27)

It is evident that the condition is automatically satisfied if the constraint is
semiholonomic. The constraint symmetries (vector fields Z € C which are solutions

of equations 7) are simultaneously symmetries of constraint equations of
motion iff they obey the above derived conditions (25)—(27).

4 Example: Chaplygin sleigh
In this section we use the geometrical theory for solving the motion of so called
Chaplygin sleigh. This example is exposed in , where the motion of Chaplygin
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sleigh is described in another way without considering the problem of symmetries
and conservations laws. We study this problem using our results obtained in Sec-
tion

4.1 Chaplygin sleigh and its motion

The sleigh consists of a rigid body sliding on the horizontal plane without friction
(see the figure 1). The constraint is imposed by a sharp blade placed at a point A

Figure 1: Chaplygin sleigh.

such that the distance between this point and the center of mass of the body C is
AC = a. The blade prevents the sleigh to move in the direction perpendicular to
the straight line AC. The constraint defining the constraint submanifold @ in the
fibred chart with coordinates (¢, ¢, z, y, ¢, &, y), i.e. m = 3, reads

ycosp —ksing =0 = y=4dtanep. (28)
The canonical embedding ¢ : Q@ — J'Y has the form
L Q3w y, 4 8) > (L, @y, @, &, dtang) € Y

The canonical distribution is annihilated by the form ¢! obtained by putting the
constraint equation into the general expression @ We obtain

o' =dy —tanpdz.

The unconstrained Lagrangian is A = L d¢, with

1 1
L= 3 [(& — apsing)? + (§ + ap cos )] + §J¢2,

where m and J are the mass and inertia (with respect to the axis perpendicular to
the coordinate plane zy and going through C') of the sleigh, respectively. Constraint
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Lagrangian functions are

m @?
L=1 _ 2k2-2 29
T (c082§0+a 7 ) (29)
= oL J
Li=——o1r=m(itanp +apcosp), k?®=1+—:.
oy ma?

Putting this into @ we obtain the matrices A, B and B= B~1,

cos ¢ ' cosp cos3 ¢

— 7777,(12]432 0 —m 0
BZ( 0 _CO;,;¢> B:( 0 _005230>7

and the equations of motion

A= ( _ magd map?  medsin o ) ’ (30)

0= —mak*p— ——zi = Gy —0, (31)
cos ak? cos ¢
0=— n; gb—msglspgbﬁc = i—ap’cosg+ pitanp =0. (32)
cos? cos3

Solutions of these equations take the following form:

p(t) = k arcsin tanh (i’;(t - Cz)> +Cs5, p=kyp+Cs,

x(t) = ak? /cos (kY + C3) tany do ,
y(t) = ak? /sin (kv + C3) tany do,

where C1, Cy and Cj are integration constants. Using the initial conditions ¢(0) =
0, (0) = wp > 0, £(0) = 0 we obtain constants C7 = kwy, Co = 0, C5 = 0 and the
corresponding particular solution

t t
(t) = karcsin tanh % , tanty = sinh w?o ,

z(t) = ak? /COS kv tantp dy, (33)
y(t) = ak? /sin kv tantp do .

The graphical outputs for some special situations (a = 1, %2 = 1, m = 2, values
k=1,2,3,4) are presented in figures 2-5 for illustration.

Notice that in equivalent equations of motion are obtained for variables
and v representing components of the sleigh velocity with respect to non-inertial
reference frame connected with the sleigh, and the variable w representing the
angular velocity . The equations of motion are obtained by formulating the
second Newton’s law in the above mentioned non-inertial reference frame. Thus
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asymptote: x = 1

4 4
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Figure 2: Chaplygin sleigh motion: k = 1.

asymptote: y =2z«

T LR T T 1
-120-100 -8.0 -6.0 -40 -20 00

X

Figure 3: Chaplygin sleigh motion: k = 2.

they contain the “fictive” forces F*. Moreover, the “reaction” force R normal to
the straight line AC and representing the constraint is included. Its magnitude is
considered as an unknown quantity and it is obtained by solving the equations of
motion as well. The solution of these equations of motion is then transformed into
the inertial reference frame. Our solution is the same as the last cited one. Recall
that in the conservation laws are not discussed.
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asymptote: x =— 15
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Figure 4: Chaplygin sleigh motion: k = 3.

asymptote: y = —8x
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- 1004
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Figure 5: Chaplygin sleigh motion: k = 4.
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4.2 Constraint symmetries and currents
Putting the expressions ([29) for constraint Lagrange functions into equations (17]),

, we obtain
d;®  mapd
dt cos

22
. ap

VANV A

( v )+m<cos<p cos? ¢

pTtan @

>(ZI—¢ZO)=07

Ocb | miZtang jo _ (Slang  ab )\ o apeze
dp cos? @ cos?p  cosp
P ot : >
00 | (g ap ) m g g
ox cos2p  cosp cos2 ¢
P
gTb —ma*k*(2% - $2°) =0,
0P m

T - 70N\
a_cos%p(z —#27)=0.

Expressing the components (2% — ¢Z°) and (Z* —¢Z°) from the last two of these

equations, putting them into the first equation and substituting v = 5 we obtain
0 .0 0 . 9] pv 0 .9 O

— o = — =2 —)o=o. 35

<at+¢agp+“°wax+“m@ay ak2 9 T 61}) (35)

So, we have the characteristics ODE’s

dt _dp _ do dy _ gede_ dv

1 Y  wcosyp wvsing ov o ap?’

Integrating the last equation we obtain

1 1 1 i?
—v? + —a?k?p? = const., ie. *

L o209
5 5 5(3082()0 + Pl k*¢* = const.

This quantity multiplied by the sleigh mass m represents the total mechanical
energy FEy of the sleigh which is the sum of the translational energy E; = %%
and the rotational energy Er = 3(J + ma?®)(? with respect to the vertical axis
going through the point A. Recall that due to the Steiner theorem .J 4+ ma? is the
inertia of the sleigh with respect to this axis. More precisely, the total mechanical
energy of the sleigh expressed via the components of the velocity of the center od
mass (z¢, yo) is
E= % (i3 + &) + %,ﬂp?.

Taking into account that xc = = + acosy, yo = y + asinp and considering the
constraint we can immediately see that £ = Ej,. For the particular solution of
equations of motion presented in the previous section we have

1 2F
Ey = *mGQkJng, C1 = kwo = 4/ —g.
2 ma
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The corresponding conserved current can be obtained using the equations of motion
and the fact that the constrained Lagrange function L does not depend on time
explicitly,

.2
m T
Py =—— +a’k*$? ) . 36
! 2 <0052<p 4 (36)
Putting this expression into equations we can verify that the corresponding
symmetry is Z = %. Taking into account the solution of equations of motion

(section |4.2]) we obtain the following expressions for the translational and rotational
energy and the angle ¢ as functions of time (see also figure 6):

t t t
Ep = E, tanhQW?o, Eg = Eycosh™2 “70 sin% — tanh ”70 . (37)

0; EL/E, ) asymptote: ¢ = 7/ 2
energy “
ratio .
: ER/E,
) tirr?e [S]SO ) 0

Figure 6: Conservation of energy, damping of rotation.

The graphs show the asymptotic behavior of the sleigh motion: the translational
motion accelerates at the expense of the rotational motion which is asymptotically
damped.

The decomposition of the energy into the term corresponding to translational mo-
tion of the point A and the energy corresponding to the rotation of the sleigh
around the axis going through this point is “induced” by the formulation of the
problem itself (the constraint concerns the motion of the point A). On the other
hand, more correct from the point of view of physics is the energy decomposition
into the translational energy of the center of mass C, Er ¢ = %m(m% +92), and the
rotational energy of the sleigh with respect to the center of mass, Fr ¢ = %J P2,
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energy
ratio

energy
ratio

time [s] time [s]
Figure 7: Energy decomposition with respect to the center of mass.

Considering the solution of equations of motion we obtain

wot 1 EO 1
Ero=1FEo[tanh?2 4 — = ) Epo=—20 (1-—). (38
e 0 ( A + k2 cosh? “’]gt> e osh? L,‘;t ( k2> (38)

Figure 7 shows the behavior of both types of kinetic energy during the time for two
different values k. Relations represent the limit case of for J > ma?, i.e.
k — oo, as expected. Notice that for k = 1 (zero inertia with respect to the center
of mass, or, more exactly, J < ma?) we have F7c = Fy and Erc = 0. This
result is not in contradiction with the initial conditions. Er ¢ vanishes because of
zero inertia, even though wy # 0. (Figures 6 and 7 are drawn for wy/k = 1 for
simplicity.)

Expressing the quantities Co and C5 (the fact that they are zeros for the chosen
initial conditions does not affect their general meaning of integration constants) we
obtain the following currents

dy = m sin (%) + makp cos (%)

cos
2/ .
V a2€052 + RO+ aCOStP _ma2t\/ 2 x22 -+ k22
k a“ cos
\/ aZcos? cos2 + ]{72(p - acgstp 7

and in shortened notation with help of energies

1 vVEy+VE
b3 = fma2k21 ot L at 2mE

VE —Er

For the special case of zero inertia J, i.e. k = 1, the current ®5 represents the
y-component of the impulse of the sleigh, pc, = myc = m(&tang + ap cos ).

@3

1
imanQ In
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(We shall see later that in such a case the component pc , must be conserved as

well.)
The corresponding symmetries are (denoting ¢ = £ as above)

2(®2) = ak
Zcosy O

 a?k3 cos p 0p

2 \/(ﬁcosz—'i_m—i_acos
2(Bg) =~ —
W"_k \/azcosz—JrW—acﬁw

<pt+

1
— cosw% + cosgosinwaﬁx + sin@sinw%

+ 2 (ag b tan ) cos 2.
ak aSDCOS@ X ango COS ax7

a<p cos ¢

\/ aZcos? 0052 + k2

n ak? cosga — 4t 0 +ta n % 0
“Z n v Y
42 Ox (pay ak2cospdp )’

9 (ap cos Ztan )g
5y ~ (apcose —dtang) -

a? cos2
or, in shortened notation via energies

[m 0
QEO agpcosgp) ( (ap cosp — xtan@)8x>
[m 0
2 — JE—
+ 2E0 ak; cos p — @t) (

where the vector field I" reads

r=2 169 139 Litanpd L2l
= T— + & tan —_—

ot T Pap T Y8y~ akZcosg 0y
which is the vector field representing the equations of motion on the submanifold Q.
Keep in mind that the above presented shortened notation via energies is given only
for better clarity. For eventual further calculations the full expression in coordinates

(t, @, x, y, ¥, ©) on @ must be used, i.e. it is necessary to put

ma? i? mi?
Ey= — | ——— + k2¢? Er=_—"__
0 2 <a2c05290+ ? )’ T 2cos?

ttanpl 40
ox ‘pay ak? cos p 0

+ (ap? cos p — i tan )g
¥ Y- @813’

=16

into corresponding expressions.

The equations 7 take the form

ey (Sie & ) z
acos @ a?cosdp  acosp
1/ @2 L o\ d.2° d.z% i Az
_ = p ™ k2 . ¢ c
2 ( dt R dt + a?cos?p dt

=0, (39)

a? cos? ¢
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I sin ¢ L % 70 4 125
a?cos® ¢ acose

1 2 0.2° 0. 7% x oA
—= Ko* ) S— + kP o— =0 40
2 <a2 cos ¢ v > Op TR Op + a?cos?2 ¢ Op » (40)
sing " S
a?cos®  acosp a? cos? ¢

1 @2 9.7° 0:.2% z VA
o k252 e L 2, 2C <=0 41
2 (a2 cos? ¢ TR ) Oz TR Oz T Zoos? ¢ Ox 4D

1 2 02° 0Z% T 9Z*
(k22 ) T kY 0, (42
2<aQCoszgo+ @) 0p + ‘p&p +a20052<p %) » (42)

1 i? 02° 0z% T YA
—— | 5——— +K*? ) — + K¢ =0. 43
2 <a2 cos? ¢ e > ot TR s T a cos? ¢ Oi (43)

Putting the components of vector fields Z(®1), Z(®2) and Z(P3) into equations
f we can verify that they are constraint symmetries. Thus &1, 5 and @3
are Noether-type currents. Nevertheless, the physical interpretation of symmetries
Z(®y) and Z(P3) and their currents is not completely clear in a general situation.

The relation for the current ®s is linear in variables velocity and angular veloc-
ity. This enables us to conclude that for a general description of the sleigh motion it
is satisfactory to consider special initial conditions #(0) = 0 and ¢(0) = w(0) # 0.
If v(0) # 0 and ¢ = wy, then v(7) =0 and ¢(7) = Qo # wp at some other time 7.

Calculating [I', Z] for all three obtained symmetries Z(®4), Z(®3) and Z(®3)
we can see that only the symmetry Z(®;) = % is simultaneously the symme-
try of constrained (reduced) equations of motion. Concretely, it is evident that
[T, %] = 0. Moreover, using the condition we can check that it holds

: 1 . 1 P P
ir,z, )¢ =0, U,z = T ahcos o cos -+ cos g sin -,
. 1 a 2 .
= k242,
!0 2] % <,bcos<,p\/a2 cos2 ¢ TR

This means that for the symmetry Z; the vector field [I', Z1] belongs to the canon-
ical distribution unlike the vector fields [I', Zs] and [T, Z3].

4.3 Chetaev equations and constraint forces

Finally, let us express Chetaev equations of motion and the constraint forces as
exposed in section 2.4 (equations ) Rewriting the constraint as

f(t7<lpﬂx7y7 <p7j:7y)5g)—j;tan(p:0
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we obtain the following equations:

pof af

—mak?@ + mi sin @ — mijcos p = = == , =0,
a 0¢ op
0 0
magsin p — mi + map® cos g = uff ; i = —tanp, (44)
oz 0%
. " 2. Of of _
—mag cos e —my + ma sing = p-—, = =1,
Yy ay
w1 being a Lagrange multiplier. The constraint force is
10f of of
o=u(250 2 9) = uo.-taner) (45)

It has a clear physical meaning in the reference frame connected with the point
A and rotating with the sleight: Denote 7/ = (0, acos ¢, asinp), J = (¢, 0, 0),
g=1(4,0,0), A’(O, Z, §). (Note that ¥/ determines the position of the center of
mass C' of the sleigh with respect to the point A.) Denoting ¢ as F* as it is usual
in physics, we obtain

—

F* = (mag’b sin p — md 4+ map? cos p, —mag cos ¢ — mij + map? sin @, 0) ,

f*:—mng’—mﬁx(QXF/)—mj. (46)

This force is the sum of three terms: the Euler force, the centrifugal force and the

translational force. The Coriolis force is missing because the velocity of the center

of mass with respect to the reference system connected with the point A is zero.
Using the constraint to write ¢ = & tan ¢ + 9% and substituting into we

cos? o
obtain after some calculations the Lagrange multiplier ;» and the constraint force ¢:

mdJ mdJ

—m¢f7 ¢ = T T ma? (0, ot tan o, —p) . (47)

/J, =
Notice that these forces are not variational in the sense of e.g. 7 , , .
Thus the Chaplygin sleigh cannot be alternatively described as an unconstrained
variational system with an appropriately modified Lagrangian. For k = 1 the
constraint force vanishes. This is consistent with the (non-realistic, of course)
limit case J — 0 in relations : The motion of the center of mass is uniform
and straightforward (both components of the impulse of the center of mass are
conserved), while the sleigh rotates around it with the initial angular velocity wq
but with zero energy due to J = 0.
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