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Abstract. This paper deals with parabolic-elliptic chemotaxis systems with the sensi-
tivity function x(v) and the growth term f(u) under homogeneous Neumann boundary
conditions in a smooth bounded domain. Here it is assumed that 0 < x(v) < x0/v" (k > 1,
xo > 0) and A1 — piu < f(u) < A2 — pou (A1, A2, p1, p2 > 0). It is shown that if xo is
sufficiently small, then the system has a unique global-in-time classical solution that is uni-
formly bounded. This boundedness result is a generalization of a recent result by K. Fujie,
M. Winkler, T. Yokota.
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1. INTRODUCTION AND MAIN RESULT

In this paper we consider the global existence and boundedness in the parabolic-
elliptic chemotaxis-growth system

ur = Au—V - (ux(0)Vo) + f(u), z€Q, t>0,

0=Av—v+u, e, t>0,
(1.1) ou  Ov

R Q

5~ o 0, x €N, t>0,

u(z,0) = uo(x), x € Q,

where  is a bounded domain in R™ (n € N) with smooth boundary 9Q2. We assume
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that the initial data wuq satisfies

(1.2) up € C°(Q), wp >0 and /Quo > 0.

As for the chemotactic sensitivity function, we assume that

(1.3) x € C*((0,00)) with x > 0.

Also we assume that f € C1([0,00)) and there exist A1, A2, 1, pi2 > 0 such that
(1.4) A1 — 18 < f(s) < Ag —pes  for all s € [0, 00).

This system was introduced by Keller and Segel [6], [7] (see also [4], [14], [15]),
and the mathematical study of this system has developed extensively. In this paper
we especially focus on the signal-sensitivity function and the growth term. There
are some known results related to this system in [1], [2], [8]-[13], [16]-[19]. The
present work is devoted to the global existence and boundedness. We remark that
the existence of classical solutions to (1.1) is shown by a similar way as in [3]. Since
£(0) > A1 > 0 by (1.4), the solution to (1.1) is nonnegative.

In order to formulate our main result, given a nonnegative 0 # uy € C°(9Q), let us
define a constant v > 0 as

R A1 * 1 —(t+(diam )2/ (4¢))
(1.5) v o= mln{HU,OHLl(Q)’EK”}/O We dt < oo,

where diam Q) := max |z — y|. We remark that the integrand in (1.5) decays expo-
z,yEeN

nentially not only as ¢t — oo but also as t — 0, and so 7 < oo for all n € N. The
constant v marks an a priori pointwise lower bound on the solution component v, as
we shall see below. In what follows, when k = 1 we regard the value of k¥ /(k — 1)F~*

as 1.

Theorem 1.1. Let n € N, and suppose that ug, x and f satisfy (1.2), (1.3) and
(1.4), respectively. Moreover, assume that x satisfies

x(s) <

Xo
o for all s € [y,00),

with some k > 1 and some xo > 0 fulfilling

Xo < 2 kk k—1
0 -
n (k _ 1)k—1’y
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Then (1.1) possesses a unique global classical solution (u,v) which satisfies
(-, t)]| oo < Moo for all t € [0,00)

with some constant M, > 0.

2. PRELIMINARIES

We begin with the following lemma shown in [3]. This lemma is key to deriving
a uniform-in-time estimate for v.

Lemma 2.1. Let w € C°(Q) be a nonnegative function such that [, w > 0. If z

is a weak solution to
—Az+z=w, x€,
0

z
5—0, l’eaQ,

2> /°° bt (am)?/an) g / w>0 inQ
o (4mt)n/2 Q

Here we give an a priori pointwise lower bound on the solution component v. The

then

first equation in (1.1) and the condition (1.4) imply

G [o= [ @z nei-m [ w

Integrating this inequality, we have

A A
[z 2t e (Juoll ooy - 52180)  for all ¢ € (0,50),
Q H1 K1

AL
w > min { Juoll 1 gy =192 }-
/Q L H1

By virtue of Lemma 2.1 we can thereby estimate v from below as follows:

and then

(2.1) v(z,t) >
forall x € Q and t € (0,T), whenever (u,v) solves (1.1) in Q x (0,T") for some T" > 0.
Here v > 0 is a constant defined as (1.5).

Remark 2.1. The maximum principle yields the lower pointwise estimate for
v(+,t) for fixed ¢ > 0. On the other hand, Lemma 2.1 and the uniform-in-time
estimate for mass imply the uniform estimate (2.1).

We next collect some known facts concerning the Neumann Laplacian in 2. For
the proof of (iii) see [5], Lemma 2.1.
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Lemma 2.2. For r € (1,00), let A denote the realization of the Laplacian in
L"(Q) with domain {w € W*"(Q); Ow/dv =0 on 00}. Then the operator —A + 1
is sectorial and possesses closed fractional powers (—A + 1)9, 6 € (0,1), with dense
domain D((—A + 1)?). Moreover, the following statements hold:

(i) If m € {0,1}, p € [1,00] and q € (1,00), then there exists a constant ¢,, , > 0
such that for all w € D((—A +1)7),

o
[wllymre @) < empll(=A + 1) w40
provided that m < 20 and m —n/p < 20 —n/q.
(if) Let p € (1,00). Then there exist ¢ > 0 and v1 > 0 such that for all u € LP(Q)
and any t > 0,

0 _ -0 —v
I(=A +1)%e S Dul| o) < et ull o g

(ili) Let p € (1,00). Then there exists vo > 1 such that for € > 0 there exists cc. > 0
such that for all R"-valued z € C§°(12),

I(=A + 1) DY 2 gy < etV 2% 2]l gy, £ 0.
Accordingly, for all t > 0 the operator (—A + 1)9emV' admits a unique ex-

tension to all of LP(Q) which, again denoted by (—A + 1)%etAV., satisfies the
above estimate for all R™-valued z € L?((2).

3. PROOF OF MAIN RESULT
We first deduce LP-boundedness of solutions to (1.1). Next let us show that LP-

boundedness with sufficiently large p implies L*°-boundedness. Combining these

results will prove our main theorem.

Lemma 3.1. Let p > 1, and suppose that (u,v) is a classical solution to (1.1) in
Q% (0,T) for some T > 0. Then there exist Cy,Cy > 0 such that

g/upg _p(p_]-)/up72|vu|2+p(p_1)/upXQ(v)|vv|2
dt Jo 2 Jq 2/,
+Cl/up+C2 for allt € (0,T).
Q
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Proof. By virtue of the first equation in (1.1) and Young’s inequality, we have

4 up<—Lp_l)/up*2|Vu|2+p7(p_1)/upXQ(v)|Vv|2+/up*1f(u).
dt Jo 2 Q 2 Q Q

The condition (1.4) yields |, uP=Lf(u) < Ao Jo uP™l — iy Jou? < Cy [quP 4 Cy for
some constants C7, Co > 0, and hence we obtain the desired inequality. O
The next lemma is obtained in [3]. For convenience we give the sketch of the proof.
Lemma 3.2. Let p > 1, and suppose that (u,v) is a classical solution to (1.1)
in Q x (0,T) for some T > 0. Moreover, for v > 0 given by (1.5) (see also (2.1)),
let ¢ € C'([y,00)) such that ¢ > 0 and there exists a constant M > 0 satisfying

sp(s) < M for all s > ~. Let A and B be positive constants such that AB = p.
Then

/ B? 2 2 A? -2 2
up(_w (v) - 2 (v))|w| <= [ W Vul + M [ wP forallt € (0,T).
Q 2 2 Ja Q

Sketch of the proof. Multiplying the second equation in (1.1) by uPy(v) and
using integration by parts, we see that

—/Qupap’(v)WvF:p/ﬂu”’lap(v)VwVv+/ﬂup<p(v)v—/ﬂup+190(v)~

Applying Young’s inequality completes the proof. ([
Now we give LP-boundedness of solutions to (1.1).
Proposition 3.3. Suppose that n € N, and that ug, x and f satisfy (1.2), (1.3)
and (1.4), respectively. Let (u,v) be a classical solution to (1.1) in  x (0,T) for
some T > 0. Moreover, let v > 0 be as in (1.5) and (2.1). Suppose that there

exist k > 1 and xo > 0 such that x(s) < xo/s* for all s > ~. Then for any
pell, Xo ! [k*/(k — 1)]“71}7’“_1) there exists a constant M, > 0 fulfilling

lu( )l <M, foralltel0,T).

Proof. Taking any p € [1,X61[kk/(k— 1)]“71}7’“_1), we have yo < p~'[k*/
(k — 1)k_1}'yk_1. Now we take € > 0 and L > 0 such that

k 1 [plp—1)—¢ kF el
e<plp—1), L<y<-——L and < - L.
p=1) TR SOV T )T




Applying Lemma 3.2 to ¢(s) := 1/(B*(s— L)), A :== /p(p—1)—¢ and B :=

p/ \/W, we infer that

(3.1) /Qup(—<p'(v)—%2<p2(v))|vp|2 < %/ﬂwﬂw%zw/ﬂup

and

-1 B?
D 2) < —of(s) ~ D) forall sz,

(3.2)

Now by (3.2), we can combine (3.1) with Lemma 3.1 to see that

-1 —1)—
(3_3) %/ uP < _I%/ up—2lvu|2+%/up—2|vu|2
Q Q Q

+(M+Cl)/u”+02
Q

= —E/ p*2|Vu|2+(M+Cl)/uP+CQ
2 Ja Q

for all ¢ € (0,T). Since the first equation in (1.1) and the condition (1.4) yield

%/ﬂuZ/Qf(u)</\2|Q|—M2/Q“a

we see that for all ¢ € (0, 00),

Ao _ Ao A2
u< =Q|+e “2t(u ——Q)gmax{u ,—Q}.
[ <22+ e e (ol - 2210 ol oy 2212

By virtue of this estimate, proceeding similarly as in [3], Proposition 4.3, we can
complete the proof from (3.3). O

Next, assuming LP-boundedness, we derive L>°-boundedness.

Proposition 3.4. Let n € N, and assume that ug, x and f satisfy (1.2), (1.3)
and (1.4), respectively. Let (u,v) be the classical solution to (1.1) in  x (0,T'), and
assume further that x € L*((~y,00)) with v > 0 given by (1.5) (see also (2.1)). Then

if there exist p > n/2 and a constant M, > 0 such that ||u(-,t)|;, < M, for all
€ (0,T), then there exists a constant M, > 0 independent of T such that

lu(, )]l po < Mo forallt e (0,T).
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Proof. Let p > n/2. We may assume that p < n. We see from (1.4) that
f(s)+s < C(1+s) for some C > 0. We can take ¢ > n so that ¢ > p. Then we have

1
(3.4) 1£01) + ull oy < CIL+ 2ty 1+ ull 5248

1
<Gyl +ull 2

1
C// + CN”u”pr(/gg
where CI’), CI’)’ are some positive constants. Recalling the choice of ¢, we see that
1—p/q € (0,1). Moreover, we choose ¢ > n satisfying further that 1—(n — p)q/(np) >
0, which enables us to pick A € (1, 00) fulfilling 1/A < 1—(n — p)q/(np). The elliptic
regularity (||Vv||an/(n_p)(Q) < kp||u||Lp(Q)) and Holder’s inequality yield

(3.5) [ux(v)Voll Loy < Xl Lo (4,000 I V0l Lar (0 1l pax @)
1/(q\") (nfp)/(np)”vw

||X||Loo((7 oo))|Q| an/(nw)(g)||u||LqA(Q)

1 )\ n— n
<l oo (0o | PP o Nl ) o

< KP”“”LDO(Q)?

where X := \/(X — 1), for some 5 € (0,1) and K, > 0. Now let ¢t € (0,T). Then we
have

u(-,t) = A Vug — / ! mIED(V - (us)x(v(5)Vo(s)) + (f(u(s)) +uls))) ds.

0

Let 0 € (n/(2¢),1/2) and € € (0,1/2 — ). Using Lemma 2.2, we see that

t
e, ) ey < Nt e () + 0,00 / (t =) e I (uls)) + uls)l oy ds

t
+ 00,0005/0 (8= ) 25 () x(0(5) Vo) | pager ds

Combining (3.4) and (3.5) with the above inequality implies the uniform estimate:

B 1-p/q
oo < Koot Ko ([ sup o)l mqen) o+ K 50 D)o

for some Ky, K1, K2 > 0. Since 3,1 — p/q € (0,1), we obtain the desired inequality.
(I

We are now in a position to prove the main result.
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Proof of Theorem 1.1. As stated in Section 1, by a similar way as in [3] we can
show that there exist Tnax < 0o (depending only on [lugl|«g)) and exactly one
pair (u,v) of nonnegative functions u € C%1(Q x (0, Trnax)) N CO([0, Timax); C°(2)),
and v € C2%(Q x (0, Timax)) N CO((0, Timax); C°()) that solves (1.1) in the classical
sense. According to the condition for k£ and x¢, by Proposition 3.3 we can find some
p > n/2 and M, > 0 such that [ju(-,t)|/;, < M, for all ¢ € (0,Tinax). Therefore
Proposition 3.4 completes the proof. ([

Remark 3.1. The local-in-time existence of classical solutions to (1.1) can be
provided under the only lower condition: Ay — p1s < f(s). Moreover, if the growth
term f satisfies the relaxed condition: A\ — pu1s < f(s) < A2 + pas, then we have
the upper mass estimate depending on time ¢ similarly, and so the global existence
of solutions without uniform boundedness is proved.
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