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BOUNDEDNESS OF SOME SUBLINEAR OPERATORS
AND COMMUTATORS ON MORREY-HERZ SPACES
WITH VARIABLE EXPONENTS
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Abstract. We introduce a new type of variable exponent function spaces M K;;()’))‘ (R™)

of Morrey-Herz type where the two main indices are variable exponents, and give some
propositions of the introduced spaces. Under the assumption that the exponents « and
p are subject to the log-decay continuity both at the origin and at infinity, we prove the
boundedness of a wide class of sublinear operators satisfying a proper size condition which
include maximal, potential and Calderén-Zygmund operators and their commutators of
BMO function on these Morrey-Herz type spaces by applying the properties of variable
exponent and BMO norms.
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1. INTRODUCTION

Function spaces with variable exponents showed up around 1990s (see [13]) and
have been intensively studied in the recent years by a significant number of authors
(i.e. [3], [7]). The motivation for the increasing interest in such spaces comes not
only from theoretical purposes, but also from applications to fluid dynamics, image
restoration and PDE with non-standard growth conditions. A comprehensive review
on this topic is given in the recent monograph [5].

It is well-known that Herz spaces play an important role in harmonic analysis.
After they were introduced in [6], the theory of these spaces had a remarkable devel-
opment in part due to its useful applications; we refer to [16] for more details. Herz
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spaces Ks((_'))!q and Ks((f))’q with variable exponent p but fixed o € R and ¢ € (0, 0]
were recently studied by Izuki [9] and these spaces with variable exponents « and
p were studied by Almeida and Drihem [1], where they explored the boundedness
of a class of classical operators on such spaces. The class of Morrey-Herz spaces
M KZ’Z))E_)(R") with variable exponent was initially defined by Izuki in [10] and [11],
and the boundedness of both the sublinear operators satisfying a proper size condi-
tion and the fractional integrals on M anp)z)([R") were proved. We also note that
Morrey-Herz spaces with variable exponent are generalizations of Morrey-Herz spaces
[15] and Herz spaces with variable exponent [9].
We consider sublinear operators satisfying the size condition
/(W)

(1) ITf(x)] <C . Wdy, x ¢ supp f,

for integrable and compactly supported functions f and commutators defined by
(2) [b,T)f(x) =T ((b(z) —b)f)(x), be BMO(R").

Condition (1) is satisfied by several classical operators in harmonic analysis, such
as Calderdon-Zygmund operators, the Carleson maximal operator and the Hardy-
Littlewood maximal operator [1]. The main purpose of this paper is to discuss the
boundedness of sublinear operators and their commutators satisfying a proper size
condition on Morrey-Herz spaces M an;()))‘ (R™) with variable exponents « and p.
The layout of the paper is as follows. In Section 2 we recall the definitions of
some function spaces with variable exponents. In Section 3 we give some key lem-
mas needed in the proofs of the main statements. The main results are formulated
in Section 4, where we establish the boundedness of sublinear operators and their

commutators on Morrey-Herz spaces M K ;g().’))‘( R™) with variable exponents o and p.

2. DEFINITIONS OF FUNCTION SPACES WITH VARIABLE EXPONENTS

Definition 1. Let p(:): R™ — [1,00) be a measurable function. The Lebesgue
space with variable exponent LP()(R™) is defined by

Lp(')([R") = {f is measurable: gp<§) < oo for some constant A > 0},

where 0,(f) = [ |f(2)|P®) da.

LP()(R™) is a Banach space with the norm defined by

HfHLp(.)(R,,) := inf {/\ >0: (Qp(é) < 1}.
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We denote
p— =essinf{p(x): x € R"}, p; :=esssup{p(x): z € R"}.

The set P(R™) consists of all p(-) satisfying p_ > 1 and p4 < oo. Let p/(-) denotes
the conjugate exponent of p(-), namely 1/p(z) + 1/p’(z) = 1 holds. We also note
that the generalized Holder’s inequality

/ F@9@)] dz < Ll @ 9] o,

is true for all f € LPO)(R™) and g € LP () (R™), where 7, :== 1+ 1/p_ — 1/py ([13]
and [14]).

We say that a function g := R™ — R is locally log-Ho6lder continuous, if there
exists a constant cj,g > 0 such that

Clog
glzr)—gl\y
1962 = W) S Soge 1/l — )
for all z,y € R". If
Clog
(3) lg(z) — g(0)] <

log(e + 1/|z|)

for all x € R™, then we say that ¢ is log-Holder continuous at the origin (or has a log
decay at the origin). If for some goo € R and ciog > 0 we have

Clog
(4) 9(%) = gool < Tog(e + [2])
for all z € R™, then we say that g is log-Holder continuous at infinity (or has a log
decay at infinity). By Plog (R™) and P°8(R™) we denote the class of all exponents
p € P(R™) which have a log decay at the origin and at infinity, respectively.
Next we define the Morrey-Herz space with variable exponents motivated by [1]
and [10]. We use the following notation. For each k € Z, we denote

By = {.13 e R"™: |J)| }, Ry .= B \ By_1, and Xk ‘= XRy-

Definition 2. Let 0 < ¢ < o0, p(-) € P(R"), 0 < A < o0 and a: R" — R
with « € L°(R™). The Morrey-Herz space with variable exponents MK:;;()))‘([R")
is defined by

a(-),A p(+) .
MEZONR®) = {f € DR\ A0D: 1]y gy < 20},

p(+) loc
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where

L 1/q
L —LX ka(-) q
iy oy =52 (30 1290 0oy )

k=—o0

If o is a constant, then MKQ(')’)‘(R”) = MK*"  (R™) defined in [10]. If both a and

a:p(-) a:p(-)
p are constants, and A = 0, then MK:;(').’)‘(R”) = Kgp(R”) are classical Herz spaces

p(-)
([16]).

Given a function f € Ljo.(R™), the Hardy-Littlewood maximal operator M is
defined by
Mf) =swpr [ (pw)ldy,
r>0 B(z,r)
where B(x,r) = {y € R": |z —y| < r}. Let B(R™) is the set of p(-) € P(R™)
satisfying the condition that M is bounded on LP()(R™).

If p(-) has a log-decay at the origin and at infinity, so does 1/p(-). The following
proposition was initially proved by Cruz-Uribe et al. [4], when p; < co. Later Cruz-
Uribe et al. [2] and Diening et al. [5] have independently extended the result even to
the case of p; = oo.

Proposition 1. If p(-) € PL&(R™) NP2(R™), then we have p(-) € B(R™).

3. PROPERTIES OF FUNCTION SPACES WITH VARIABLE EXPONENTS

Lemma 1 ([1]). Let p € P8(R") and R = B(0,r) \ B(0,7/2). If |R| > 27",
then

HXRH;IJ(~) ~ |R|1/I)(:E) ~ |R|1/poo

with the implicit constants independent of r and x € R. The left hand side equiv-
alence remains true for every |R| > 0 if we assume, additionally, p € P&(R™) N
PE(R™).

Lemma 2 ([1]). Let o € L>°(R™) and ry > 0. If « is log-Hélder continuous, both
at the origin and at infinity, then

(6%
(r—l) Tifo< ro < 11/2;
T2
P < ors® L if r1/2 <1y <271
o
(7"_1) if ro = 2rq;
T2
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for any x € B(0,r1) \ B(0,r1/2) and y € B(0,r2) \ B(0,re/2), with the implicit
constant not depending on x,y,r1 and 5.

The following are the key lemmas due to the authors of [8] and [12].

Lemma 3. If p(-) € B(R™), then there exist constants 0 < ¢ < 1 and C > 0 such
that for all balls B in R™ and all measurable subsets S C B,

IxBlleo @ _ 1Bl
Ixsllpeer ey IS]
Ixsllzre) ®m) <C(ﬂ)€.
x5l Lre) (m) | B

Lemma 4. If p(-) € B(R™), then for all balls B in R™ we have

1
@HXB”LPU(R")”XBHLP’(-)([R") <C.

Lemma 5. For all b € BMO(R"™) and all j,i € Z with j > i we have,

_ 1
¢ 1HbHBMO([R") < Sup ———————
B:ball HXBHLP(')([R")

(b —b5,)XB; |l Lre)@ny < C(F — 9)||blBMOERR)

(b= bB)XB Lr)@n) < CllbllBMO®RR),

XB; | v )y

The following statement gives some basic embeddings between Morrey-Herz
spaces.

Proposition 2. Let o € L>°(R™), 0 < A < o0, p € P(R™) and qo, ¢1 € (0,00]. If
qo < q1, then
()N rmpn - )\ rpn
‘]\4qu7p(')([R )= Mthp(.)(R )-
Proof. The embeddings are immediate consequences of the embedding (% —
7 for 0 < qp < 1 < 0. O

Proposition 3. Let a € L>®(R™), 0 < A < 00, po,p1 € P(R™) and qo, ¢1 € (0, 00].
If po < p1 and 1/po—1/p1 is log-Hélder continuous, both at the origin and at infinity,

then
MK(Y(')-‘rn/po(')—"/pl(')w\([Rn) SN MKG(')J\ (Rn)

q,p1(-) ¢,po(-)

Proof. The proof is similar to Proposition 3.5 in [1]. O

973



Proposition 4. Let o € L*°(R"), 0 < A < o0, p € P(R™) and ¢ € (0,00]. If v is
log-Hoélder continuous, both at the origin and at infinity, then

L 1/q
Fll o matarmn & max{ sup 2‘”‘( 2RO fr 19 >
H HMKq,p(-) (R™) L<0.Le7 k;oo H HLP()([R ) )

ka(0 '/ L\ - k '/
22O 0y )+ 2 (2 ey ) | |

k=0

-1

sup {2“< >

L>0,L€Z Pt

Proof. If a is log-Holder continuous at infinity, then for k£ > 0 and x € Cy we
have

k

k — Q| =2 ——————
@) = sl > 1o T

= 1.

Therefore 25*(*) ~ 2k with constants independent of k and z, and hence

12590 f x| Loy = 289 || fxall Loco -

If, in addition, « is log-Holder continuous at the origin, then for k¥ < 0 and = € Cj
we have 2F(#) x~ 92k2(0) - Thus

1250 Frl o = 2O Fral

and hence the result follows. O

4. MAIN RESULTS

Theorem 1. Let 0 < ¢ < 0o, p(-) € P&(R™)NPLOS(R™) with1 < p_ < py < n/A,
0 < A< mn, and let « € L*(R™) be log-Holder continuous, both at the origin and at
infinity, with

(5) A—n/pr <a_ <ay <n(l-1/p_).

Suppose that T is a sublinear operator satisfying (1). If T is bounded on LP()(R"),
then T is bounded on MK'“(')’/\([R”).

a,p(+)

Proof. Denoting f; := fx; for each j € Z, we split f into f = > f;. Thus

we have J=me

L
HTf(x)”?\mu(’g’;(Rn) = ngLAq< Z ||2ka(')Tka||ip<«>(u;en>>

k=—o0
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ghko(-) ( kif |Tfj(x)|> Xk

k=—o0 j=—00

L k1
+ C'sup 2”“1( Z ‘2’““”( Z |Tfj(a?)|)Xk

Lez k=——oc j=k—1

L 0
+Csup2_“‘1< Z ‘Zka(.)< Z |Tfj($)|>><k

Lez k=—o00 J=kt2

L
< CsupZ_L/\q< Z ‘

Le7

q
Lp(‘)([R?Q)

q
LP(')([R"))
q
LP('>(R")>

First we estimate U;. We note that |z — y| > |z| — |y| > 2¥/4, if 2 € Ry, y € R; for
every j,k € Z with k < L and j < k — 2. Using Lemma 2, we have

=:Uy+ Uy + Us.

gka(x) Z |Tfj |Xk <C Z zka(x)/ |fj(y)| dka(l‘)

P P R, T —y["

k—2
<0 3 2t [ i) o)
R

j=—00 i

Applying Holder’s inequality and Lemma 1, we obtain

Hzm(x) Z T fj(x |Xk||Lp(> (R™)

Jj=—00

k—2
<C Z 2(k7])a+2*kn”2]a(-)fj||Lp(_)(Rn)
j=—o00
k—2
~C Z 2(’“_7)“+2_k”|\27“(')fj||Lp(A>(Rn)23"|Rj|_1/p(’”f)|Rk|1/p(’”’“)
Jj=—00
k—2
<C Z Q(kfj)(a++n/p77n)||23a(~)fjHLp(_)(Rn),

j=—o0

Xill oo ey IXk I Lo mm)

where we use the fact that |R;|~1/P@)|Ry|V/P(@r) > 2(k=i)n/p— for j < k — 2 which
appears in the proof of Theorem 4.12 in [1].
Hence we have

L, k=2 .
Uy < Csup2- 1M < o(k=i)8)19d@C) £l o )
1< Capzm 3 20 2RI Sl

where we put § = ay —n +n/p_ for short. It follows from the condition (5) that
0 < 0. We consider two cases 0 < ¢ < 1and 1 < g < co. When 0 < ¢ < 1, we apply
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the inequality

(6) (iahj] ggag(al,@,..go)

h=1
and obtain
L k—2
(]1 gcsup2fL)\q Z <Z 2(k ])&ZHQ]O‘ fj|LP()(R”))
Lez k=—o00 “j=—00
L
= Csup2~ L>\q< Z H2Ja f]”LP()(R") Z o(k—7)dq
Lez j——00 k=j+2
L—2
CSUP 2_L/\q< > lI2iec )fJHLp()([R" )
_]_—OO
< C”qu (c;( ) A([Rn)
When 1 < g < oo, we use Holder’s inequality and obtain
L k—2 k—2 q/q
U< Cop2 Y (z a(k=3)90/2) 9 <>fj|Lp<><Rn>)( >, 2 ‘”2)
€ k=—o00 ‘“j=—00 Jj=—0o0
L k—2
<Ciqu—L)\q Z (Z 2(kJ)Eq/2||23a(~)fj|qu(‘)(R")>
€ k=—00 ‘j=—00
L
_ LXg jou() (k—37)dq/2
Cil?f (Z 12 fJ”Lp()([R"> Z 2
j=—00 k=j+2
L
CilégZ q( Z [272¢ )fJHLp()(R" )
j_—OO
< (7Hqu KO

q p(+) ([R”)

Next we estimate Us. By Proposition 4, we get

L k+1
Uy = max{ sup 2 LA Z ‘2’” 0)( Z |Tf;(z ) ,
L<0,LeZ oo k1 LrC)(R™)
-1 k+1
sup |:2—qu Z ‘ 2ka(0)< Z |Tfj )
L>0,Le7 k= —o0 j=k—1 LP() (R™)
L k1 q
2ty zkaw< > |Tfj(x)|>xk ]}
k=0 j=k—1 LrC)(Rm)
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Using the sublinearity and the boundedness of T' on LP("), we have

k+1 k1
|20 (3 | 20 3 (75 )

q

Lr() (R™) ‘

j=k—1 j=k—1 LeO®n)
kt1
> ||2’m(0)|Tfj($)|||ip<«>(u;w)
j=k—1
kt1
< Z ||2ka(0)|fj|||Lp()([R"
j=k-1

Hence

L k+1
Grmmax{C sp 280 3 (2 12Ol ).

L<0,L€eZ b oo Nk

-1

C sup [2”“’< Z ||2ka(0)|ka|||qu<‘)(Rn))

L>0,LeZ b —oo
L
+ 2 LA (Z ||2]m°o |ka|||(ip(«>(u;en))} }
k=0

< maX{C sup 27 LA Z |2ka(0)|ka7|||LP(‘)([RH)7

L<0,L€EZ it

-1
C sup [2_L)‘q< Z ||2ka(0)|ka|||qu<-)(Rn))

L>0,L€EZ e
L
—LX\ kaoo
#2212 Pl o ) |
k=0
q
<O 3 oy

We now estimate Us. By Proposition 4, we get

L 00
Us ~ max{ sup 2L)‘q< Z ||2ka(0)< Z |Tfj($)|>Xk

q
)
Lr()(R™)

L<0,LeZ el Pl
{2‘”( S ‘Zka(0)< i T f (x)|) ! )
L o0 q
(Sl (5 med, )
k=0 Gj=k+2 LrC) (R™)
=: max{E, F}.
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For Us, we note that |z —y| > 27/4 for € Ry, y € Rj and j > k+ 2, hence we have

rr@i<e [ LUy <cr [ gl

R, lz—yl"

Applying Holder’s inequality to the last integral, we get

oo
<C DY 27 fill peer vy
LrO)(R™) j=k+2

> T i@

j=k+2

Xill o> @y Xl £o o () -

It follows from p € PLE(R™) N PLS(R™) that p/ € PrE(R™) N PS(R™). Lemma 1
tells us

X5l porer 2 1RGP @D 2y € Ry, and |xkll o) & [Re|PE), ay € Ry
Hence

Il oo il s 22 [ Ry [P0 | R [ /PCoR) < 237 Ry =1 /P | Ry /Pl

Now we can distinguish three cases as follows:
Case I: j > k42 > 0. By Lemma 1 we have

|~ 1/p(z;5) /p(@k) o |R.|~1/Poo 1/poo ny 9k=5)n/Poc > 9(k—d)n/pPy
| R; | Ry | Rj | Ry 2 =2 -

Case II: j > 0 > k + 2. In this case we obtain

|R;|~L/PE)| Ry | /P(wn) > |Rj|_1/p+|Rk|1/”+ > o(k=i)n/py

Case III: 0 > j > k + 2. Here we have

|R;| /7@ | Ry, |V/P@0) oy (@)1/13(9%

s Ry /@) ~1/n(e)) 5 gk=iin/ps
R;

Indeed, since |x;| < 27, |z | < 2% < 27, we make use of the local log-Holder continuity
of p at the origin and get, for j < 0,

1 1 1 < log(1/27)

— — ———~ | l0g = 1 A X
plze)  plz;)! 7[Ry~ log(e +1/27)
with C' > 0 independent of k, j, x, X;-
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Therefore, in all cases we have essentially the same bound and hence, combining
the estimates above, we arrive at the inequality

Z |Tfj |Xk

j=k+2

<C Z Q(k_j)"/p+||fj||Lp<«>(u;en)~
LrCO)(R™) j=k+2

When 0 < ¢ < 1, we have

0 q
E<C sup 270N Z 2’““(0)‘1( > Z(k_j)n/p+Hfj”LP(')(R”))

L<0,LEZ b —oo k2

<C sup 9—LXq Z 2koz(0)Q< Z o (k— J)n/p+q||fj||Lp(> Rn))

L<0,LeZ P P

<C sup 27LM Z 21m(0)q< Z ok~ J)n/p-%—QHfj”Lp() Rn))

L<0,Le7 B el
I
+C sup 27 1M gka( 0>Q< (k=j)n/ptq . >
SR 22
=—00 =
= El + EQ,

Observing that n/p+ + a(0) > n/py + a— > 0 by (5), we have an estimate of Ej:

ji—2
By <C sup 277N Z PO F59,) gy D 2ED/petaOa

L<0,L€Z Pt P
L—-1
<O sup 279 3T OG0 < O s gy
L<0,LEeZ e Oy

Since n/p4 + «(0) > 0 and A — a(0) — n/py < 0, the estimate of E5 is obtained:

L 00
By <C sup 9—LAg Qka(o 9(k=j)n/prag—ic(0)g9irg
_ J
N A Z 2la(0)q||fl||(ip(_)(Rn)
l=—00

<C sp 2 LAq< 2k<a(0>+n/p+>q>( i (A= (0)— n/p+>q>||f||q )

L<0,LEZ k_z_:oo ]z; MEZCN @)

LAqoL(a(0)+n/p1)qoL(A—a(0)—n/py)q

=0, s 27002 2 e

= C”f”?\dku(«),)\

a,p(+) (R™)
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When 1 < g < oo, we have

L L q
E < C sup 27L)‘q Z 2ka(0)q( Z 2(kj)n/p+||fj||Lp(-)([Rn)>
L<0,LeZ k=—o00 j=k+2
L 00 q
+C sup 27PN 3" 2’““(0)"( > 2(kj)"/p*||fj||m<->(w>)
L<0,LezZ k=—o0 j=L+1
= E3 —|— E4.

We use Holder’s inequality and obtain

F3<C sup 2 1M Z Z QJa(O)quJHLP() - 9(k—7)(n/p++c(0))q/2
L<0,L€eZ he oo 2 (

L 4 , \4/4
" ( 3 gka)n/psta)g /2)

j=k+2

<C sup 2 kM Z 97(0) quJHLP()([Rn) Z )(n/py+a(0))q/2

L<0,LeZ P

<C sup 271N Z QN(O)QHJCJ”me (R™)

L<0,LeZ P

<O ety oy
Since a(0) + n/p+ — A > 0, we have

E,=C sup 271N Z (Z 2j(’(0)||fj||Lp<»)(Rn)

L<0,LEZ ko \joL i1

q
« 2<kj)(n/p++a<o>+x>/22<kj)(n/p++a<o>A>/2>

<C sup 9—LXg Z Z 9Jo(0) quJ“LP()([Rn 9(k=3)(n/p++a(0)+A)q/2
L<0,LEZ W i

o a/q
" ( 3 2<kj><n/p++a<o>x>q'/2>

j=L+1

<C sup 27FM Z Z o(k—j)(n/p1+a(0)+X)a/29i a9 —jrq
L<0,Le7 Wi S Th

J
X Z 2la(0)q|‘fl H%P(‘)([Rn)

l=—o00
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L e}
<C sup 2D kg o (k=) (n/p1+a(0)=N)a/2|| (|4
<O sp 3w 11,
=—00 j=L+1

q
<l

#a ()X (g
Kq,p(-) (R™)
()N (gny©

qu(‘) (R™)

Hence we arrive at the inequality

E <O aoon

q,p(") (R™)

We omit the estimate of F' since it is essentially similar to that of £. Consequently,
we have proved Theorem 1. O

Let p(-) € P(R™) satisfy conditions (3) and (4). Then so does p’(-). In particular,
we see that p/(-) € B(R™). Therefore applying Lemma 3 we can take a constant
0<r<1/(p)+ so that

xsll Lo @n r
(7) H ||L ) (R™) < C(ﬂ)
”XBHLP’(‘)([R") |B]
for all balls B in R™ and all measurable subsets S C B.
Theorem 2. Let p(-) € P(R™) satisty conditions (3) and (4), and take a constant

0 <r < 1/(p')+ such that (7) holds. Let o € L*(R™) be log-Hélder continuous,
both at the origin and at infinity, with

(8) A<a_ < agp <nr

Suppose that T is a sublinear operator satisfying (1). If commutators [b,T] are

bounded on L*)(R™), we have for all f € MK\ (R") and b € BMO(R")

H[bv T]fHMK(‘;;()_v;\(Rn) < C”b”BMO(R") f||MK(‘;;()_v)>\(Rn)~

Proof. By Proposition 4 we have

L 1/q
”[b’T]f”MK;;gj;(R")% max{ sup ZL)‘( Z QkQ(O)qH[baT]ka”(ip(-)(Rn)) ;

L<0,L€Z el
—1 1/q
—LX\ ka(0)q q
sup |2 2 b, T o() (Rm )
| Qz& 1T e
L 1/q
2 (B T el ) |}
k=0
=: max{[, J}.
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First we estimate I:

L

k—2 1/q
R Tt D ST SRRV

L<0,L€Z it Pl

L ) 1/q
L O sup 21;,\{ Z oka(0)q Z ||[b,T]ijk||%p(A>(Rn)}

L<0,Lez et el

=11 + 1.

We note that |z —y| > 2%/4 for z € Ry, y € R; and j < k — 2. Using the generalized
Holder’s inequality, we get that

(071 @) <€ [ pte) = o)L dy (o

<cphn / Ib(z) — b(w)I1; ()] dy xx(2)

R;

<cr s fiua) = ou| [ 15wlay+ [ s, - b5}

R;

< C27 " fill oo amy {1B(2) = b, x5l v ey + 108, = D)Xl oo ) }-

By virtue of Lemma 5, we have

1B, TV f Xl Lo ey < C27F2 1 £l oo ey {11 (b = b8, )Xk | Lo (e
+ (b8, = b)X;ll Lo ey Xkl Lo ()

< C27" £ill Loty (mmy

+ IxB; 1l Lorer gy XK Lo (mmy }

< 27| £l Loty (rmy

Xill oo amy

bllemorm) {(k — 7)lIxB, ”LP(')(R") |Xj||LP'('>([R")

bllemown) (k = HIXBl Lo @my [1XB; | Lo () -

Using Lemma 3 and Lemma 4, we obtain

XB; |l Loy gy S CQ_knlBk|||XBk||;]}’(-)(Rn) X8, o) m)

< conr(i—k).

271X By |l o) ()

Thus, we have the estimate

I < C|]bllBmo(rn)
L k—2

< sup 2m{ 3 (Z

_ ‘ qy1/q
POl (5 = 2O T L
L<0,L€7 e N he
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We consider two cases 0 < ¢ < 1 and 1 < g < co. In the case of 0 < ¢ < 1, noting
that «(0) — nr < 0, we apply inequality (6) and obtain

I < C|lbllsmo(rn)

L k—2 1/q
< s 2 ST (5 2O g0 )

L<0,L€EZ he oo N oo

= CHbHBMO(Rw)

L 1/q
X sup 2~ LA{ 20(0)ja|| e k—j qg(kj)(a(o)m’)q}
]_Zoo 1£i11% 00 s )k;”( )

1/q
gCHbHBMO(R”) SUP 2” L)‘{ Z 2% O)Jq”f]'Lp(‘)([Rn)}

0,Lez Pl

< Cllbllemomm) 11 s> gy
q,p(")

In the case of 1 < ¢ < oo, we use Holder’s inequality and obtain

I < C|bl[Bmo(rn)
L k-2

X su QL)\{ ( Qa(o)jq e B 2(kj)(a(0)nr)q/2>
L<O’EEZ k;)o j;o Hfj”Lp()(R )
=2 a/d' \1/a
x ( S (k;_j)q/g(k—j)(a(o)—nr)q’m) }

j=—o0

< C||bllBmo(rn)
k—2

= 1/q
< s 27 Y (30 O g 20 ) |

L<0,Le7 heoo oo
= CHbHBMO([R")
L 1/q
L a(0)jq (k—j)(c(0)—nr)q/2
X sup 27 { 2 Fillt oy imn 2 }
S o) ilsoren 2

j=—00 k=j+2

1/q
gCHbHBMO(R”) sup 2” L)\{ Z 2% O)Jq”f]'Lp(‘)([Rn)}

0,Le7 Pl

< Clbllemo®m) 11l prieat)x gy
a,p()

Next we estimate Io. By the LP(")-boundedness of [b, T], we get that

0o qy1/q
I,<C sup 27 LA{ Z 2’“’(0)‘1( > lIbllemon) fj||Lp<«>(uzen)>}

L<0,LeZ P Pl

L

> _ ) gy\1/q
:CHbHBMO(R")L sup 2L’\{ Z ( Z QJQ(O)QQ(O)(IC])||fj|Lp<->(u;en)>} .

<0,Lez k=—o0 \j=k—1
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Now we consider two cases 0 < ¢ < 1 and 1 < ¢ < co. When 0 < ¢ < 1, we use
inequality (6) again and get

L oo 1/q
I, < C|bl[Bmo(rn)  sup 2L’\{ > ) 2e@aeO- ])q||fg||Lp<>(Rn }

L<0,L€Z kﬁfooj Pt

1/q
<C|\b|\BMO(Rw) Sup 2 L)\{ Z Z 97 (0)g9a(0)(k— J)Q|fj||Lp()(Rn)}

k——ooy k—1

o l/q
+C||b||BMO(R")L<S(;1p 9~ L/\{ Z sz(o)qza(o)(k ])quJHLP()([Rﬂ }
k=—o00 j=L

=: Iy + Ia».

The estimate of Is; is obtained as follows:

L-1 j+1 1/q
I = CHbHBMO(R")L sup 12_“{ D 2O gy D 20O ])q}

j=—00 k=—o0
LA 0 Y
< Cllblpmo@ sup 2 {Z B O Ly
L<0,L€Z Pt

< Cllbllemomm) 11l prgeat)x gy
a,p(+)

Because «(0) > 0 and A — «(0) < 0, we have estimate of I5y:

I < CbllBMmo®n)

J 1/q
I D O LTS SECCIITT R,

L<0,LEZ koo J=L. I

1/q
< Clltlsmoqr) | sup_ 27 “{ Z 3 2@ o a<>»<Rn>}
)

k—ooyL

1/q
= Cllbllmyoger) | sup 27 L*{ Z 2ka(0)a Zz* ao””IfI‘;Mum(R”)}

k=—o0

=C|b ay sup 27 TAgLa(0)o(i- O‘O))L Tl vy eatrn on
[blvogen) | sup 1l nr gy my

< Clbllsmo@n) 11 o) @ny-
q,p(")
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Because A < «(0), we can take a constant § > 1 such that A — «(0)/6 < 0. When
1 < ¢ < oo, we use Holder’s inequality and obtain

L 0o

I < CHbHBMO([R") ) Sup 2L)\{ Z ( Z 2ja(0)q2a(0)(kJ’)Q/OHfj'%p(‘)(R”))

<0,Lez oo \joh 1

00 0/6"'\1/q
" ( 3 2a<o><k—j>qa—1/a)

} /
j=k—1
L oo
< ClbllBmo(rny  sup 2_L’\{ Z Z 270 (0age(O)(k=0a/8) 1, ||Lp(> R™ }
L<0,LeZ M

L L-1

< O]l Bmo(rn) <SUP 22 L/\{ Z Z /(a0 (k= j)qufJ”Lp() Rn)

k=—o00 j=k—1

L o] 1/q
+ CHbHBMO([R“) sup 9 L)\{ Z Z 97a(0)g9a(0) (k— ])Q/0||f]|LP(‘)(R”)}

Lez k=—o0 j=L
=: Ip3 + I24.

Because «(0) > 0, we get

Jj+1 /q
I = lblnoreny s 20 52 200y S 20l
j=—00 k=—o00
L-1 1/q
~Lx jo(0)g
<Moo, swp_ 27 3 27Ol

< Clbllsmo@m) 11y gee (g
a,p(+)

On the other hand, it follows from A — «(0)/6 < 0 that

L 0
Ios < C|bllpmown) _ Sup 2“‘{ >N 2eOtkma/0girag=ira

<0,L€ez iy
J 1/q
X ( Z ZIQ(O)QHle%p(.)(Rn))}
l=—00
L > 1/q
< b n sup 2_L’\{ 9a(0)(k—35)q/095rq q N }
IPllesoc )L<O,LEZ k:z—:oo; Hf” MEZC)N (R

1/q
= Clblmoy  sup_ 2] $ 94000/0 $ 910000 0 -
)

k=—o0 j=L
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= C||bl[Bmo(®n)  sup 9—LAgLa(0)/09L(A-a(0)/6
L

) .
I

< Cllbllemom) 11l ppieat)x gy
a,p()

Hence we arrive at the inequality

I < ClbllBmo(rn)

‘fHMK‘;;()’;‘(Rn)

We omit the estimate of J since it is essentially similar to that of I. The proof of

Theorem 2 is complete. ]
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