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Abstract. We consider the equation
(%) —(r(@)y' (@) + a(2)y(z) = f(z), z€R

where f € Lp(R), p € (1,00) and

1
r>0, q>0, —€L(R), g€ L),
T xr
lim U / q(t)dt = co.
ld o0 Jp—a T(t) Jo—d

In an earlier paper, we obtained a criterion for correct solvability of (x) in Lp(R), p € (1, 00).
In this criterion, we use values of some auxiliary implicit functions in the coefficients r and ¢
of equation (x). Unfortunately, it is usually impossible to compute values of these functions.
In the present paper we obtain sharp by order, two-sided estimates (an estimate of a function
f(z) for z € (a,b) through a function g(z) is sharp by order if ¢~ t|g(x)| < |f(z)| < c|g(z)],
x € (a,b), c = const) of auxiliary functions, which guarantee efficient study of the problem
of correct solvability of (x) in Lp(R), p € (1, 00).

Keywords: correct solvability; Sturm-Liouville equation

MSC 2010: 34B24

1. INTRODUCTION

In the present paper, we consider the equation

(1.1) —(r(@)y'(2)) + q(x)y(z) = f(z), z€R
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where f € L,(R) (Lp(R) :=L,), p € (1,00) and
(1.2) r>0, ¢>0, -€LYR), qeLPR),

(1.3) lim — /Id q(t) dt = co.

|d|—o0 Jo_g 7(1)

In the sequel, by a solution of (1.1) we mean any function y, absolutely continuous
together with ry’ and satisfying (1.1) almost everywhere on R. In addition, we say
that for a given p € (1, 00), equation (1.1) is correctly solvable in L, if the following
hold:

I) for every function f € L,, there exists a unique solution y € L,, of (1.1);
IT) there is an absolute (i.e., not dependent on f € L,(R)) constant c(p) € (0, 00)
such that the solution y € L, of (1.1) satisfies the inequality

lylly < c@)fllp, Vf € Ly

”

From now on, for brevity we say “problem I)-II),” “question on I)-II)
The conditions for validity of I)-II) are given in [2]. To state them, we need the
following lemma.

Lemma 1.1 ([5]). Under conditions (1.2)—(1.3), for a given x € R consider the
equations in d > 0:

[ mam, [T g

Each equation has a unique finite positive solution. Denote these solutions by di(x)
and ds(z), respectively, and set

T z+d2(x)
(1.4) o) = /()% (z) = / % reR,
(@) ()

Further, consider the equation in d > 0

z+d
dt
(1.6) / =1.

Equation (1.6) has a unique finite positive solution. Denote it by d(x). The function

d(z) is continuous for x € R and, in addition,

lim (z+d(z)) =—-0c0, lim (z—d(z)) = oo.

r—r—00 Tr—00
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We now present the main result of [2] (see [3] for the case r =1, 0 < g € L'°°(R)).

Theorem 1.2 ([2]). Under conditions (1.2)—(1.3), equation (1.1) is correctly solv-
able in L, p € (1,00) if and only if B < co. Here

(1.7) B = gsgtelg(h(x)d(x))

The following assertions allow us to answer the question on I)-II) without using
the function d (see (1.7)).

Corollary 1.3 ([2]

). Under conditions (1.2)—(1.3), equation (1.1) is correctly
solvable in Ly, p € (1,00) if any of the following conditions holds:

(1.8) 1) Bi<oo, By = sgg(r(m)h%x));
2) By <oo, By= 5161%(|x| - h(z));

1) B m=sw(l [ G [T

Note that the solution of (1.1), as well as the functions h and d, can be found only
in special cases. Therefore, after obtaining the results in [2], the main problem in
the investigation of I)-II) is checking the inequality B < oo for particular equations.
In other words, we have to find technical tools and standard procedures that allow
us to apply Theorem 1.2 to concrete equations (1.1) in an efficient way. Our general
approach to this problem consists in finding, under additional requirements on the
coefficients of (1.1), two-sided, sharp by order estimates for the functions h and d
(see (1.7)), which, by Theorem 1.2, provide a complete answer to the question on
I)-II). (We say an estimate of a function f(x) for = € (a,b) through a function g(x)
is sharp by order if ¢~ t|g(z)| < |f(z)| < c|g(z)|, z € (a,b), ¢ = const. Note that in
this paper some results from [4], [5] are strengthened. Moreover, in the special case
r=1,0< q € L'°(R), another more effective form for the solution of the considered
problem is obtained (for details see [1], [3])).

The structure of the paper is as follows. Preliminaries are given in §2, results are
presented in §3, proofs are collected in §4, and examples are given in §5.
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2. PRELIMINARIES

Lemma 2.1 ([2]). Under conditions (1.2)—(1.3), for a given x € R, let us introduce
functions F;(n), 1,3 for n > 0:

ey A= [ S [ aow mo- [T [T e

_y 7(t) r(t)
Tt
Fam) = / DR

Then the following assertions hold:

1) the inequality n > d;(xz) (0 < n < d;(z)) holds if and only if Fi(n) > 1
(Fi(n) <1),i=1,2;

2) the inequalityn > d(z) (0 < n < d(x)) holds if and only if F5(n) > 1 (F3(n) < 1).

Remark 2.2. Auxiliary functions similar to the functions from Lemma 1.1 were
first introduced by M. Otelbaev (see [8]). Lemma 2.1 is nothing else than a formal-
ization of a trick used by Otelbaev (see [8]).

3. RESuULTS

Below we give estimates for the functions h and d (see (1.5) and (1.6)) and some
consequences.

Towards this end, we provide two definitions.

Definition 3.1. We say that a pair {r, ¢} of functions, defined on R, everywhere
positive and absolutely continuous for all |z| > 1 (in the sequel “a pair {r,q}”)
belongs to the class K (u) (denoted as {r,q} € K(u)), > 0 if

(3.1) ‘ 1‘im wi(x,u) =0, i=1,2,
(3.2) ‘ ‘linz (z + pd(x)) = —oo, lim (z — pd(z)) = oo.
Here
T+t ’I“/(g) ‘
. = d
(33 o =) \tél:g(x) /x r2(€) fp lel>1
(3.4 (0, 1) = = [ v@ad, s
. s 5 = —F ) X )
e |t\21:dl?(x> -
i) — 7@
d(z) = ) xz € R.
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Note that the following inclusion obviously holds:

K(p2) € K(p1), 0<p1 < po.

Below we will see that for a sufficiently large p the class K (u) contains pairs for
which the question on I)-II) for the corresponding equations (1.1) admits a particular
simple answer (see Corollary 3.6 below).

Definition 3.2. Suppose that the functions r and ¢ satisfy (1.2). We say that
the pair of functions {r, ¢} (in the sequel “pair”) belongs to the class S(u), u = 0
(and denote that as {r,q} € S(u)) if there exists a pair {r1,q1} € K(u) such that
the following relations hold:

o r()

. f >0, 1],
(3.5) inf @) 6, 6¢€(0,1]
(3.6) lim s(x,u) =0, i=3,4.

|z]—o00
Here

(3.7)  ss(x,pu) =/ri(z)q(z)  sup

" p(e) - ralE)
/ 10 dg" = > 1.

|t|<puds () "1
1 ’ x4+t d
3.8 sy (T, ) = ————= su —-q1 , |z 1,
8) e = s s |06 - @) de], el >
TR L1 C N
(3.9) Q@) =\ TER

Note the obvious relations

K(p) € S(p), S\ K #0, p>0,
0

S(p2) € S(p1), 0< pr < pa.

Below we will see that if for a sufficiently large p the pair {r,q} € S(u) can be
“approximated” (in the sense of (3.6), (3.7), (3.8)) by a pair {r;,¢1} € K(u), then the
problems I)-II) for the equations (1.1) corresponding to these pairs are equivalent,
i.e., these equations either are or are not correctly solvable together in L,, p € (1, 00).
In other words, equations (1.1) with coefficients {r,q} € S(u) are perturbations of
the corresponding (in the sense of Definition 3.2) equations (1.1) with coeflicients
{roai} € K(p).

We need some more notation. Let g > 0, and let {r,q} € S(p). Then we write

{raQ} ~ {r17QI} € K(‘LL)
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if the pair {r1,q1} satisfies Definition 3.2. By ¢, ¢(-) we denote absolute (not de-
pendent on the input data of the problem under consideration) positive constants
which are not essential for exposition and may differ even within a single chain of
computations.

Finally, let f(z) and g(x) be continuous, positive functions for = € (a,b) (—oo <
a < b < o00). Then we write f(z) < g(z), « € (a,b) if the following inequalities hold:

M f(z) <g(z) < cf(x), =z € (ab).
Let us now formulate our main statements.

Theorem 3.3. Let {r,q} € S(u), p > 2 and let {r,q} ~ {r1,q1} € K(u). Then
(1.3) holds, and

(3.10) h(z)\/r1(z)g(z) <1, z€R.

Corollary 3.4. Suppose that under the hypotheses of Theorem 3.3 any of the
following inequalities holds:

(3.11) By <00, By=sup 21

zeR /71 (2)q1(x) ’

r(z)
3.12 Bs <00, Bs=-su .
( ) ° ° zelug ri(z)q (z)

Then equation (1.1) is correctly solvable in Ly, p € (1, 00).

Theorem 3.5. Let {r,q} € S(n) and let {r,q} ~ {ri,q1} € K(u). If p > 10052
(see (3.5)), then

(3.13) d(z) < di(z), zeR
(see (1.6) and (3.9)).

Corollary 3.6. Under the hypotheses of Theorem 3.5, equation (1.1) is correctly
solvable in L, p € (1,00) if and only if m > 0. Here

= inf .
m =l o)

Remark 3.7. In the condition y > 10062, the main obstacle for reducing u (in
our main Theorem 3.3 we have p > 2 and so it does not depend on ¢) is the factor 52
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Let us emphasize that in the framework of the method presented here it is impossible
to make a choice of y independent of §. On the other hand, the factor 100 in the
same condition is chosen for convenience in calculations. In the proof presented
here, one can, of course, reduce it but such a reduction is not essential because it is
majorated by reducing §. Note that the constant 30 in Theorem 3.8 is the integer
closest to the number 4e? from a priori inequalities (4.17) and (4.18). The choice
of 30 instead of 4e? is necessary, as above, for the proof as well as for the convenience
in applications of Theorem 3.8.

The next assertion is often more convenient than Theorem 3.5.

Theorem 3.8. Suppose that under conditions (1.2)—(1.3), the function r is abso-
lutely continuous together with ' for |x| > 1, and

im = = 2 il L " ‘
) =0 @)= o) [ () o
Then

(3.14) d(z) < r(x)h(z), z€R.

Corollary 3.9. Under the hypotheses of Theorem 3.8, the inequality B < oo
holds if and only if By < oo (see (1.8)). In addition, equation (1.1) is correctly
solvable in L, p € (1,00) if Bg < oo, where

o= suprto) ([ A0 [T Y,

Remark 3.10. The proofs of Theorems 3.5 and 3.8 rely on a priori inequalities
(4.20) below. Here different goals naturally lead to different results. More precisely,
in Theorem 3.5, by strengthening one of the requirements of Theorem 3.3 (u >
10062 instead of p > 2), we get estimates for the function d (see (3.17)). In
Theorem 3.8, under conditions (1.2) and (1.3), we only strengthen requirements to
the function r and, therefore we have new possibilities and get an explicit relationship
between the functions h and d (compare (4.20) and (3.17)). We want to emphasize
that in this case the requirements of Theorem 3.3 may not hold. Note that from the
point of view of Theorem 3.8, we need Theorem 3.3 only in the case where one has
to obtain estimates for the function d relying only on (3.17). In this special case, we
use (3.11). Thus, by obtaining new possibilities for estimating the function d under
different assumptions of Theorems 3.5 and 3.8, we increase our chances for success
in our investigation of (1.1).
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The following assertion is applicable to equations (1.1) with an oscillating coeffi-
cient q.

Theorem 3.11. Suppose that together with (1.2)—(1.3) the functions r and q
satisfy the following additional conditions:

1) the function q is three times continuously differentiable, vanishes at the points
{zr}2,, and

(3.15) q(zr) = ¢ (xr) =0, ¢"(xx) >0, k>1;

2) there exists an everywhere positive, absolutely continuous function ri(x) for
|z| > 1 such that

r(z) =2 éri(z), |z[>1, §6€(0,1];
3) the equalities
(3.16) lim 7;(zx) =0, i=1,2,3
k— o0

hold where for k > 1:

St
(3.17) T1(zg) = ri(xg) sup / 5 dg‘,
s<mil S, T1(E)
Tr+s A
(3.18) Ta(wr) = y/7r3(zk)q" (x1) sup / ;(O d¢|,
sl<ml Sz, 71(6)
(3.19) T3(w)) = 1 sup /xHS q"(t) dt‘.
q" (%) |sl<me| Sy
Here
_ o 100de ()
Ar(t) =r(t) —ri(t), teR;, = 52 7 @)
Then the following relations hold:
(3.20) h(xp)d(zy) = (rla)d (xx) "2, k>1,
(3.21) B? > ¢ 'sup(r(ag)q” (z)) 7 .

k>1

>

Remark 3.12. Note that we prefer not to integrate in (3.19) because it is often
easier to estimate the value of the integral in (3.19) rather than the value of the
difference (¢"(x, + s) — ¢"(z1)). Our way keeps both the possibilities for estimating
T3 (xk)

1074



Let us return to Theorems 3.3 and 3.5. These statements may not be applicable,
say, to pairs of functions {r, ¢} such that for one of them the integral in the product
(1.3) converges, whereas the integral of the other one diverges but grows sufficiently
slowly. For example, if

=41 S ep(al), ser
r(x) = q(z) = exp(|z]), =€
22, Jz| =1

)

then by Theorems 3.3 and 3.5 we have

1] exp (%|x|)h(m) “1, exp (%|x|>d(m) “l2l, o> 1.

However, the same theorems are not applicable to the pair

1, (@) {1, |z
q\r) = _
1, 2| 7172,

Let us list all such situations. We introduce the following notation:

O at > dt
3.22 J(‘):/ —. J(+>=/ —,
(3.22) ) o D

(3.23) I<—>=/O q(t) dt, I(+):/Ooq(t)dt.

L,
1

A\VAR/AN

Clearly, for the pairs a = {J(7), I(7)} and B = {J), I(H)} only the following

situations can arise:

ar: JO) =00, IG) =0 Br: JH) =00, IM) =0
as: JO) <oo, I =00 Bo: JH) <00, IH =0
as: JO) =00, I) <0 B3: JH) =00, IH) <0

Thus, there are altogether eight interesting combinations (s, 3;), i,7 = 1,3 (the
case (aq, 1) is naturally excluded). Below we only consider the case (as, f2) because
all the other ones can be treated similarly, using the theorems stated above. We also
note that below we present only the statements related to estimates for the functions
dy and dsy (the proofs for d; and dy are similar, and therefore in Section 4 we only
consider the function d;). We believe that a deeper discussion of this topic would
be superfluous here, because usually once one has estimates for d; and dy all the
remaining parts of the investigation of problem I)-II) can be concluded with help of
the results presented above, or by the methods of proofs (see §5).
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Thus, until the end of this section, we combine (1.2) and (1.3) with the condition
1/r € Ly and do not include these requirements in the statement, using them as
standing assumptions. Note that the estimates for d;(z) and da(z) as © — —oo and
x — oo are given in a different way, and we have to study them separately.

Let us start with the first case. For ¢ <« —1, a < 0 and v > 1, consider the
equations in d > 0

(3.24) /; % : /;dq(t) dt = v,

r+d a
(3.25) / % / q(t)dt = v.

Theorem 3.13. For given v > 1 and © < —1, equation (3.24) has at least one
finite positive solution. Set

(3.26) o (a) = sup {d: /;%-/;q(t)dtz 1},

§_)(x,1/) = (if;%{d: /xoo %'/:dq(t)dt— z/}.

We have the inequality
(3.27) di(z) > ol (@), 2< -1

In addition, if for some v > 1 there is xy < —1 such that

roode r dt
(3.28) / — < 1// —— for x < xo,
x—6§7>(x,v) T(t)

then we have the estimate

(3.29) di(z) < B 7 (@,v), @ < .

Theorem 3.14. For givena < 0, v > 1 and x < —1, equation (3.25) has a unique
solution. Let oz(f)(a:) and ﬁéi)(.ﬁ,l/) be the solutions of (3.25) forv =1 and v > 1,
respectively. We have the relations

lim (z+af(2) = =00, lim (z+ 67 (@,1)) = —ox,

T—r—00 r—r

do(z) 2 aé_)(x), for x + a(_)(x) <a.

1076



In addition, if for some v > 1 there is xy < —1 such that

a :c+,6‘( )(JC,I/)
/ q(t)dt < 1// q(t)ydt for x + ﬂé_)(ﬁ:,l/) < a, = < xo,
then we have the estimate

do(z) < é_)(x, v) forx+ Bé_)(x, v)<a, < .

Let us now study d;(z) and da(z) as x — oco. Towards this end, for given a > 0,
v > 1 and x > 1, consider the equations in d > 0

(3.30) / ﬂ-/ ddt=v, x> 1,

—ar(?)
[e'S) z+d
(3.31) / % / gtydt=v, > 1.

Theorem 3.15. For givena > 0, v > 1 and x > 1, equation (3.30) has a unique
solution. Let agﬂ(x) and B;H(x, v) be the solutions of (3.30) for v =1 and v > 1,
respectively. We have the following relations:

(3.32) Jim (z—a{ (@) =00, lim (v = A" (2,1)) = o0,
(3.33) di(z) > a(1+)(x), x— agﬂ (z) > a.

In addition, if for some v > 1 there is xo > 1 such that

(3.34) / q(t)dt < l// sy )q(t) dt forxz— §+)(x,y) >a, T > o,
a z—fB; T,V

then we have the estimate

3.35 di(x) < (+) xz,v) forx — (+) T, V) =a, T = xg.
1 1
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Theorem 3.16. For given v > 1 and = > 1, equation (3.31) has at least one
finite positive solution. Set

aé”(x)Zfiglg{d: /;%-/:Mq(t)dt:l}
§+)($,V)—3g%{d: /:o%~/:+dq(t)dt—y}.

Then we have the inequality
da(z) = oS (2), > 1.

In addition, if for some v > 1 there is o > 1 such that

© qt a+857 (x,v) dt
— < v —— for x > xo,
s T(t) . r(t)

then we have the estimate

da(z) < §+)(x, v) for x > xy.

4. PROOFS

Proof of Theorem 3.3. Below we assume that the hypotheses of the theorem
are satisfied and do not include them in the statements.

Lemma 4.1. Let 6 € (0,1] and 6 + 1 > 6. Then

1+0 0
4.1 1-— <—— <6.
(4.1) 02 0+1
Proof. The following relations imply (4.1):
0 62 0 O+1 062+ (O+1)2 _ 05+ 62
——=—->0, + 1 +(+)> ALY
6+1 6+1 0+1 52 (6 +1)62 (0 +1)62

Denote for t € R

(Ar)(t) = r(t) —ri(t), 0() = (Aq)(t) = q(t) — qr(D).
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Lemma 4.2. Let z € R, n > 0. Then
(42) /“"i_ / dt__ / o) _dt
' o ) Lo o) S 0 +1m(t)

Proof. The following relations are obvious:

z+n dt z+n dt x+n 1 1
L el weotl lw el

=t TEg()  dt

:L E@‘L 0t) + Lri(t)

Lemma 4.3. Let x € R, n > 0. Then

(1.3 [Cwmesl wmrall nmel

T+n T+n z+n
(1.4) / dr / dt / o(t) dt‘.
z T(t) x ™ (t) x ™ (t)
Proof. Since14+0(t) >4, t € R (see (3.5)), from (4.1) and (4.2) it follows that

x+n d z+n d x+n 6() d
L wa<l metl Fe-lam

<i/z+n dt +i /ern 9() al
St )y n o 2l n)

Inequality (4.4) is checked in a similar way. d

Lemma 4.4. Let € R, n = pd, (z), > 0. Then (see (3.3), (3.7))

Tt _ 1 1 »es3(2, )
T dt 1t ot @)
(+6) [ e e (- mten - 252,
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Proof. Below we use (4.3).

/:+n Gw5 ) ot Mf,ﬁi(x) / B 8 d’f‘
~waral ) () e o
g‘ém 52ud1( )lf\sl?dli(x) /:H :/%Eg a 512 Zg(f),qu)(x)
In a similar way (using (4.4)), we obtain (4.6). O

Lemma 4.5. Let z € R, 1) = pudy (2), pn > 0. Then

/:m q(t) dt < py/r1 ()1 (x) [1 + e, 1) + @}

o sy (x
(47) [ a0z pyn@a@[1 - e - 200

Proof. Below we use (3.4), (3.8) and (3.9):

/:Jm q(t)dt = /:M @ (t)dt + /:—H?(Aq)(t) dt

< [(a@rgas sw /”"(Aqxf)dg\

[t|<pdi (x) |/ @

n x4+t
=77q1($)+/0 (/ QQ(E)d§> dt + v/71(2) g1 () 24, 1)

< a(@)pdi () + pdy(z)  sup de\ + @@, 1)
‘t|<Hd1(9C)
sa(,
= pv/ri(x)q () [1 + so(z, 1) + %} :
Inequality (4.7) can be checked in a similar way. O
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Corollary 4.6. Let = € R, ) = udy (), p > 0. Then (see (2.1))

(48)  Fu(n) = p? (1 — sy (z, ) — 7%3("%’“)) (1 — el ) — ”4(55»#))7

I [
1?2 3(@, ) sy(z, 1)
. < | = _ .
(4.9) Fg(n)\(é) (1+%1(a:,u)—|— " )(1+%2(a:,u)+ " )
Proof. Both estimates follow from Lemmas 4.4 and 4.5. O

Lemma 4.7. Equality (1.3) holds.

Proof. Let us prove (see (3.22), (3.23)) that the relations
(4.10) JO 4 160 = g 4 1) = o,

(4.11) / g(t)dt > 0, / gH)dt >0, VreR

— 00

are valid. Assume that J) + I+) < oo, Then for any & > 0 there is zo = () > 1

such that

/oo—dt /Oo (Bdt <z fora > z0(€)

<, q <e forz > x9(e).
« T(t) .

On the other hand, if = pud, (), g > 0, then for z >> x( we obtain (see (3.1), (3.6),

(4.8))

oo [e's) T+n T+n
(4.12) g2 2/ %/ q(t)dt 2/ % / q(t)dt = Fx(n)

(1)~ ) 1 ) (2

From (4.12), for € < p/4, we get a contradiction. In addition, since F5(n) > 0 for
x > 1, the second inequality in (4.11) also holds. The remaining relations in (4.10)
and (4.11) can be checked in a similar way. From (4.10) and (4.11) we obtain (1.3).

O

Lemma 4.8. There exists xg > 1 such that

(4.13) 2716d (x) < do(x) < 2dy(x)  for |x| > .

Proof. Thereis z; > 1 such that

s (w,2) + 271%3(1.7 2)
so(w,2) + 271%4(1.7 2)
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Then from (4.8), for n = 2d, (z) and |z| > z1, it follows that

i >4(1-1)(1-3) =1

Hence, for |z| > z1, the upper estimate in (4.13) holds (see Lemma 2.1). In a similar
way, using (4.9) one can show that there is z2 > 1 such that for |z| > x2 the lower
estimate in (4.13) holds. Then for |z| > xo = max{x,z2}, (4.13) holds. O

Let us turn to (3.10). Below, to estimate ¢ (see (1.4)) for |z| > 1, we use (4.13),
(4.5), (4.6), (3.1) and (3.6):

r(t) 62 V7ri(@)q (2) S Vr@a(z)

r(t
z4da(x) z+3d, (z) 1— 92y — 2 92
B R e R e LU
. r(t) ~ Je r(t) 2

( Vr(@)gi(x) T Vn@a(r)

Thus, ¢(z)/r1(x)q(x) < 1 for |z| > 1. In a similar way, we prove the relations

z+da () z+2d; (z) 21 ) 2
wu):/ d_t)g/ dt 2 1+m(,2)+ss(,2)

5h(@) <di(2) <2di(2), 2| > 20 pl@)V/m(@a) <1, Jz] > 1.

Together with (1.5), this implies (3.10) for |z| > 1, and it remains to get (3.10) for
any finite segment.
We need Otelbaev’s inequalities (see [5])

(4.14) 27 h(z) < o(z) < 2h(x), =z €R.

Here o(z), € R is a continuous positive function constructed from a special funda-
mental system of solutions of the equation

Since the functions r1(x) and ¢ () are also continuous for z € R, for any a € (0, o)
it follows from (4.14) that

(4.15) ¢ (a) < o(a) V@@ (@) < cla), @ € [~a,al.

Here ¢(a) is a constant depending only on a.
Our assertion now follows from (4.14) and (4.15). O

Proof of Corollary 3.4. This is an immediate consequence of Corollary 1.3 and
Theorem 3.3. ]
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Proof of Theorem 3.5. The estimates of the functions ¢, ¥ and h for |z| > xo,
which were obtained above, can be written in a different way as follows:

1) 1 4 1
(4.16) 1 nma® < e(x), ¥(x) < E @ =] = o,
) 1 2 1
—— < hp) 55—, |7
8 \/r1(x)q1(x) SHOS ri(z)q(x) .

Below we use the a priori inequalities from [5], which hold under conditions (1.2)—
(1.3):

(4.17) — < = <4e? for |t — x| <d(z), T €R.

From (1.6) and (4.17) we obtain the estimates

1 z+d(x) z+d(x)
(4.18) —2/ At < h(x) < 4e2/ i, z € R.
4e z—d(x) T(t) z—d(x) T(t)
Assume that there exists x such that
R 10\2
(4.19) d@) > pdi (@), Jz| > 20, p= (T )

Below, for |z| > xo, we use (4.19), (4.18), (4.17) and (4.16):

z+pd(z) dt z+d(x) dt 2 1
(4.20) / — < / LR N P S
z—pd(x) T(t) z—d(x) ’I"(t)

On the other hand, from (4.6), (3.1) and (3.6), we obtain

wrdi@) g 200 , 1
(4.21) / ) —2?(1—;41(3:#)_%3(% u))
z—pdy(z) T(t) H ( )ql( )
> 1&20; 2| > 2o
0% /ri(2)a (@)

Now from (4.20) and (4.21), it follows that

atpudi(@) gy 8e?
S 57 |z > z0,

sy 7(E)
which is a contradiction. Hence we have the inequality
(4.22) d(z) <1006~ 2d, (x), || > zo
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Let us now assume that there exists x such that
(4.23) d(z) < pdy(x), |x] >0, p=16"2e"25°

Then, enlarging z( if needed and using (4.16), (4.18), (4.23), (4.5), (3.6) and (3.1),
we obtain successively

z+d(x) z+pdy ()
éégh(x)gélea/ @<4e2/ ﬁ
8 /ri(z)q1 () o—d(z) T(1) o—pdy(z) T(t)
c8pltoa(mp) +p sz, p) _ 16 p 167
S r1(z)qi (x) S n@a)  r@al)

which is a contradiction. Hence we have the inequality
(4.24) d(z) = (16e)726%,  |x| = xo.
Further, by Lemma 1.1, the function
fl@) = d(@)(di(2))", 2] <o
is continuous and positive for |z| < xo. Hence
(4.25) < flr) <e, x| = wo.
The theorem follows from (4.22), (4.24) and (4.25). O

Proof of Corollary 3.6. This is a consequence of Theorems 1.2, 3.3 and 3.5. [

Proof of Theorem 3.8. We need the following assertion.

Lemma 4.9. If a function f is defined on R and is absolutely continuous together
with f’, then for x € R and d > 0, we have

(4.26) /;erf(t) dt =2f(z)d + /Od/ot/:j 1" (s)dsd¢dt.

—d

Proof. The following transformations lead to (4.26):

x+d d
[ swa= [e+o+sa-oa
x—d 0

d

d
—9f(x) + / @+ 1) — f() di - / (@) — flz—t)dt
d pt d pt
:2f(:v)+/0/0 [f(fc+£)]’d£dt—/0/0 Fla— o) dedt

=2f(z) +/Od/0t/:j 1" (s)dsdéde.
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Let
EREC |
16 &2 TS0

and let 2o > 1 be such that I(z) < ¢ for |z| > (. Suppose that there exists z € R

such that
d(x) < pr(@)h(x), |2l > w0

Below we successively apply (4.16) and (4.26):

z+d(x) dt z+pr(z)h(x) dt
h(z) < 4e? / <4e2/ —
z—d(x) T( T— p,r(x)h ’I"(t)
pr(z)h(z)
= 8’ ph(x +4e/ // — dsdfdt
r—§ T

< 82uh(a) + ZpPh(a)i(x) = 8¢* (14 16—21( 7))

<8e*(1+ 6)% < h(z),

and we get a contradiction. Hence our assumption is wrong, and therefore
d(z) = 60" 'r(x)h(z), |x| =m0
We keep the values of § and xo but set ; = 30 and assume that there exists z € R
such that

Below we use (4.16) and (4. 26)

( ) 1 z+d(z) dt 1 z+pr(z)h(x) dt
hiz) > — / — / —
462 ) 2 z—pr(z)h(z) T(t)

pr(z)h(z) tgc+§
- [2uh +/ / . dsdgdt]
0 0Ja— (s)

pr(x)h(z) pt z+§ 1 "
2 [Quh (/ dsdt ) - sup / (—) ds }
0 0 \el<pr(@)h(z)| Joe—g \T(S)
1 w2 ph(z) 30
= —12 - — 2 = — s
= [ uh(z) - 5 h(a:)l(a:)} o = 2h(@) > h(x)

which is a contradiction. Hence
d(z) < 30r(z)h(z) for |x| = zg

Further, since the functions d and r are continuous and positive (see Lemma 1.1),

using (4.14), one can easily show (see, e.g., the proof of (4.15)) that
clr(@)h(z) < d(z) < er(@)h(z), |z| <z, = c(x0).

These estimates imply (3.14).
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Proof of Corollary 3.9. The first statement follows from (1.8) and (3.14), and
the other one is a consequence of Corollary 1.3 and the following estimate (see [2]):

h(x)gT/_:;%-/xw%, z€R, 7‘1:/_0;%.

O

Proof of Theorem 3.11.  The proofs of (3.10), (3.13) and (3.20) are similar.
Therefore, below we only present the details of the proof of (3.20) that are different
from those that are known.

Let o, 3 € (0,1005~2). The following inequalities can be checked similarly to (4.5)
and (4.6):

motadi gy 1
(4.27) / — < %(1 () + Tz(:ck)) . k>,
. r(t) 6 o v/ (zk)q" (zk)
@)+ By dt 1
(4.28) / < > 5(1 —ria) — TQ(x’“)) . k>
- 7(t) B 7 i) g ()
(]
Lemma 4.10. Let n > 0, k > 1. Then
s 773 2 1 s " 3
4.29 t)dt = —q"'(z 1—1—7/ t)(xr +n—1t)°dt|.
) [ s = ) 1+ s [ 0=
Proof. Below we use integration by parts and (3.15):
Tr+n T+ Tr+n
[ =awe-a-n| - [ O a -
Tk Tr Tk
t— o1 — 2 Tr+n 1 TE+n
e (UINrsy I (U
Tk Tk
t— . —n)3 ZTrtn 1 [Tt
e L e R
Tr Tk
773 " 1 S 7 3
=54 (fck)+6/ ")z +n—1)°dt = (4.29).
Tk
(]
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Lemma 4.11. Let «, 3 € (0,1006~2), k > 1. Then

zp+ady
(130) [ awa< & Pr@oe @ + ),

Tk

6
xk+Bdy
(4.31) / ot dt > %3 o3 (o) () (1 — 7 ().

k

Proof. Both the inequalities are checked in the same way. Consider, say, (4.30).
Below we use (4.29) and the second mean-value theorem ([9]):

zy+ady R . (OédAk)‘s Tr+s .
/ q"(t)(zx + ady, — t)* dt = T/ q"(t)dt, s € (xx,zp + ady)

k

zp+ady (Ocdk)3 1 TEt+s
= t)dt = "z {1+—/ ”’tdt}
Ak a(t) |1+ e [

k

/N
=| R,

v/ 73 ()" (2k) (1 + 73(28)).

Let us establish the inequalities
3 - .
(432) iﬁdk < dl(xk),dg(xk) <2di, k>1.
Below we only consider da(x)) because (4.32) for dy(zy) can be proved similarly.

Let a = 3-271V/0.
From (3.16) it follows that

(1 + 11(2k) +

Therefore (see (4.27), (4.30) and (2.1)),

S 13\l
Fy(ad <—(—)— 1
2ladi) <503) 19 <

Hence (see Lemma 2.1), the lower estimate in (4.32) holds. Similarly, if 8 := v/12,
then (3.16) yields that

N | =

(1= ne) - ZE) 1 = (o) 2

)
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and then (see (4.27), (4.31) and (2.1))

Fy (ﬁdk) > 1.

Hence the upper estimate in (4.32) holds by Lemma 2.1. Let &k > 1. Below we
estimate ¢ (zy) using (4.32), (4.27) and (4.28), (3.16), (3.17) and (3.18):

Tp+da(xy) dt xp+2dy, dt
o [
T r(t) Tk T(t)

< 314—71(3%)4-1/272(%) < (2)2;
N e BN e )
= [ [ 3 et
©” )L @72 T e

r
> %\/g;

Tk

4/ 1 2\2 1
< , <l=z) —7/—4/mfm/——, k>1,
Z S G o) vl (5) g (o)
2/ 1 2\2 1
4.33 <hlap) < (2) —m/———, k>1.
N CTAC I (5) Siend e

(Estimates (4.33) follow from (1.5) and the estimates proved earlier.) Assume now
that there is k > 1 such that

d(zy) > pdy, p=1006"2
Then (see the proof of (3.13)), using (4.33), (4.18), (4.28) and (3.16), we get
1 ziptd(ze) g4 1 z+pdy, dt
g b [ A1
30 xk—d(xk) r(t) 30 xk—u(ik T(t)
>ﬁ1—7'1(xk)—7'2(a:k)/u < 100 1

T rdan)g(zk) T 8007 /rf(an)q" (xn)

which is a contradiction. Hence

d(zy) < 1006 2dy, k> 1.
Similarly, assume that there is £ > 1 such that
d(zi) < pde, = 100162,
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Then (see (4.33), (4.18), (4.27) and (3.16))

Vo

xp+d(xk) dt w+pdy dt
TTE < h(zg) < 30/ < /
ri(zr)q” (zx) .

zr—d(zk) T(t) h o — g T(t)
o O0p 1+ m(wy) + mo(wy)/p _ 60p 11 1
S e @) 0 10 Y () g ()

wl o

which is a contradiction. Hence

55/2
d > —di, k>1L
(zk) 100 k >
The estimates of h(xy), d(zx), k> 1, imply (3.20) and (3.21). O

Proof of Theorem 3.13. Denote

This implies that equation (3.24) has at least one finite positive solution. Further
(see (3.24), (3.26)),

1:/ —/ q(t)dt>/ —/ q(t) dt.
e T(t) z—a{7) (2) z—al 7 (z) T(t) z—al ()

This, in view of Lemma 2.1, implies (3.27). Let us now consider (3.29). From (3.24)
and (3.28), it follows that

T gt /x T dt z
v= — qtdtgu/ —/ q(t)dt
[m T(t) zfﬂ§7)(z,1/) ( ) zfﬂ§7)(z,1/) T(t) xfﬁgf)(x,u)
= R (z,v)) > 1.

Hence (see Lemma 2.1) estimate (3.29) holds. O
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Proof of Theorem 3.15. For a given x > a, introduce the function

@(d)—/:d%./:q(t)dt, d>0.

From the obvious relations ®(0) = 0, ®(x) > v, for x > a and

it follows that equation (3.30) has a unique finite solution. Both equalities in (3.32)

o' (d) =

are checked in the same way. Consider, say, the first. If it does not hold, then there
exist ¢ € (0,00) and a sequence {z,}5>; such that

xn—agﬂ(xn) <e¢ T, 00 asn — oo

Tn dt Tn Ty .
1= — Hdt> [ . 1) dt — 0o,
N /a:,,taﬁ*)(x,,L) r(t) /a 1) /C r(t) /a g(t)dt =00, n— o0

(see (1.3)). This is a contradiction, i.e., (3.32) holds. Therefore, for x — agﬂ(x) > a,
it follows from (3.30) that

x dt x x dt z
1= —_ > . .
/;c—a§+)(x) T(t) /a q(t) a /;c—a§+)(x) T(t) /gc—(y(1+)(x) q(t) a

By Lemma 2.1, this implies (3.33). Further, for = — §+)(x) > a, from (3.30) and
(3.34), we obtain that

1/:/ —/ q(t)dtgl// —/ q(t)dt
s—8P () T(t)  Ja 2= (@) 7)) JompD (@)

= R (@) > 1.

Hence (see Lemma 2.1), estimate (3.35) holds. O

5. EXAMPLES

Below we give three examples of applications of our statements to concrete equa-
tions of the form (1.1). Since in all the examples the coefficients r and ¢ of these
equations are even functions, in the first two examples we estimate the functions h
and d only for x > 1. In the third example, the cases < —1 and = > 1 will be
studied separately because the corresponding auxiliary functions depend on the sign
of the argument (see, e.g., Theorems 3.13 and 3.15).

1090



Example 5.1. Consider equation (1.1) with coefficients

(5.1) r(z) = (1+2%) + 1427 sin(el”), = eR,

(5.2) q(z) = el#l 4 elel cos(ealgcl)7 z€R, a>0.

Conditions (1.2) in the case (5.1)—(5.2) obviously hold. Let us show that

0 0
(5.3) / qt)dt = q(t) dt = co.
—o0 0
Consider, say, the latter equality in (5.3). Let
1 1 1
P = — T, — — >
Tp =~ In (2k; + 2)1‘[, T = In(2kn), k=1
o o0 Ty > Ty
= / q(t)dt > Z/ (e’ + e’ cose®) dt > Z el dt
0 k=1"%k k=1"%k
> 1 i(%n)l/“ In (1 + —) ™t i 1_ 00
T a k=1 - k=1 k

Let us go to I)-II). From (5.1), it follows that

1 2 3 1
—|—2x ér(m)<§(1+x2), re€R=—-€lL.
r

Hence, for all a > 0, equation (1.1) is correctly solvable in L,, p € (1, 00) by Corol-
lary 1.3 (since Bs < oo, see (1.9)). Using the same example, let us consider Theo-
rems 3.3, 3.5, 3.8 and their corollaries. Set

N 1 2
(5.4) r(z) =1422, q(z)= e, xe[R:>d1($):\/ —’I—xTa z € R.
e

Let us show that {r1,q1} € K(p), o = 2. Checking (3.2) is obvious. Further, we
use the elementary estimates

3
x

Below, to check (3.1) we use (5.5) (see (3.3), (3.4)):

x+t 2€
L wrep d’f‘

(5.5) <2 <2 for ¢ — x| < pdi(z), |z] > 1.

N =

s (x,pu) = (14 2%)  sup

[t <pdy ()
<cp i di(z) = 0 as |z] — oo,
1422
1 x4+t .
so (1) = T Sup / elél dg‘ < cepdi(z) =0 as |z] = oo.
€ JtI<pdi ()|
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Thus, {r1,q1} € K(p), p > 2. Let us show that {r,q} € S(u), p > 2. From (5.4)
and (5.1), we obtain that 6 = 1/2. To check (3.6) for ¢ = 3,4 and = > 1, we use the
second mean-value theorem (see [9]) and (5.5):

/’C‘H ef cos et d
et (14&2)

sa(a, ) = /(T +a%)er  sup
[t < pd (2)

1 PAPN.
(1+2%)e sup

< cp~———5—
e (L+2%) |y <pdy ()

T+t cu
/ efsinegdf‘—iﬁo, T — 00.

We estimate sy (z, 1) for o > 1/2, 2> 1:

sup

4+t c c
gz, 1) = / e* cos(e” )df‘
VI 5D i<udy (o

+t (1—a)é
/ ° [ cos(e%)] dg‘

«

=——  sup
V(a+ $2)e”” |t <pds ()

(1—2a)z/2 T+t
¢ / e cos(e™?) df‘

—0 asxz — 0.

sup

L
VI+2? < ()

e(172a)z/2
o—
V14?2

Since in all the estimates given above the number i > 0 can be as large as we wish,

by Theorems 3.3 and 3.5 we have

1
(5.6) hz) =< (1+22)el)™2 2eR, a> 5
1
(5.7) dz) = (1+2%)e *h12 2 eR, a> 5
((5.7) also follows from (5.6) and Theorem 3.8). Hence, for o > 1/2, by Corollary 3.6

(or Corollary 3.4) equation (1.1) is correctly solvable in L,, p € (1,00). Thus, prob-
lem I)-IT) in the case (5.1)—(5.2) can be studied with help of Theorems 3.3, 3.5 and 3.8
only for o > 1/2. In this example, the combination of these theorems is weaker than
Corollary 1.3 by itself, which encompasses all the cases a > 0 (see (1.9)). On the
other hand, from Corollary 1.3 we can only extract information on problem I)-II)
whereas the potential of Corollary 3.3, Theorem 3.5 and Theorem 3.8 is far beyond
that.

Relations (5.6)—(5.7) allow one (for a@ > 1/2) to study properties of solutions
of problem I)-II) in more detail, while the mere existence of these solutions can
be proved in a simpler way, using Corollary 1.3 (see (1.9)). In particular, using
(5.6)—(5.7), one can obtain precise information on the solvability of the Dirichlet and
Neumann problems for this particular equation (1.1) (see [6], [7]).
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Example 5.2. Consider equation (1.1) with coefficients

658) " 1 if 2] < 1,
. rTwr) =
o712 if o] > 1,
(5.9) q(z) =1+ cos(|z]¥), zeR, a>0.

Below, we show that equation (1.1) with coefficients given by (5.8)—(5.9) is cor-
rectly solvable in L, p € (1,00) if and only if o > 5/4.
Let us start the proof. To apply Theorem 3.3 for |z| > 1, set

ri(z)

1
w@) ~ il

Then {r1,¢1} € K(u), > 2 (we do not present an elementary proof of this inclusion
which is straightforward). It is easy to see that {r,q} € S(u), p > 2, in the case
(5.8)—(5.9). Indeed, the identity ss(x, ) =0, z € R is obvious, and (3.6) for i = 4
and o > 5/4 follows from the second mean-value theorem (see [9]):

T+t
/ cos(t™) dt‘

ri(x) :=r(x), @(z):=1, ch(x) =

sy, p) = /x  sup

[t|<pdi (=)
S| 1 c
= %l ‘<Sudp( ) / g [at®™" cos(t%)] dt‘ < s 0, z— oo.
tiSpda(z z

Then (see (3.10))
h@) = (n(@a@) V2 = 45, o> 1

Since {r,q} € S(u) for any pu > 2, by Theorem 3.5 we have

d(z) = dy(z) =

1
—, |zl > 1.
Vlzl
(Theorem 3.8 gives an analogous result.) Hence B < co (see (1.7)), and therefore for
a > 5/4 equation (1.1) is correctly solvable in L, p € (1,00). Let us now consider
the case o € (0,5/4).

Below we apply Theorem 3.11. Towards this end, set

rii=r=0=1,

(5.10) q(x) =1+ cos(|z|®) == 0 = |zx| = [(2k + D]/, k>1.
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It is easy to check the following relations:

(5.11) q"(zr) =< 2372, wp =1, k>,

(5.12) 1" (x)] < e(z® 3 2?3 fa%73), 2 >1,
. 1

(5.13) g = of k) k=1

q”(xk) - l‘](€4a73)/8 ’

Equality (3.16) for ¢ = 1 can be established in a straightforward way, and for i = 2
it is trivial. Consider 73(zx), k > 1. From (5.10), (5.12), (5.13), (5.11) and (3.19),
it follows that

a—3 20—4 3a—3
Ty ~FT, T —(4a=3)/8 ¢
T3(z) < C o z, S “Eaz —0, k— o0
k k

Then (3.20) and (3.21) imply that B = oo, i.e., by Theorem 1.2 for a € (0,5/4)
equation (1.1) is not correctly solvable in Ly, p € (1,00). It remains to consider the
case a = 5/4. Below we use Lemma 2.1 and show that

)
(5.14) dy(z) < do(z) < |z|V* for v = 7 || > 1.
We need the following obvious inequalities:
3 3/2
(5.15) L+ v <40 <1+, veol]

1—;z/<(1—1/)3/2<1—1/, Ve [O,Z]
Let n(x) = va~'/4, 2> 1, v > 0. If we are able to choose v € (0,00) so that for all
2 > 1 the inequality F(n(x)) < 1 holds, then by Lemma 2.1 we get that with such
a choice of n(z) the estimate da(z) = n(x) holds for z > 1.
Thus (see (2.1) and (5.15)):

T+n z+n
Fy(n) = Vtdt - / (14 cost®*)dt
x xr
2 ) 4 3/2
< Sl +m)? — 2oy = ona®/?| (14 1) 1]
4 232 1 2v e 8 5 1
= §Vx1/4[ + 5/4 } §V -
Hence we have
(5.16) 1/—\/§ da(x) > L x> 1
. - 8; 2 = 2\4/5’ .
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Further, 1 := Bz~Y* 2> 1, > 0. Then (see (2.1), (5.15))

T+n r+n
(5.17) Fg(ﬂ):/ \/Edt-/ (14 cost®/*)dt

IR IRV 4 [ (cost¥Y
=5+ 3) " 13 g a4t

2 4 5/4|2+n 1 ratn 5/4
>_x3/2[1+§ﬂ_1} g — Lot __/ cost™”
3 2z 5 /4 |, 5 /s t5/4
8 1 L o[otn de
S Bpl/4, 2 - —_
> Pz [77 5 1/4 5/3c tl/‘J

8 1 n
T pl/4 T ppl/4

5 5 1
:>B::§:>d2(a:)<——, x> 1

2 Vz

|=86-221

From (5.16) and (5.17), we obtain (5.14) for da(x), |z| > 1 and similarly for d;(z),
|| > 1.
Now, from (1.4) and (5.14), it follows that
(5.18) el < pla), pla) <l 2] > 1,
and from (5.18) and (1.5), we get

(5.19) h(z) =< |z[4, |z > 1.

Finally, from (5.19) and (4.14) we obtain that (see (1.8)) By < oo, and it remains to
refer to Corollary 1.3.

Example 5.3. Consider equation (1.1) with coefficients
(5.20) (@) 1 if |z <1, () = 1 if ||
. r(z) = q(z) =
2 if o] > 1; a2 it Ja]

In [2], using test functions and Lemma 2.1, we have shown that in the case (5.20)

<1,
> 1.

equation (1.1) is correctly solvable in L,, p € (1,00). Below, we get the same result
using standardized methods proposed in (3.9)—(3.12) and Theorem 1.2 or Corol-
lary 1.3.
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Thus, according to (5.20), equation (1.1) is of type (a2, f2) (see §3). Our first step
consists in getting estimates for dq(x) and da(z) for |z| > 1 (see Lemma 1.1):

2

5.21 T Cdi(x) <222 forz< —1

(521) - ,

5.22 o nE<di@ <Y fores1

( . ,

(5.23) 2| — 2¢/]2] < do(z) < 2] — 2|x| for z < —1,
£C2

5.24 —Kdy(z) <222 forz > 1.

(524) >

The estimates for d; and do are proved in the same way, and therefore below we
only consider dy. To prove (5.21), we use Theorem 3.13. In this case, we have ¢ > 0
(see (5.20)), and therefore equation (3.24) has a unique solution for <« —1. For
v>1landz < —1, we get

ode voode 2 —
= _— —_— = — d_
v ~/—oo t2 ~/9c—d /_—f, |J)|[ |{E|—|— |£L'|]
2 2

vz

4

2
(5.25) = B (@,v) = o 4+ vl + [z >

For v = 1, from (5.25) we obtain the lower estimate in (5.21). To get the upper
estimate in (5.21), we check (3.28). For <« —1, we have

odt * dt 1 1 1
7SV Fem <y
oo b x—6§7>(x,v) t |£L'| |£L'| |J)| +61 (J?,l/)

1
(5.26) @—<1—+, z< 1.
v |z + 6y “(,v)
From (5.25) and (5.26), it follows that (3.28) holds for any v > 1. Let v = 2. Then
(see (5.25))

di(z) < B (2,0) <222, =< —1= (5.21).

Let us go to (5.22). These estimates are proved with help of Theorem 3.15. For
a = 1 we have (see (3.30))

* dt *odt 1 1
= Sl S (——— - 2) vz -2
Y /;c—ﬁf“)(;c,y) 2 )i Vi (x - ,Bﬁ)(a:,u) a:>( ve=2)

l/(E2

+
= g ’(xw)ziyﬁm_g.
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Hence for x > 1, we obtain

(5.27) B (@) = 1+ (Qﬁx— 2)/(vx)

2¢/x — 2 24/ — 2\2 1
=12 () o)
%% v /T
_{121_’_24_4(1 2+1)+O(1)}
-7 vz wvxe vi\z axyx a2 /T
2 2 4 1
—r— - “+5)+0(—).
v 1/\/5_‘_ (z/ + 1/2) + NG
Here the constant in the symbol O(-) is absolute, i.e., it does not depend on v > 1
for all x > 1.
In (5.27), set v = 1. Then

€
NG

=di(z)>a\P@) > —2vz, 2>1.

a(1+)(x):x—2\/§+6+0( )2x—2\/§, x> 1

Let us check (3.34). Let v > 1, x > 1. Then

T ode z de (+)
oWz —1)= [ =< R - ).
(\/E ) /1 \/1_t V/Q’,B§+)(I,l/) \/1_t V<\/E v ! (x l/))

The following implication is obvious:

2(vE—1) < 2z < 2(vVa — o = 7 (2,)

)

1
= — < =1- x> 1.
v

1
o(7)
N3
The latter inequality holds for any v > 1 and « > 1. In particular, for v = 2, we get
1
N3

Hence estimate (5.22) holds. From inequalities (5.21)—(5.24), (1.4) and (1.5), it easily
follows (see [2]) that

|z| 1, T < —1, |x|_1/2, T << —1,
p(r) < Y(z) <

1
—Vz, x> 1.

§+>(x,2):x—\/§+2+o( >

)<

lz|~V2 x> 1, lz|7, > 1,
(5.28) ) = |«|7Y, 2| > 1.
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Now, to prove the correct solvability of (1.1) in the case (5.20), we can use any
of the assertions of Corollary 1.3 (in this case we have B; < 00, By < c0). Finally,
by (5.28), using the scheme of the proof of Theorem 3.5, one can show that

d(z) < |z|, |z|>1

and then refer to Theorem 1.2. The rest of the proof is simple and so we leave it to
the reader.
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