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On isometrical extension properties of function spaces

Hisao KATO

Abstract. In this note, we prove that any “bounded” isometries of separable
metric spaces can be represented as restrictions of linear isometries of function
spaces C(Q) and C(A), where Q and A denote the Hilbert cube [0,1]*° and
a Cantor set, respectively.
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1. Introduction

A well-known theorem of Banach and Mazur is the result that C(I) (I = [0, 1])
is a universal space of separable metric spaces up to isometry (see [1]). But it
seems that there is no research of extension properties of isometries on separable
metric spaces in function spaces C(Z) because that C(I) does not have such a
property.

In this note, we prove that any “bounded” isometries of separable metric spaces
can be represented as restrictions of linear isometries of function spaces C(Q)
and C(A), where @ and A denote the Hilbert cube [0,1]>° and a Cantor set,
respectively. Also, Urysohn [7] constructed a complete separable metric space
U that is also universal up to isometry. In [8], Uspenskij proved that for any
separable metric space X there is a natural isometrical embedding ¢ : X — U
such that ¢ induces a natural continuous monomorphism * : I'so(X) — Iso(U)
satisfying that i*(g) € Iso(U) is an extension of g € Iso(X). In fact, we show
that the function spaces C(Q) and C(A) satisfy similar extension properties.

In this note, unless stated otherwise, we assume that all maps are continuous
functions. Let Z, N and R denote the set of integers, the set of natural numbers
and the set of real numbers, respectively. If K is a subset of a space X, then
Cl(K), Bd(K) and Int(K) denote the closure, the boundary and the interior of K
in X, respectively. For any compact metric space Z, C(Z) denotes the function
space of all (continuous) maps from Z to R with the supremum metric d, ie.,

d(f,9) = sup{|f(2) = 9(2)| | z € Z}
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for f,g € C(Z). Amapi: (X,dx) — (Y,dy) between separable metric spaces
is an isometrical embedding from (X,dx) into (Y,dy) if ¢ satisfies the condi-
tion dy (i(z),i(2’")) = dx(z,2’) for each 2,2/ € X. A map g : (X,dx) —
(Y,dy) between separable metric spaces is an isometry if g is surjective and
dy (g(x),g(z")) = dx(z,2") for each x,2’ € X. For a separable metric space
(X, d), let Iso(X) be the group of all isometries of X equipped with the pointwise
convergent topology, i.e.,

Iso(X)={g: X — X | g is an isometry}.

Let (X, d) be a separable metric space and 29 € X. A subgroup G of I'so(X)
is bounded if diam G(z9) < oo, where G(xo) = {g(x0)| ¢ € G} (C X). The
definition of “bounded subgroup” of Iso(X) does not depend on the choice of the
point zp € X. Also, each g € I'so(X) is bounded if diam{g™(zo)| n € Z} < 0.
Note that if (X, d) is bounded, i.e. diamg X < oo, then I'so(X) itself is bounded.
In particular, if X is a compact metric space, then I'so(X) is bounded. In [3],
Mazur and Ulam proved that if B and B’ are Banach spaces, then every isometry
T : B — B’ with T(0) = 0 is linearly isometric and moreover, Banach and
Stone proved that if X and Y are compact Hausdorff spaces, then every isometry
T:C(X) — C(Y) with T'(0) = 0 is linearly isometric and moreover, T is induced
by a homeomorphism h: Y — X (see [1], [6]).

Theorem 1.1 (Banach [1] and Stone [6]). Let X and Y be compact Hausdorff
spaces. Then the followings hold.

(1) C(X) is isometric to C(Y) if and only if X is homeomorphic to Y.

(2) If T : C(X) — C(Y) is a linear isometry, then there is a homeomorphism
h:Y — X and a (continuous) map «: Y — R with |a(y)| =1 fory € Y
such that

(T(N) =aly) - (foh)(y)
for f € C(X) and y € Y. Moreover, if Y is connected, T(f) = foh or
T(f) = —(f o .

For any Banach space B, let
Linlso(B) = {f € Iso(B) | f is linear}.
Note that LinIso(B) is bounded, because Linlso(B)(0) = {0}.

2. Extensions of bounded isometries in C(Q)

In this section, we assume that (X, d) is a separable metric space and zq is a
fixed point of X. In [5], Sierpinski considered the space

X'={f: X >R f(z)=0 and |f(z) - f(y)| <d(z,y) for z,y€ X}

which is a topological space equipped with the pointwise convergent topology and
by use of the spaces X', he proved that C(I) is a universal space of separable
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metric spaces up to isometry. We modify the Sierpiriski’s method of [5]. In this
note, for any bounded subgroup G of Iso(X), we consider the following more
general space

X (=Xo)={f: X =R | f(2) € [~ diam(G(z0)), diam(G(x0))]
for z € G(zg) and |f(z) — f(y)| < d(x,y) for x,y € X}

which is a topological space equipped with the pointwise convergent topology.
Since X is compact convex, we can easily see the following.

Lemma 2.1. X (= Xg) is a compact metric absolute retract (= AR). Moreover,
if g€ G, then §: X — X is a homeomorphism, where § is defined by §(f) = fog
for f € X.

Lemma 2.2. Suppose that pg : Z — X(= Xg) is a map from a compact
metric space Z onto X such that for each g € G there is a (lift) homeomorphism
Ly : Z — Z satistying the following commutative diagram.

7z Lz

e | 7o
Then there is an isometrical embedding ic : X — C(Z) such that for each g € G,

the following commutative diagram holds.

X 2. X

o Ji

C(z) —2 C(2)
Here L, : C(Z) — C(Z) is the isometry defined by Ly(f) = f o L, for f € C(Z).
In particular, L, € LinIso(C(Z)) is an isometrical extension of g € G.
PROOF: Define i : X — C(Z) by ig(z)(2) = pe(z)(z) for each xz € X and z € Z
(see [5]). We will show that i is an isometrical embedding. Let x,y € X. Since
ra(z) € X (z € 2),
d(ic(x),ic(y)) = supilic(2)(2) —ic(y)(2)] | z € Z}
= sup{|pa(2)(z) = pa(2)(y)| | z € 2} < d(z,y).
Let z € X be fixed. Define hy : X — R by hy(y) = d(z,y) — d(z,z0). We will
|

( _
show that h, € X. Note that h,(zo) = 0 and |h.(y) — ho(v')| < d(y,y') for
y' € X. Let 2z € G(zg). Since d(x, 2) < diam(G(zo)),

[ha(2)] = [ha(20) = ha(2)] < d(x0,2) < diam(G(z0)).
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Then h,(z) € [—diam(G(zo)),diam(G(zp))] and hence h, € X. Since pg is
surjective, there is z € Z such that pg(z) = hy,. Then

lia(2)(2) —ic(¥)(2)] = lpa(2)(x) = pa(2)(y)] = [ha(z) — ha(y)| = d(z,y).

Therefore, we see that i is an isometrical embedding.
Finally, we will show that Ly 0 ig = ¢g 0 g. By the commutative diagram of
the assumption, we see that for z € Z,

(pa o Lg)(2) = (g © pa)(2)-

For each z € Z and z € X,

(Lg 0ia(2))(2) = (ia(@) 0 Lg)(2) = ic(2)(Ly(2)) = pa(Le(2))(x)
= (gopa(2))(x) = (pa(2) © 9)(z) = pa(2)(9(z)) = ic(g(x))(2).

Consequently, we see that Eg oig = ig o g. This completes the proof. (I

Here we have the following theorem which implies that C(Q) is universal con-
cerning isometrical extensions of bounded isometry groups of separable metric
spaces.

Theorem 2.3. Let (X,d) be a separable metric space and let G be any bounded
subgroup of Iso(X). Then there is an isometrical embedding ic : X — C(Q)
such that i¢ induces a continuous monomorphism if, : G — Linlso(C(Q)) such
that i, (g) € Linlso(C(Q)) is an extension of g € G.

PROOF: By Lemma 2.1, X(= Xg) is a compact metric AR and hence X x Q is
homeomorphic to @ (see [4, Theorems 7.5.8 and 7.8.1]). We identify X x Q with
Q,ie. X xQ=0Q. Let p=p¢c : X x Q — X is the natural projection. For each
g € G, there is the natural (lift) homeomorphism Ly = § x idg : XxQ—XxQ
satisfying the following commutative diagram.

X xQ _Ls X xQ
j4e J{ J{pc
By Lemma 2.2, we see that for each g € G, the following diagram is commutative.

X AN X

o Ji

C(X x Q) —22 (X x Q)
Note that the map i, : G — Linlso(C(X x Q)) = Linlso(C(Q)) defined by
it.(g) = Ly is the desired continuous monomorphism. O
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Corollary 2.4. Suppose that (X, d) is a bounded separable metric space. Then
there is an isometrical embedding i : X — C(Q) such that i induces a continuous
monomorphism i* : Iso(X) — LinIso(C(Q)) such that i*(g) € LinIso(C(Q)) is
an extension of g € Iso(X).

Remark 1. Note that for any Banach space B, LinIso(B) is a bounded group.
Hence in this paper, we cannot omit the condition that G is bounded.

If we observe the proof of Lemma 2.2, we see that some converse assertions of
Lemma 2.2 are also true. In fact, we show that “isometrical extension properties”
are equivalent to “lifting properties” of homeomorphisms.

Proposition 2.5. Suppose that pg : Z — X(: XG) is a map from a compact
metric space Z onto X, ic : X — C(Z) is the isometrical embedding as in the
proof of Lemma 2.2 and g € G. Let Ly : Z — Z be a homeomorphism. Then the
followings hold.

(1) The following diagram is commutative:

7 L,z

j4e l lpc
if and only if the following diagram is commutative:

x 2. X

o L

cz) —L o2)

(2) The following diagram is commutative:

if and only if the following diagram is commutative:

x 2. X

o Ji

cz) —L. o2)
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Proor: We will prove only the converse assertion of (2). We assume that igog =
—Ly 0ig. Hence we have ig(g(x))(z) = (—Lg oig(x))(2) = —ig(z)(Ly(2)) for
each x € X and z € Z. Then
(PG © Lg(2))(x) = pa(Ly(2))(2) = ic(2)(Ly(2))
= —ig(9(2))(2) = —pa(z

-
—
Q
—~
8
N
=
I
—
\
=1
S~—
(0]
s
Q
—
I
S~—
S~—
—~
8
N

Hence pg o Ly = (—§) o pa. O

Example. Let X = {z;] i = 0,1,2} be the set of three elements and let d be
the metric on X defined by d(z;,z;) = 7 > 0 (¢ # j). Define the isometry
g: X — X by g(zg) = zo,9(x1) = z2 and g(x2) = z1. Let G = {idx,g}.
Note that G(z9) = {x0}. We will show that there is an isometrical embedding
ig : X — C(Q) such that there is no isometrical extension of g on C(Q). Note
that

Xo=A{f: X =R| f(x) =0 and |f(z) - f(y)| < d(z,y) for z,y € X}.
Then X¢ is homeomorphic to the compact subset
K={(z,y) eR?| |z —y| <r,—r <z,y <7}

of R? and we may assume X¢ = K. Also, we may assume that § : Xg — X¢ is
equal to the map §: K — K defined by g((z,y)) = (y, z) for (z,y) € K. Also, we
see that —g : K — K is the map defined by —g((z,y)) = (—y, —x) for (z,y) € K.
Consider the copy K’ of K and subsets

Ky ={(x,y) e K|y<a} H(wy) e K|y< -z} C K
and
Ky ={@ ) e Ky <2} J@' ) e K|y <2’} C K.

Define the homeomorphism h : K — K’ by h(z,y) = («',y’). Let K Uy K’ be
the adjunction space by h and let a : K Uy, K" — K U, K’ be the quotient map.
Put Z = (KU, K')x Q. Since KUy K’ is an AR, we see that Z is homeomorphic to
Q (see [4]). Let pg : Z — K = X¢ be the map defined by pa(a(z,y),q) = (z,y)
for (z,y) € K and pg(a(z’,y'),q) = (z,y) for (z',y') € K’ (¢ € Q). Define i¢ :
X — C(Z) by ig(x)(2) = pa(z)(z) for each x € X and 2 € Z. Note that p;' (z,y)
is connected for (z,y) € K and p;' (z,y) is not connected for (z,y) ¢ K. Hence
we see that there is no homeomorphism L, : Z — Z so that gopg = pg o Ly.
Also, there is no homeomorphism L, : Z — Z so that —§ o pg = pg o L.
Suppose, on the contrary, that there is an isometry T : C(Z) — C(Z) such that
T oig = igog. Note that for any z € Z, ig(x0)(z) = pa(z)(zo) = 0 and hence
ic(xo) =0 € C(Z)(= C(Q)). Since g(zg) = xg, we see that T(0) = 0 and hence
by [3], the isometry T is a linear isometry of C(Z). Since Z = @ is a continuum,
Theorem 1.1 implies that there is a homeomorphism L, : Z — Z such that
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Ly, =T or 7L~g =T. By use of Proposition 2.5, we see that gopg = pg o Ly or
—g§ope =pao Ly This is a contradiction.

3. Extensions of bounded isometries in C(A)

In this section, we need the following notions. For a compact metric space X,
let H(X) be the space of all homeomorphisms of X with the supremum metric.
A closed set K in X is regular closed in X if Cl(Int(K)) = K. A collection C
of regular closed sets in X is called a regular closed partition of X provided that
JUC =X and CNC’" = Bd(C) N BA(C’) for each C,C" € C with C # C’. Let A
and B be regular closed partitions of X. Then A refines B (A < B) if for each
A € A there is (a unique) B € B such that A C B. Also, AQB denotes the
regular closed partition

{Cl[Int(A) NInt(B)] | A€ A and B € B}

of X.

Then we have the following proposition (cf. [2]).
Proposition 3.1. Let X be a compact metric space and let G be a countable
subset of H(X). Then there is an onto map pg : A — X such that for any

g € G there is a (lift) homeomorphism Ly : A — A of A such that the following
diagram is commutative.

A LA

vo | |Pe

X ‘- X
PROOF: Since G is a countable subset of H(X), we put G = {g, | n € N}. By

induction on n € N, we can construct a sequence {C(n) | n € N} of finite regular
closed partitions of X such that

(1) C(2) < gy ' (C(1))@c(1)@gy(C(1)), and
(2) for each n > 2,

C(n) < Qjeqr,..n-1ylg;* (C(n —1))AC(n — 1)Ag;(C(n — 1)),
(3) lim;,— o mesh C(n) = 0.
We may assume that any element of each C(n) is nonempty. Note that
cC(l)y>C2)>...
Put
C={(c1,cq,...) € HC(n) le1 Dee D}

neN
We may assume that each C(n) is a discrete finite space, i.e., each one point set {c}
is open in C(n) for each ¢ € C(n), and hence C(n) is a compact metric space. Note
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that any decreasing sequence of nonempty compact sets has a nonempty intersec-
tion. Then by (3), we see that (), . ¢, is a one point set for each (c1,ca,...) € C.
Since C is the limit of the inverse sequence

C(1) =C(2) =CB) —--,

C is also a compact metric space. Define p: C — X by

pler,ea,...) = ﬂ Cn-

neN

It is easy to see that p is continuous and an onto map. Since C' is a zero-
dimensional compact metric space, we see that C' x A is homeomorphic to the
Cantor set A. We identify C x A with A. Put pg = poq: C x A — X, where
q:C x A — C is the natural projection.

Next, for each g € G, we will construct a homeomorphism h = hy : C — C as
follows. Note that there is some j € N such that g = g;. By (2), note that both
g(C(n + 1)) and g~ *(C(n + 1)) are refinements of C(n) for each n > j. Thus, by
regular closedness, for each n > j there are unique maps hy, k, : C(n+1) — C(n)
given by hn(anrl) = Cn,g if g(anrl) C Cn,g, and kn(anrl) = Cp,g—1 if gil(anrl) -
Cp,g-1. Now define h,k: C — C by

h(017027 : ) = (Cllvcl27 - "C;'flvhj(cj-‘rl)ahj+1(cj+2)a )
€ lim (C(1) « C(2) < C(3) « ---),

and

k’(01702, . ) = (0/1/,0/2/, .. ‘7C_/j/—1ﬂ kj(CjJrl),k'jJrl(CjJrg), .. )
(S lﬂl (C(l) — C(2) — C(3) — .. )

We will show that the following conditions (a), (b) and (c) are satisfied.
(a) h is continuous.

This is obvious since each h,, is continuous.
(b) h is bijective.

Let (¢1,¢2,...) € C. Then for n > j,

by 0 kn+1(cn+2) ogo g_l(cn+2) = Cn+2

kn o h7L+1(Cn+2) D 971 o 9(0n+2) = Cp+42-

Note that for n > j, hy okpi1(cnt2) = knohnii1(cniz) = ¢n. Then hok = koh =
idc. Therefore h is bijective and ™! = k.
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(c) poh=gop.
Let (¢1,¢2,...) € C. Then

poh(er,ca,...) = ﬂ hn(cny1) 2 ﬂ 9(Cnt1),

n>j n>j
gopler,ca,...) =g([ ) en) = () 9(cn) = [ 9(cnt2)-
neN neN neN

Therefore p o h(cy,ca,...) D gop(cr,ca,...). Note that p o h(cr,ca,...

gop(ci,ca,...) are one point sets in X. Thus poh = gop.

C h (:hy) C

v| E

x %2 . X

) and

Finally, we define a homeomorphism Ly : C x A — C' x A by Ly = hg X ida.

Then we see that for any g € G, the following diagram is commutative.

CxA 22, 0xA
e | [
x —2
This completes the proof.

Then we have the following theorem.

Theorem 3.2. Let (X, d) be any separable metric space and let G be a countable

bounded subgroup of Iso(X). Then there is an isometrical embedding ig : X —

C(A) such that there exist a countable subgroup G* of LinIso(C(A)) and a

113

continuous epimorphism r* : G* — G such that each g* € G* is an extension of
r*(¢g*) € G. In particular, if g € G, then there is an extension g* € LinIso(C(A))

of g.

PrROOF: Recall that X(: XG) is a compact metric space. Since G is a countable
bounded subgroup of Iso(X), G = {§ | g € G} is a countable subset of H(X).
By Proposition 3.1, we have an onto map pg : A — X such that for any g € G,
there is a (lift) homeomorphism L, : A — A such that the following diagram is

commutative.
A2 A
e | 7o
X 4. X
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By Lemma 2.2, we have the following commutative diagram.

x 2. X

o Ji

o)~ o)

Let G* be the subgroup of LinIso(C(A)) generated by {L, | g € G}. Then we
can easily see that there is the desired epimorphism r* : G* — G such that each
g* € G* is an extension of r*(¢g*) € G. O

Remark 2. Note that the space H(A) of all homeomorphisms of A is homeo-
morphic to the space P of irrationals, and hence H(A) is zero-dimensional. If G
is any bounded subgroup of Iso(X) with dim G > 1, there is no embedding from
G to H(A).

Corollary 3.3. Let (X,d) be any separable metric space. If g € Iso(X) is
periodic, i.e. g" = idx for some n € N, then there is an isometrical embedding
g 1 X — C(A) such that there is an extension g* € Linlso(C(A)) of g with
(g")" = idg(ay-

ProoOF: Since ¢g" = idx, g is bounded. Then §" = id;. By the proof of
Lemma 2.2, we have an onto map p : C' — X and a homeomorphism hg:C — Cof
a zero-dimensional compact metric space C such that pohy = gop and hyg =idc.
By use of this fact, we can obtain an extension g* € LinIso(C(A)) of g with
(g")" = idg(ay-

Remark 3. Let (X, d) be any separable metric space and let g € Iso(X) such
that g has a periodic point z¢ with period n € N. We see that if n > 3, there
is no isometrical embedding ¢ from X to C(I) such that g has an extension in
LinIso(C(I)). In fact, suppose, on the contrary, that there is an isometrical
embedding i : X — C(I) such that there is an extension T' € LinIso(C(I)) of
g. Since I is a continuum, Theorem 1.1 implies that there is a homeomorphism
h : I — I such that T = +h. Note that T2 = h2. We have the following
commutative diagram:

2
x 2

X
o) . o

Since T™(i(x0)) = i(xo), we see that h2"(i(xo)) = i(zo). Note that h%(0) =
0, h?(1) = 1. Then there are countable open and disjoint subintervals I; =
(a;,b;) ( N) of I such that

S
(1) h*(a;) = aj, h*(b;) = b,
(2) h3(t) #t for any t € I; (j € N), and
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(3) h2|(I — Ujenl;) =1id|(I — Ujenl;).

Put fo = i(xo). Note that fooh?" = fy. Hence fyo (h?)"* = f; for each k € N.
If t € I;, then limj_ oo (h?)"*(t) = a; or b;. Since fy is continuous, we see that
folC1(I;) is a constant map. By use of these facts and (3), we see that fooh? = fo.
This implies that ¢g2(zo) = xo. Hence n < 2. This is a contradiction. O

Problem 3.4. Let (X,d) be any separable metric space. Is it true that there is
an isometrical embedding i from X to C(Q) such that each g € Iso(X) has an
extension which is an affine isometry of C(Q) ?
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