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Abstract. The aim of this paper is to prove two new uncertainty principles for the Dunkl-
Gabor transform. The first of these results is a new version of Heisenberg’s uncertainty
inequality which states that the Dunkl-Gabor transform of a nonzero function with respect
to a nonzero radial window function cannot be time and frequency concentrated around
zero. The second result is an analogue of Benedicks’ uncertainty principle which states
that the Dunkl-Gabor transform of a nonzero function with respect to a particular win-
dow function cannot be time-frequency concentrated in a subset of the form S x B(0,b)
in the time-frequency plane R x RY. As a side result we generalize a related result of
Donoho and Stark on stable recovery of a signal which has been truncated and corrupted
by noise.
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1. INTRODUCTION

Heisenberg’s uncertainty principle is usually understood as a relation between
the simultaneous spreadings of a function and its Fourier transform. As well as
its well-known original interpretation in quantum theory, it also has relevance to
signal processing, as it gives a restriction on how well the instantaneous frequency
of a signal can be measured. To be more precise, let d > 1 be the dimension,
and let us denote by (-,-) the scalar product and by |-| the Euclidean norm on
R¢. Then Heisenberg’s uncertainty inequality can be stated in the following ver-
sion:

(1.1) el £l 2@y NEF ()l L2 (ray = c(d)IFI72a,
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where the Fourier transform is defined for f € L'(R%) N L?(R%) by
FHE) = @)Y | f(x)E 19 da,
R4

and it is extended from L!'(R?) N L?(R%) to L?(RY) in the usual way.

In order to describe our results, we first need to introduce some notation (further
details can be found in Section 2.1). In this paper we consider the Dunkl opera-
tors (see [6]) Tj; 7 = 1,...,d associated with an arbitrary finite reflection group G
and a nonnegative multiplicity function k. These are differential-difference oper-
ators generalizing the usual partial derivatives and they play a useful role in the
algebraic description of exactly solvable quantum many body systems of Calogero-
Moser-Sutherland type; among the broad literature, we refer to [12] and [15].

The Dunkl kernel K on R? x R? associated with G and k has been introduced
by C.F.Dunkl in [5], [6]. It generalizes the usual exponential function (k = 0) and
can be characterized as the solution of a joint eigenvalue problem for the associated
Dunkl operators. This kernel is especially of interest as it gives rise to a corresponding
integral transform on R¢. The Dunkl transform Fp associated with G and k involves
a weight function wy, and is defined for an integrable function f on R? with respect
to the measure duy(z) = wi(x) da by

Fp(f)(§) := cx Rd’C(—i€7$)f(fC) dpr(z), €§€R?

and extended to Li([Rd) by a Parseval-type relation with ¢, being a suitable constant.
Here, for 1 < p < oo, we denote by L% ( R?) the Banach space consisting of measurable
functions f on R¢ equipped with the norms

1= ([, |f<x>|”duk<x>)1/p.

This transformation generalizes the classical Fourier transform F, to which it
reduces in the case k = 0. Therefore Heisenberg’s inequality (1.1) for the Dunkl
transform leads to (see [16], [18])

(1.2) ] £1lz2 €N Fp (e = (v(k) + d/2)l1£117:,

where v(k) is the index of k given by (2.1).

One way one may hope to overcome the lack of localization is to use the windowed
Fourier transform, also known as the (continuous) Gabor transform, or the short-
time Fourier transform. To be more precise, fix ¢ € L?*(R%), a nonzero window

256



function, and define for f € L?(R?) its windowed Fourier transform with respect to
the window g as

(1.3) Fo(f) (@, &) = FIf g(- = a)](€) = (2m) /2 y fB)g(t — x)€14) dt.

In quantum mechanics and in signal analysis, uncertainty principles for the win-
dowed Fourier transform are often discussed for simultaneous time-frequency repre-
sentations on RY x R4 (the so-called phase space or time-frequency plane), see for
example [1], [3], [9], [19] and the references therein. The most famous of them is the
following sharp Heisenberg type uncertainty inequality (see [1], Theorem 5.1):

L) N2l Fo (D et EIFa (Dl oaeao = C@Dg2 @ 115 -

In the present paper we are interested in proving an analogue of Heisenberg’s in-
equality (1.4) for the Dunkl-Gabor transform introduced in [13], [14]. Precisely, we
define the translation operator by

(1.5) mof = Fp'[K(iz, ) Fp(f)]

and the modulation operator by

(1.6) Meg = fD(\/T§|g|2).

Then for any nonzero radial window function g € Li([Rd), the Dunkl-Gabor trans-
form of any signal f € L?(R?) with respect to the window g is given by

A1) GPN@E = [ ST Mgl dun(s). (0.6 € RY xR

Let us now be more precise and describe our results. To do so, we need to introduce
some other notation. Throughout this paper, Li,md(Rd) will be the subspace of radial
functions of L?(R?) and for 1 < p < oo, we denote by L% (R? x R?) the Banach space
consisting of measurable functions F' on R? x R? equipped with the norms

1/p
Pl =[], IF@OP o)

where dvg(x, &) = dug(z) dpk(€).

Our main concern here is an uncertainty inequality like (1.4), which states in
particular that if one concentrates GP(f) in time (with respect to the 2-variable),
then one looses concentration in frequency (with respect to the ¢-variable). In other
words, we are interested in the following adaptation of a well-known notion from
Fourier analysis:
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Definition 1.1. Let 0 <e < 1and s > 0. Let f € LZ(R%), g € Li’rad([Rd) be

two nonzero functions and ¥ a measurable subset of R? x R?. Then:

(1) We say that G2 (f) is e-time-concentrated of magnitude s around x = 0, if
(1.8) l2]* G (P 2 (gaxgay < ellfllzzllgllzs-

(2) We say that gf (f) is e-frequency-concentrated of magnitude s around £ = 0, if
(1.9) IEF G2 Ul 3 iy < <l F 525l 2

(3) We say that gf (f) is e-time-frequency-concentrated of magnitude s around

(z,€) =(0,0), if
(1.10) 112, )1° G5 ()l 12 maxiiay < ellFllzzllol e
(4) We say that gf (f) is e-time-frequency-concentrated on ¥, if

(1.11) 192 U ooy < <l Fl1z2 oz,

where X¢ = (Rd X @d) \ 2.

If we take £ = 0 in inequality (1.11), then ¥ will be the exact support of Qéj(f),
so that when 0 < ¢ < 1, inequality (1.11) means that GP(f) is “practically zero”
outside X. Indeed ¥ may be viewed as the “essential” support of gf (f)-

Our main result will be the following Heisenberg-type uncertainty inequality for
the Dunkl-Gabor transform:

Theorem A. Let s > 0. Then there is a constant c(k,s) such that, for every
feLi(RY) and g € Limd([Rd),

L12) 2l G2 2 ooy 1€ G2 (F)ll i gy > ek )L F122 al22.

This theorem implies in particular that, if gf (f) is e-time-concentrated around
x =0, then gf (f) cannot be e-frequency-concentrated around £ = 0.

As a side result we prove the following Benedicks-type uncertainty principle for
the Dunkl-Gabor transform:

258



Theorem B. Let a,b > 0. Let g € L(R%) N L>°(R?) be a nonzero radial window
function such that supp g C B(0,a) and let > = S x B(0,b) C R? x R be a subset of
finite measure 0 < v,(X) < oo. Then there exists a constant Cy(X) > 0 such that,
for all functions f € L3 (RY)

(1.13) 1z llgllzz < CeEIGE (Pl oo

In particular, if supp gf(f) is supported in X, then f is necessarily the zero
function.

The rest of the paper is organized as follows. The next section is devoted to some
preliminaries on the Dunkl-Gabor transform. In Section 3, we prove the Heisenberg
uncertainty inequality for the Dunkl-Gabor transform and in Section 4 we prove our
Benedicks-type uncertainty principle.

2. PRELIMINARIES

2.1. The Dunkl transform and Dunkl translation. Let us fix some notation
and present some necessary material on the Dunkl transform. Let G be a finite
reflection group on R?, associated with a root system R and the positive subsystem
Ry of R (see [2], [5], [17]). We denote by k a nonnegative multiplicity function
defined on R with the property that k is G-invariant. We associate with & the index

(2.1) vi=ak)= D k=0
€

€ER,

and the weight function wy defined by

wr(@) = T 1€ @)*®.

§ERL

Further we introduce the Mehta-type constant c; by

Cr = 1272 qpup (e 71.
) </Rdg||2/ ()>

Moreover,

-1
Ck

/S ) do(a) = G =
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By using the homogeneity of wy it is shown in [17] that for a radial function
f € LR, u,) the function f defined on R by f(z) = f(|z|) for all z € R? is
integrable with respect to the measure r27+4~1 dr. More precisely,

(2.2) fapnae= [ ([ wtmaot)) font -t ar
Rd R+ \Jsd-1
=d; f(r)rQwrd*l dr.
R+
Introduced by C.F.Dunkl in [6], the Dunkl operators T}, 1 < j < d on R? associ-

ated with the reflection group G and the multiplicity function k are the first-order
differential-difference operators given by

0 x) — f(oe(x
ax] ¢ER <£) SC>
+
where f is an infinitely differentiable function on R%, &; = (£, ¢;), (e1,...,eq) being

the canonical basis of R¢, and o¢ denotes the reflection with respect to the hyperplane
orthogonal to &.

The Dunkl kernel K on R? x R? has been introduced by C.F.Dunkl in [5]. For
¢ € RY the function z — K(x,&) can be viewed as the solution on R of the initial
problem

Tju(xvf) = gju(xvf)a 1<) < d; U(O,f) =1

Therefore, for all A € C, z, 2’ € C* and z, £ € R?

K(z,2")=K(,2), Kz 2)=K(z,\), K(=ix)=K(& ), [K(=i,z)] <1.
According to [2], [17] we have for all f € L}(R?),

(2.3)

Fo(Plle < ckllfllLs

where ||-||  is the usual essential supremum norm and L°°(R?) denotes the usual
space of essentially bounded functions. Moreover, the Dunkl transform Fp extends
uniquely to an isometric isomorphism on L (R9):

1Fo(llz = Iflz and F5A()(E) = FolH(=O).
The Dunkl translation operator f — 7, f is defined on L%(R%) by

(2.4) of = Fp'lK(iz, ) Fp(f))-
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The function 7, f belongs to L?(R?) and we have

I7afllr2 < [If]z2-

Note also that if f is supported in B, C R?, the ball of center 0 and radius r, then
7. f is supported in B, .
The Dunkl convolution f *p g of two functions f and g is defined by

Fep o) = [ mf(0s0)din(®) =g =p fla). @€ R

Let 1 < p,q,r < oo be such that 1/p+1/¢g—1 = 1/r. If f € LY(R?) and g €
Lz,rad(Rd)7 then f *p g € L};(Rd) and

1740 gllig < 171z gl
In particular, if f € L},(R?) and g € L2(R%), then f xp g € L2(R?) and
(2.5) Fo(f+*pg) =Fp(f)Fp(g)

Moreover, for f,g € L2(R?) the function f xp g belongs to L7(R?) if and only if the
function Fp(f)Fp(g) belongs to L?(R?) and then (2.5) holds.

2.2. The Dunkl-Gabor transform. Following [13], [14] for every radial function
g € L?(R?) the modulation of g by £ € R? is defined by

(2.6) Meg = g¢ = Fi (\/7elgl?)

Then

(2.7) el 2 = llgll 2

For g € Limd(ﬂ%d), z€RYand ¢ € @d, we consider the family g, ¢ defined by:

gx 6 = T—z0¢-

Then, for any function f € L?(R?), we define its Dunkl-Gabor transform with respect
to the “window” g by

Gy (N, &) = | f(s)gwe(s)dpr(s),  (2,6) € R xR,
R L
which can also be written in the form

(2.8) G2 (1) (w,€) = 1 +p Fp' (\/7elg?) (@),

The Dunkl-Gabor transform possesses the following properties (see [14]).
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Proposition 2.1. Let g € L(R?) be a nonzero radial function. Then we have:

(1) A Plancherel’s formula: For every f € L (R%),
29) 192 () gy iy = 152l
(2) For every f € Li(R%),

(2.10) 1G5 (Pl oo < 1F11zz llgllz2-

2.3. The dilation operator. For A > 0, we define the dilation operator ) on
L2(RH b
k( ) by

I @) = 3t (5)

Then we have immediately the following properties:

(1) S1yx00f = 0010 f5

(2) [16xfllzz = [1f1lz2;

(3) Fpox = 01/2FD;

(4) SALfI? = NFa/2|5, fI2;
(5) /OALfT = X245, /1]
(6)

6 Tx(s)\ = (5)\7';8//\.

From this we deduce the following lemma:

Lemma 2.2. Let A > 0 and let g € Li’rad([Rd) be a nonzero window function.
Then for every f € L2(R%) and (z,€) € R% x R?,

(2.11) Gy (0r)@,6) = 97 () (5:6).

Proof. First, we have for every £ € R we have

o (aR) =73 () = 1 ()
=F! (5,\—1\/7'/\£|9|2> = 5>\]:151(\/ TA£|9|2>-
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Thus for every (z,¢) € RY x R we have

G _,o(0r)(,€) = 8 f +p Fi* (y/relonr912) (2)
= [ meont (0875 (y/melal) () a0
= [ B f 05,55 (yfrelal )0 diet)
sk [t ()7 (o) () o

Now by a change of variable t = As, we get the desired result. O

3. A HEISENBERG-TYPE UNCERTAINTY INEQUALITY FOR THE
DUNKL-GABOR TRANSFORM

First we will recall the following theorem which limits the concentration of the
Dunkl-Gabor transform in any small set. This result can be found in [14], Theo-
rem 5.1, or [13], Theorem 4.4. Nonetheless, we can deduce this result easily from
(2.9) and (2.10).

Theorem 3.1. Let ¥ C R? x R? be such that 0 < vp(X) < 1. Then for all
feL?R? and g € Li’md([Rd),

1

(3.1) [Flzzllgll Lz < m”gﬂfﬂ‘y(zwk)'

Proof. From Plancherel’s theorem (2.9) we have
2 2 2
32 17103 = 192N iy = 192 sy 192 DN sy
Now by (2.10),
2 2
(3.3) 1G22 530y < e DNGPWNIZ, < eI 1912

Thus the result follows immediately by integrating (3.3) in (3.2). O

In particular, if gf(f) is supported in X, then f = 0 or g = 0. On the other hand,
Theorem 3.1 implies the following version of Heisenberg uncertainty inequality for
the Dunkl-Gabor transform.
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Corollary 3.2. Let s > 0. Then there exists a constant ci s > 0 such that, for
all f € L2(R?) and g € L%Jad(Rd),

(3.4) 1z, €)I°G5 (f P2 @axgay = crsllalloz I £l
( )~

Proof. Let 0 < r < 1 be a real number and B, = {(z,¢) € R4xR?: |(z,¢)| < r}
the ball of center 0 and radius r in R? x R¢. Fix 0 < ro < 1 small enough such that
v (Br,) < 1. Therefore by inequality (3.1) we obtain

2 2 1 2s |»D 2
1A llgl2 < m/mwm 192 (), &) dv(2,€)
1 2s | »D 2 v
< D) /|<x,g>|>m'<x”f)' G2 (/) ) dvg (. €)

1 soD 2
< m”“%ﬁﬂ Gg (D12 Raxay:

This allows to conclude with cx s = 7§(1 — v (B,))"/2. O

Corollary 3.3. Let s > 0. Then the following uncertainty inequalities hold.
(1) A Heisenberg-type uncertainty inequality for the Dunkl-Gabor transform:
There exists a constant c(k,s) > 0 such that, for all f € L2(R?) and g €
Li,rad(Rd)

(35) Ml GP ) ooy NEPGE N o ey > € 9lgl22 1713

(2) A local uncertainty inequality for the Dunkl-Gabor transform:
There exists a constant c(s,k) > 0 such that for every f € L2(RY), g €
L3 ..a(R?) and every measurable subset ¥ of finite measure, 0 < v4() < 00

(361G ey < o AN O GE ) s iy

Proof. From the fact that |a+b|® < 2°(Jal® +|b|*), we deduce by inequality (3.4)

that
2

S 2 E:
Nl G2 ey + NEFGE DN gariny > 22 17122

Replacing f and g by d,f and d,-1g, respectively, in the previous inequality, we
obtain by (2.11) and by a suitable change of variables:

2
S S 2 —4S8 S 2
/\2 Hlxl ggD(f)”Li(RdX@d) +A ? |||§| ggD(f)”Li(RdX@d) = 229 Hg||L2||f||L2
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Then (3.5) follows by minimizing the left hand side of that inequality over A > 0.
On the other hand, as

1G5 (Dl 255y < PREV21G7 (Nl

then from inequality (2.10), we obtain

192 () oy < BNl 2 1 L2z

Thus from inequality (3.4), we deduce the desired result. O

Inequality (3.6) is known as the local uncertainty inequality which extends a re-
sult of Faris [7]. It implies, in particular, that if the Dunkl-Gabor transform is
e-time-frequency-concentrated of magnitude s around zero, then it cannot be e-time-
frequency-concentrated in the subset 3 of finite measure but it disperses in Y¢.

4. CONCENTRATION IN SETS OF FINITE MEASURES

We introduce a pair of orthogonal projections on L (R? x @d). The first, denoted
P,, is the orthogonal projection from L (R% x R?) onto GP[LZ(R%)] and the other is
the time-frequency limiting operator defined by

PgF = Fyy; F e L}(R? x RY),

where ¥ C R? x R? is a subset of finite measure 0 < v, (X) < 00 and xx denotes the
characteristic function of 3.

4.1. Benedicks-type uncertainty principle
Definition 4.1. Let ¥ a measurable subset of R% x R? and g € L(R%) a nonzero
radial window function. Then:

(1) We say that ¥ is weakly annihilating, if any function f € L?(R?) vanishes when
its Dunkl-Gabor transform gf (f) with respect to the window ¢ is supported
in 2.

(2) We say that ¥ is strongly annihilating, if there exists a constant Ci(X) > 0
such that for every function f € L% (R?),

(4.1) 1z llgllzz < CeEIGE (Pl oo

The constant Cj(X) will be called the annihilation constant of 3.
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Of course, every strongly annihilating set is also a weakly one and from Theo-
rem 3.1, we see that any set ¥ ¢ R? x R with 0 < v, (X) < 1is strongly annihilating.

Now let ¥ C R? x R? be a subset of finite measure 0 < vp(X) < oo, then from
[13], (33), Ps P, is Hilbert-Schmidt, since

(4.2) | PePyllrs < Vvr(X).

According to [10], 1.1.3.2.A, page 90, if Px P, is compact (in particular if PPy is
Hilbert-Schmidt), then if ¥ is weakly annihilating, it is also strongly annihilating (see
also [13], Theorem 4.5). Moreover, we will recall the following well-known lemma
(see e.g. [10], page 90, and [11], Proposition 5.1.2).

Lemma 4.2. Let g be a nonzero radial window function. Then:

(1) If ||PoPyl == HPEPQ”Li(Rdx@d)eLi(Rdxﬁd) <1, then for all f € L?(R%),

1

p p < —— gD p c ).
I152llolsz < s 195 (e

(2) If ¥ is strongly annihilating, then | PsP,|| < 1.

(4.3)

In this section we will prove that any subset X of the form ¥ = S x Bg C R? x Rd
with 0 < pg(S) < oo is weakly annihilating (and then strongly annihilating).

We denote by Im P the range of a linear operator P. Then we have the following
lemma.

Lemma 4.3. Let X C R% x R? be a subset of finite measure 0 < vp(X) < oo and
let g € Li’rad(Rd) N L*°(R%) be a nonzero window function. Then

(4.4) dim(Im P, N Tm Px) < [14(2))* < oo.

Proof. This follows from [13], Proposition 4.3, and [19], Lemma 3.1. O

Theorem 4.4 (Benedicks-type uncertainty principle for gf ). Let r,R > 0. Let
g€ Limad(Rd) N L*>(RY) be a nonzero window function such that suppg C B, and
let £ =S x Br C R% x R? be a subset of finite measure 0 < vi(X) < oo. Then

(4.5) Im P, N Im Ps, = {0},

i.e., X is weakly annihilating.
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Proof. Let F € Im P, N Im Py, then there exists a function f € L?(R?) such
that F' = gf(f) and supp F' C X. Let £ € B(0,R) and let ®¢ 4 be the function
defined on R? by

D¢, 4(t) = Fp(f)(=t)\/7elg|* (2).
Then for all (x,&) € %,

(4.6) F(2,8) = Fp(Pe,q)(2).

Thus supp Fp(P¢,4) C S, with p(S) < oco.
On the other hand, as supp g C B(0,r), we have

supp ¢, 4 C supp7'§|g|2 C Brir-

Hence by the Benedicks theorem for the Dunkl transform [8], Theorem 4.4 (2), we
deduce that ®¢ 4 =0, and then F = 0. O

Consequently, we obtain the following improvement.

Corollary 4.5. Let r,R > 0. Let g € Limd([Rd) N L>(R%) be a nonzero window
function such that suppg C B, and let ¥ = S x Bp C R? x R be a subset of finite
measure 0 < v;(X) < co. Then there exists a constant Cy(X) > 0 such that, for all
functions f € L3(R%),

(4.7) 1112z llgllz2 < CeENGS (Ol 2 s 1

4.2. Application: Stable reconstruction from incomplete noisy data

Now we will derive a sufficient condition by means of which one can recover a signal
F e L3(R? x @d) from the knowledge of a truncated version of it, following the
Donoho-Stark criterion [4].

Let g be a nonzero radial window function. A signal F' € L% (R x @d) is trans-
mitted to a receiver who knows that ' € GP[L(R%)]. Suppose that the observation
of F is corrupted by a noise n € L?(R? x @d) (which is nonetheless assumed to be
small) and unregistered values on ¥ C R? x Re. Thus, the observable function r
satisfies

(4.8) r(z) = { Pl o), e s

0, xr € X.
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Here we have assumed without loss of generality that n = 0 on X. Equivalently,

(4.9) r=(I—Pg)F +n.

We say that F' can be stably reconstructed from r, if there exists a linear operator
Ksy: L3(R? x R?) — L} (R? x RY)

and a constant Cj x» such that

(4.10) 1F — K7l sty < Clnll oy

The estimate (4.10) shows that the noise n is at most amplified by a factor Cy 4.

Theorem 4.6. Let g € L%,rad(Rd) N L>(R%) be a nonzero window function such
that suppg C B, and let ¥ = S x Br ¢ R? x Re be a subset of finite measure
0 < v4(X) < 0o. Then F can be stably reconstructed from r. The constant Cs 4 in
(4.10) is not larger than (1 — | PsP,||)~" .

Proof. From Corollary 4.5, ¥ is strongly annihilating, hence from Lemma 4.2
we have ||PsPy|| < 1. Therefore I — Py P, is invertible. Let

K,s=(I-PgP,) .
Since F € GP[L7(R?)], we have (I — Pg)F = (I — PoPy)F. Hence

F— K&gr =F - Kz;’g((_[ — PZ)F-F TL) =F - Kz;’g(_[ - PEPg)F - szgn
=F - (I - PEPg)il(I - PEPg)F - Kz;’gn = —szgn.

So

IF = Kzl 3 axtey = IKzamll g axiey <N = PoPy) " lnll g nacay

< Z HPZPg”anHLi([RdX@d) = (1 - ”PEPQH)_l||n||Li(Rd><@d)’
k=0

which allows to conclude the proof. ([
Remark 4.7. Since ||PsFPy|| < ||PsPyllas, one can deduce from inequality (4.2)
that for any subset ¥ with 0 < v4(X) < 1, any signal F' can be also stably recon-

structed from r, and Cx 4 is not larger than (1 — Vk(E))fl
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Remark 4.8 (An algorithm for computing K, ;7). The so-called Neumann series

(oo}
K = Y (PsP,)* suggests the following algorithm for computing Kr. Put
k=0
F(n) = Z(Png)krv
k=0
then

FO =p FO+) —p L o F™ and F™ — Ky 7 asn — oc.

As F = P,F we deduce that

(4.11) Ft) = PP, (F™ — F).

So that, if ¥ is strongly annihilating, then by virtue of (4.11), the following error

estimate holds:

(4.12) | F - F(”)IILi(RdX@d) S PPl [1F = 7ll 12 ooy

and particularly, if v4(X) < 1, then (4.2) yields

(4.13) ||F - F(n)”Li(RdX@d) < [Vk(z)]n/QHF - 7n||Li([RC‘><ﬁR3d)’
References

[1] A. Bonami, B. Demange, P.Jaming: Hermite functions and uncertainty principles for

the Fourier and the windowed Fourier transforms. Rev. Mat. Iberoam. 19 (2003), 23-55. MR]
[2] M.F.E.de Jeu: The Dunkl transform. Invent. Math. 118 (1993), 147-162. MR
[3] B. Demange: Uncertainty principles for the ambiguity function. J. Lond. Math. Soc., II.

Ser. 72 (2005), 717-730. MR]
[4] D. L. Donoho, P.B. Stark: Uncertainty principles and signal recovery. SIAM J. Appl.

Math. 49 (1989), 906-931. IMR]
[5] C.F. Dunkl: Integral kernels with reflection group invariance. Can. J. Math. 43 (1991),

1213-1227. MR]
[6] C.F. Dunkl: Differential-difference operators associated to reflection groups. Trans. Am.

Math. Soc. 811 (1989), 16-183. zbl MR
[7] W.G. Faris: Inequalities and uncertainty principles. J. Math. Phys. 19 (1978), 461-466. IR
[8] S. Ghobber, P.Jaming: Uncertainty principles for integral orperators. Stud. Math. 220

(2014), 197-220. MR]
[9] K. Grdchenig: Uncertainty principles for time-frequency representations. Advances in

Gabor Analysis (H. G. Feichtinger et al., eds.). Applied and Numerical Harmonic Analy-

sis, Birkh#duser, Basel, 2003, pp. 11-30. MR]

[10] V. Havin, B. Joricke: The Uncertainty Principle in Harmonic Analysis. Ergebnisse der
Mathematik und ihrer Grenzgebiete 3. Folge. 28, Springer, Berlin, 1994. IMR]

269


https://zbmath.org/?q=an:1037.42010
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1993414
https://zbmath.org/?q=an:0789.33007
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1223227
https://zbmath.org/?q=an:1090.42004
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2190333
https://zbmath.org/?q=an:0689.42001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0997928
https://zbmath.org/?q=an:0827.33010
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1145585
https://zbmath.org/?q=an:0652.33004
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0951883
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0484134
https://zbmath.org/?q=an:06264566
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3173045
https://zbmath.org/?q=an:1039.42004
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1955930
https://zbmath.org/?q=an:0827.42001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1303780

[11] J. A. Hogan, J. D. Lakey: Time-Frequency and Time-Scale Methods: Adaptive Decom-
positions, Uncertainty Principles, and Sampling. Applied and Numerical Harmonic
Analysis, Birkhduser, Boston, 2005.

[12] L. Lapointe, L. Vinet: Exact operator solution of the Calogero-Sutherland model. Com-
mun. Math. Phys. 178 (1996), 425-452.

[13] H. Mejjaoli: Practical inversion formulas for the Dunkl-Gabor transform on R Integral
Transforms Spec. Funct. 23 (2012), 875-890.

[14] H. Mejjaoli, N. Sraieb: Uncertainty principles for the continuous Dunkl Gabor transform
and the Dunkl continuous wavelet transform. Mediterr. J. Math. 5 (2008), 443-466.

[15] A. P. Polychronakos: Exchange operator formalism for integrable systems of particles.
Phys. Rev. Lett. 69 (1992), 703-705.

[16] M. Résler: An uncertainty principle for the Dunkl transform. Bull. Aust. Math. Soc. 59
(1999), 353-360.

[17) M. Résler, M. Voit: Markov processes related with Dunkl operators. Adv. Appl. Math.
21 (1998), 575-643.

[18] N. Shimeno: A note on the uncertainty principle for the Dunkl transform. J. Math. Sci.,
Tokyo 8 (2001), 33—-42.

[19] E. Wilczok: New uncertainty principles for the continuous Gabor transform and the
continuous wavelet transform. Doc. Math., J. DMV (electronic) 5 (2000), 201-226.

Author’s address: Saifallah Ghobber, Université de Tunis El Manar, Faculté des
Sciences de Tunis, LR11ES11 Analyse Mathématiques et Applications, 2092, Tunis, Tunisia,
e-mail: Saifallah.Ghobber@ipein.rnu.tn.

270


https://zbmath.org/?q=an:1079.42027
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2107799
https://zbmath.org/?q=an:0859.35103
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1389912
https://zbmath.org/?q=an:1257.35005
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2998902
https://zbmath.org/?q=an:1181.26036
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2465571
https://zbmath.org/?q=an:0968.37521
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1174716
https://zbmath.org/?q=an:0939.33012
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1698045
https://zbmath.org/?q=an:0919.60072
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1652182
https://zbmath.org/?q=an:0976.33015
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1818904
https://zbmath.org/?q=an:0947.42024
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1758876

		webmaster@dml.cz
	2020-07-03T21:30:47+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




