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Abstract. We prove nearly uniform convergence bounds for the BPX preconditioner based
on smoothed aggregation under the assumption that the mesh is regular. The analysis is
based on the fact that under the assumption of regular geometry, the coarse-space basis
functions form a system of macroelements. This property tends to be satisfied by the
smoothed aggregation bases formed for unstructured meshes.
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1. INTRODUCTION

The classical multigrid is a multiplicative method of Schwarz type with inexact
subspace solvers given by smoothers [1]. As a consequence, its fundamental com-
ponents suffer from inner dependencies and have to be performed in a sequence,
preventing truly large-scale parallelism. Unlike standard multigrid, the so-called
BPX preconditioner frame of Bramble, Pasciak, and Xu [2] is fully additive, allowing
for fine-grain parallelism on the level of a single coarse-space basis function. The
sufficient conditions for its convergence and the mathematical requirements on its
efficient implementation are, however, different from the ones for multiplicative mul-
tilevel iterative methods, despite the fact that the sufficient conditions look similar.

Our smoothed aggregation algebraic multigrid coarsening technique was proved
to be very efficient in the context of solving large scale systems of linear algebraic
equations arising from the discretization of elliptic problems and their singular per-
turbations (see [4], [7], [6], [8]). The smoothed aggregation method was, however,
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developed and analyzed in the context of traditional multiplicative multigrid. In this
paper, we use smoothed aggregation in the BPX frame and analyze the convergence
of the resulting iterative method applied to a model example.

In the unpublished technical report [10], we made a first attempt to analyze the
smoothed aggregation method in the context of standard multigrid. The report
contains merely a sketch of the theory. The most difficult part was to establish the
resolution-independent equivalence of discrete and continuous Ls-norms

1/2
Z zipk ~ scaling (Z xf)

Lo N
for the hierarchy of coarse-spaces span{¢.}; (I denotes the level, ¢! a basis function).

(1.1) ‘

The equivalence was used to prove the weak approximation property needed to verify
the assumptions of the regularity-free abstract multigrid convergence theory of [1].

In [7], for the standard multigrid, we found a way to avoid the need for this
equivalence by fully algebraic means. The convergence proof of [7] only requires the
equivalence of discrete and continuous Ly-norms to hold for disaggregated functions,
which is satisfied trivially, because aggregation-based prolongators are, after scaling,
orthogonal matrices.

In the context of the BPX preconditioner, however, equivalence (1.1) is unavoid-
able. This follows from the fact that the efficient implementation of the BPX pre-
conditioner requires the computationally cheap implementation of the approximate
lo-projections onto coarse-spaces; such implementation must avoid the action of the
inverse of the Gram matrix. Thus, for the coarse-space basis, we need a Gram matrix
that has an inverse that can be approximated by the inverse of its diagonal. For this
reason, we returned to the method of analysis outlined in [10] and developed it fully
for the case of model geometry. Our proof of (1.1) is non-constructive, based on
a compactness argument (Rellich’s theorem).

For the BPX preconditioner based on smoothed aggregation we prove, assuming
model geometry and H'-equivalent form, that the condition number of the precon-
ditioned system grows at most as O(L?), where L is the number of levels.

The presented theory requires the coarse-space bases (or their supports) to form
a system of disjoint macroelements covering the entire computational domain. The
macroelement function is spanned solely by the set of associated basis functions; no
other basis functions are allowed to intersect the macroelement with their supports.
Such macroelements are obviously formed in the case of regular geometry. In the
general case, however, the smoothed aggregation coarse-space bases tend to form
the macroelements as well. The equivalence of discrete and continuous Ls-norms is
therefore very likely to hold for unstructured aggregation formed on unstructured
meshes.
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The interpolation estimates (the weak approximation property of the coarse-space
bases with the lo-norm of the left-hand side measured on the finest level) are more
or less standard variations on the finite element theory of [3], used in a variety of
forms in many works, for example [7]. In a BPX context, those estimates had to be
carried out for smoothed aggregation coarse-space basis functions, which we, using
an algebraic trick, avoided in [7]. Here, only the weak approximation property of
pure aggregations had to be proved.

The proof of uniform equivalence (1.1) is, up to its sketch in an unpublished
technical report [10], new.

In what follows, (-,-) and ||| denote the Euclidean ls-inner product and the Eu-
clidean norm, respectively, in the relevant vector space. Assume A is a symmetric,
positive definite matrix. We use the symbols (-,-}4 and ||-||a for the usual A-inner

product (-4 = (A-,-) and A-norm ||-||a = <-,->114/2. Let 7 be an index set. We
employ the notation (,-);,(zy and |[-||;,(z) for the Euclidean inner product and the
norm on a discrete domain 7 defined as
1/2
V@ =Y v e =60

i€l

respectively. Here, x and y are vectors such that their entries z;,y; € R are defined
for all i € Z. On RY, {1,...,N} D T, (-,-)i,(z) is a semi-product and |-||;,(z) is
a semi-norm. If U is a Banach space, |||y is understood as the norm in U. For U
being a Hilbert space, (-, )y stands for inner product on U. Assume (U, |-||r) and
(V,|Illv) are Banach spaces and L: U — V a linear mapping. We introduce the
operator norm of L by

L
ILloy = sup A2l
ueU\{0} [|ullw

For a symmetric, positive definite matrix A we define a condition number
cond(A) = Amax(A4)/Amin(4).

Similarly, for symmetric positive definite matrices A, B, the mutual condition number
is given by cond(A4, B) = Amax(BA)/Amin(BA).

We use generic constants C, ¢ > 0 in the way usual in partial differential equations
theory. This means, for example, for ||ul| < C||v| and ||v|| < C||w]| we simply
write ||ul] < C|lw]||. Typically, C,c are constants independent of the finest level
mesh size and, whenever relevant, also of the level and the number of levels. In
the local estimates, constants are also independent of the local index in the mesh
(macroelement number, basis function number). In the abstract estimate of [2]
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presented in Section 2, the constants are independent of the level and the number of
levels.

2. BPX PRECONDITIONER IN OPERATOR SETTING

In this section we define the BPX preconditioner and give a convergence bound.
At the end of the section, we describe the implementation of the method, assuming
the system of prolongators is given. Up to minor technical details that suit our
purpose, this section follows [2].

Let (U, (-,-)u, ||-|lv) be a Hilbert space. Consider a problem

findu € U: a(u,v) = f(v) VoveUl.

Here, a(-,+) is a symmetric bilinear form, coercive and continuous on U and f(-) €
U~! (U7! is the dual space). Let

U=U;DU;D>...2U;

be a hierarchy of nested Hilbert spaces with the inner product inherited from U. For
each [ =1,..., L, define operator <7 : U, — U; by

(2.1) a(ul,vl) = (Fu,v)v Yu,v €U

In what follows, we often use the symbol &/ for «7. Denote o; to be the largest
eigenvalue of «7. Assume 7; > o, [l = 1,..., L, is an upper bound, 7;+1 < 7;. Let
2;: U — U; be an orthogonal projection and Qvl: U — U, its spectrally equivalent
approximation. The BPX preconditioner is defined by

(2.2) %‘:%éﬁZ(_i—_l )Qﬁ.

Since 27 = .#, where .# denotes the identity mapping, we can also set 9, =9, =7
Note that by rearranging the sums and setting 2111 = 0 we get

1 ~ &1~ &1~
2.3 B=—9+y =9 -5 —9
( ) 51 ' lg; El l lg; Elil l
L 1 ~ L—1 1 ~ N
-N"29,-N29.,-—9

; —_ > e L1
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In the following theorem, we give a convergence bound of [2]. Since the proof is
relatively simple and we prove a slightly different statement than the authors of [2]
(with the upper bounds 7; in the place of the actual maximal eigenvalues o;), we
provide the proof in detail for readers’ convenience.

Theorem 2.1 ([2]). Assume there is a constant C independent of | and L such
that for every u € U and every levell = 1,..., L, the exact projections 2;, 211 = 0,

satisfy
2 Ch
(2.4) 17 = Lep)ully < —alu,u).
In addition, we assume that the operators QNZ, l=1,..., L, are symmetric, spectrally

equivalent to projections 2; in the sense that
(2.5) c2(Qru,u)y < (,@Nlu,u)u < Co(Quu,u)y YuelU, l=1,...,L,

with constants Cy > co > 0 independent of | and L, [l = 1,...,L — 1. Last, we
assume that 7,41 < 7y for all levelsl = 1,...,L — 1. Then % is symmetric, B9 is
a(-, -)-symmetric, and

(2.6) C—a(u,u) < a(BAu,u) < CaLla(u,u) YueU

with constants ca/(C1L) and C2L being the lower and the upper estimates of the
lower and the upper spectral bound of .4, respectively.

The following proof is a masterpiece by Bramble, Pasciak, and Xu. The upper
bound is more or less straightforward. The proof of coercivity (the lower bound) is
similar to the proof of Lion’s lemma.

Proof. The symmetry of 4 is obvious from the symmetry of Qvl, l=1,...,L
and definition of # (2.2). The a(:,-)-symmetry of B follows by a standard argu-

ment

a(BAu,v) = (A BAu,v)y = (Fu, BAdv)y = alu, B ).

Let us set %B.x to be the operator % with Q~l = 9, for all levels [. Let u € U.
By (2.2) and (2.1), we have

a(BA u,u) = _i(gldu,fxz%u)y
g1
+ EL (i - L)(QJMu Au)
= ‘0l 011 e v
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and

a(Bex A u,u) = _i(,@l.gz/u, Fu)y
01

L
+; (Eil _ ! )(Ql.;z/u,.gz/u)U

O01-1
with N
(21 u, Au)y < (L1 u, du)y < Co( 21 u, )y
by (2.5). Therefore,
coa(BexHu,u) < a( B u,u) < Coa(Bexu,u) Yu e U.

It is therefore sufficient to prove (2.6) with %ey in the place of # and co = Co = 1.
Set Ur+1 = (0. Define W, to be the orthogonal complement of U;11 in Uj, that is,

Wi={uelU: (y,w)y =0 YweUy}, 1=1,...,L.

Clearly, spaces Wi, I = 1,...,L, form an orthogonal decomposition of U and the
operators 2; — 2,1 are orthogonal projections onto the respective spaces W;. As
a consequence of this orthogonality, (2.1) and (2.3), using the properties of orthogonal
projections

2 - 211 =(2 - 211 = (20— 210"
(* denotes the adjoint operator) and the Pythagorean Theorem,

M=
Q=

I
-

a(f%exﬂua u) = a((gl - QlJrl)'Q/ua u)

((Ql — Ql“)du, JZ%’U,)U

Il
—

I
M=
Q|

((Ql - Ql+1)2du, JZ%’U,)U

Il
-

I
M=
Q=

(21— 2i111)du, (21 — 2ip1)Fu)u

|
M) =
Q=

I
-

(2 = 211) S ully

Il
_

~
[\
J
N—
|
[]=
Q|

(1217 ully = | 2141/ ull?y)

Il
M=
Q=

I
-

(2.8) < 12147 ullZ-

Il
-

M=
Q|
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Let £, be a(-,-)-orthogonal projection onto U, I =1,..., L, and u,v € U. Since &
is a(+,-)-symmetric, &, = & on U;, 2Z; is symmetric and .# — 2, is the orthogonal
projection onto U;j" (L denotes the orthogonal complement),
(Ql.gz/u, U)U = (Jz{u, Qﬂ))U = (.;zfu, @lglv)U = (ﬂ@lu, QlU)U

= (A P, Qiv)y = (A P, 20)u + (A P, (F — 2)v)u

= (fQ{l f@l’lh U)U7
hence,

Q9 = AP

and therefore,
| 2itul|? = || Pwl? < Fra(Pru, Pu) < Fra(u,u).

This estimate together with (2.8) prove the upper bound of (2.6) with %y in the
place of # and Cy = 1.
To establish the lower bound of (2.6), we estimate using

L
I =) (21— 2),
=1

the fact that .# — 2; is an orthogonal projection onto U;- and the Cauchy-Schwarz
inequality,

™=

a((2; — Zi41)u,u)

alu,u) =

Il
-

I
™=

(21 = 2iy1)u, Fu)uy

I
-

I
M=

(21— 21, (21 — 2i41)Fu)y

Il
—

(¢ = 20)u, (21 — Ziy1)Fu)u

(21 — 211)u, (21 — 2141)Fu)y]

= £ IM=

(S = 2i31)u, (21 — 2i1)Fu)u

I
-

N
M=

(-7 = 2i1)ullull(2 — 1) Fulu.

Il
-
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Thus, by assumption (2.4), the Cauchy-Schwarz inequality, and (2.7) we get
L Cl 1/2 1/2
alwn) <3 (51) @l (20— L) S ully

=1
L

" 1 12 , L 1/2
<oV aw(u,m(z il - e@mwm%) (Z 12)

=1
= (CLL)"2a' 2 (u, w)a( Bexu, u) /2.

Assume u # 0. Dividing the above estimate by a'/?(u,u) and squaring the result,
we get

> -
(Boxu,u) > ClLa(uvu)a

proving the first inequality of (2.6) for HBex in the place of # and ¢ = 1. For
u =0, (2.6) holds trivially. This completes our proof. O

In the rest of this section, we describe the implementation of the method assuming
the system of prolongators is given.
Let
Ax=Db

be the system of linear algebraic equations with an n x n symmetric, positive definite
matrix A and b € R™. Set n; = n. We assume the system of injective linear
prolongators

Il R 5 RMn gy <my, l=1,...,L—1

)

is given. We set (U, (-, -)v, ||-||) to be the Euclidean space (R™, (-,-),]|-||) and
(2.9) al-,) = (4., ).
We introduce composite prolongators
=011 1=1,...
The coarse-spaces are defined by
U, = Range(I}), 1=1,...,L

and coarse-level matrices by
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Note that the matrix A; is the operator <4 defined by (2.9) and (2.1), represented
with respect to the basis given by the columns of 1 11. The exact projection operators
in the matrix form are

(2.10) 9, =Q =INIH IHTUIHT, 1=1,... L

We choose the inexact projections to be the operators @; with the matrix (I ll)TI ll
replaced by its diagonal, that is

(2.11) 9 =Q =1'D ()T, Dy =diag((IN"1L}), 1=1,...,L.

9

The action of the BPX preconditioner (2.2) is given by the following algorithm:

Algorithm 1. Given x € R", evaluate the action y = Bx € R™ of the precon-
ditioner B = £ by

L
1 1 1 _ .
(2.12) y= 5—1X+ E (? - —>Ilez Y1) %, Dy = diag((1) ' 1}).

o1 O1—1
In (2.12), 7; is an upper bound of

2 Il 2
(213) o = Amax('g{l) - sup % = sup || llx||1247 = ]., RN L.
x€Range(I})\{0} HXH xeR™\{0} ||Il X”

The choice of 7, is, for our model example, addressed in Remark 4.18.

Denote f! to be the i-th column of I}. Note that vectors {f/}\, form a natural
basis of U; = Range(I}!). It is straightforward to see that the operation y = Q;x can
be implemented using the parallel loop

f!
y=0; fori=1,...,n;doin parallely(—y—i—%ff
i
with the update of y being a critical section. (Only one of the parallel processes
is allowed to perform the critical section at any moment.) Algorithm 1 can be
therefore implemented in parallel using the operation of sparse inner product (-, -);,(z)
as follows:

Algorithm 2.

> Setup: given composite prolongators Ill, Il =2,...,L, set fil to be the i-th
!

column of I}' and evaluate D}, | =2,...,L,i=1,...,n, as follows:

> foralll=2,...,L,i=1,...,n;, do in parallel

set D!, = (f}, fz‘l>12(supp(ff))'
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> Action: given x € R™ | evaluate y = Bx as follows:
B> sety = Eflx,
> forall[=2...,L,i=1,...,n41 do in parallel

y<y+ ((5;1 - Elifll)/Dﬁixfilv X>12(supp(f}))fila
with the update of y being a critical section.

Note that in practice, the critical section can be avoided by colouring the graph
of the overlaps of the supports of f! and by performing the update of y colour by
colour.

3. SMOOTHED AGGREGATION PROLONGATORS IN MODEL CASE

In the smoothed aggregation method ([4], [5], [7]) we create prolongator I},
assuming prolongators I, ..., I' 7! are already given) in the form
2 l

1 l
I = SiPry.

Here, S; is an n; X n; sparse linear prolongator smoother, being the first degree
polynomial in A; = (Ill)TAIll, and Pll+1 is an n; X n;y1 tentative prolongator given
by unknowns aggregation. The tentative prolongator is responsible for the approxi-
mation, while the prolongator smoother enforces the smoothness of the coarse-level
spaces. The simplest prolongator Pll 1 will be given in this section. For the most gen-
eral form of tentative prolongator applicable to non-scalar problems on unstructured
meshes, see [7].

Let © = (0,1) x (0,1) be a computational domain. We consider a model problem

(3.1) find u € H}(Q): a(u,v) = f(v) Yve HI(Q).

Here, a(-,-) = (V-,V:)1,(0) and f(-) € (Hg(Q2))~*. The problem is discretized by
P1 elements on a uniform triangular mesh obtained from a regular square mesh
when each square is broken by connecting its left lower and right upper vertices with
a straight edge. We assume the number of interior nodes in the direction of both
axes x and y is 3X71.

On the finest level, we form the aggregates (index sets of vertices) {A}}?i[z by
grouping the mesh vertices into 3 x 3 regular, square groups. For each aggregate,
the central vertex represents the aggregate on the second level. Thus, we have mesh
vertices on level 2 and the procedure can be repeated, giving rise to the hierarchy

9L—l—1

of the aggregates {A!}?_, ", 1 =1,...,L — 1, and the hierarchy of nodal points
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{viy 1 =1,..., L, with vl being the central point of the aggregate Aé_l. Then,

ifi=1
we define the tentative prolongators

. 1 forie .Aé»,
(3.2) (Pa)ij =

0 otherwise,

i=1,...,n, 5 =1,....,mp41, ny = 9L 1 =1,...,L — 1. Thus, PllJr1 isa0/1
matrix with disjoint non-zero structure. Each column of Pll 1 corresponds to the
disaggregation of one R™+! variable into nine R™ variables. Thus, Pll_|r1 can be
thought of as a piecewise constant coarsening in a discrete sense.

Next we specify the prolongator smoother. Let A\; > Amax(A) be an available
upper bound. We set

(3.3) AN =M\
for all levels I = 2,...,L. In Lemma 4.1, we will show that Apax(4;) < ;. Define
prolongator smoothers S; by

1

4
3.4 Si=1—-=—A l=1,...L—1.
( ) l 3)\[ s )

The parameter % is chosen because, in a certain sense, it minimizes the upper bound
of Amax(S7A;). The details are obvious from (4.5) in the proof of Lemma 4.1.

The choice of the upper bounds &; > o; needed in (2.12) is addressed by Re-
mark 4.18.

4. VERIFICATION OF THE ASSUMPTIONS OF THE ABSTRACT THEORY

Define the coarse-level basis functions ¢! = mItel, I = 1,....L, i = 1,...,n.
Here, 71 is the finest level finite element interpolator

M XE R”»—)inapg
i

with {¢}!}7 ; being the finest level finite element basis and e! the i-th canonical basis
vector of R™.

Lemma 4.1. Assume \; > Anax(A) is an available upper bound satisfying \; <
CAmax(A). Set Ny = A\ for all levels | = 1,...,L. There is a constant C > 0
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independent of the mesh size h, level | and basis function number i such that for all
l=1,...,L,i=1,...,ny,

(4.1) Ikl sy < C,
(4.2) 6l ra) < Chyy by =31h,
and

(43) )\max(Al) < 5\[ < C.

Proof. Assume the first inequality of (4.3) holds for level [, 1 <1 < L. We will
show that A\;y1 = A, = \; satisfies the first inequality of (4.3) as well. We estimate

A
(4.4) Amax(Aii1) = sup M
xeR™+1\{0} B3]
_ sup <AlSlPll+1xv Slpll+1x>
x€R™+1\{0} [[x||?
_ sup <512A1Pll+1xv Pll+1x>
x€R™+1\{0} [Ix]2

[Ryesls
< )\max(SZQAl) sup l+712
x€R™+1\{0} (bS]

Next we estimate Amax(S7A;) in terms of \i. By the spectral mapping theorem,

(4.5) Amax(S2A;) = )\max((l - %%Al)%)
= max (1= 35A) A

- 42A\2 A

=N Agzlf%ix(,) (1 B 55\_1) N

_ 4 \2
< A; max (1 — —t) t
te[0,1] 3
1-
= -\

g

Since each aggregate contains exactly 9 degrees of freedom, it holds that

1Pl

%]

(4.6)

230



for all x € R™. This identity, (4.4), and (4.5) give

Xl—i—l = 5\l 2 )\Inax(AH-l)-

The proof of the first inequality of (4.3) follows by induction with A\; > Apax(4).
Now, the well-known bound Apax(A4) < C ([3]) with C' independent of h, gives the
second inequality of (4.3).

The estimate (4.1) is a consequence (4.3). Indeed,

|80i|§{1(9) = (lelleé,vmllleé)h(g) = <A1[zleé7[zleé>
= (Aref, ef) < Amax(A)[lef]> < C.

Since the H'(Q)-norm and the H'({)-seminorm are equivalent on Hg(Q2) by
Friedrichs’ inequality, we get the statement (4.1).
Let us prove (4.2). It is well-known ([3]) that

(4.7) ch||x|| < ||mix|r,) < Chlx| VxeR™

with constants C > ¢ > 0 independent of h. Finally estimate using o(S;) =
Amax(I — 2X714) < 1, (4.6), and (4.7),

195 | Lo() = Im1 1) €]l Loy < ChllL €]
= Ch||S1PyI7e}|| < Cho(Sh)|| Py I7el
< Chl|PyIf€|| = 3Ch| I e
=...=3"10hn||Ilel| = Chy.

This constitutes the proof of (4.2). O

To make our theory comprehensible, we introduce the notion of macroelement.
The macroelement has two aspects: the set of associated basis functions {p;}icr
(7 is an index set) and the geometrical domain T (understood closed) that contains
the intersection of their supports, that is,

(4.8) T> m SUpp ;.

1ET
The essential properties of the macroelements (T', {¢;};e-) are:
1. property (4.8),
2. the closed domains T" have disjoint interiors and cover the entire computational
domain,

3. except for the basis functions ;, i € T, associated with the macroelement, no
other basis functions are allowed to intersect int 7" with their supports.
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The function on the macroelement is therefore a linear combination of macroele-
ment basis functions {¢;}, i € 7, satisfying (4.8) with no other basis functions
involved. The rigorous definition follows:

Definition 4.2. Consider a computational domain {2 and a system of basis func-
tions {¢;}, with (well-defined) supports contained in Q. Let {T}} be a family of closed
domains T; C Q such that

a)

(4.9) Un:ﬁam int T, NintT; =0 for i # 7,
[

b) for every T; there is an index set 7; such that the corresponding set of basis
functions {y;};e-, satisfies

(4.10) ﬂ suppp; CT; and suppy; NIt7T; =0 Vj & 7.
JET:

Then we call the system {(T;, {¢;}jer)}i a system of macroelements on €.

Remark 4.3. Clearly, the finite elements as concieved in [3] are, according to
Definition 4.2, also macroelements.

It is a matter of routine to show that for Poisson equation in 1D discretized
using P1 elements on a uniform grid, the coarse-space basis functions obtained by
smoothed aggregation using the aggregates consisting of three neighbouring nodes
are in fact P1 basis functions as well, see [9]. The coarse-level resolution is 3x the
fine-level resolution. The macroelements are then formed by overlaps of supports of
two adjacent basis functions and are identical with coarse P1 elements.

Before introducing our macroelements and proving their properties, we need sev-
eral auxiliary statements:

Lemma 4.4. The coarse-level spaces satisfy the following properties:

a) The coarse-level matrices follow the nine-point scheme; entry aéj of A; =
(INTAI} can be non-zero only for directly adjacent (in the 9-point scheme)
aggregates Afl and .Aé-*l on the level | — 1. On the first level, the adjacency
of the aggregates is considered assuming an underlying 9-point scheme instead
of a 7-point scheme.

b) Apart from the vertices directly adjacent to the boundary with essential bound-
ary condition, the vector of ones 1; € R™ forms the kernel of Ay, i.e.,

(4.11) (A11;); =0
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for all vertices vt not adjacent to the boundary with essential boundary condi-
tion. Adjacency to the boundary is considered assuming an underlying 9-point
scheme extended to the boundary nodes, see Fig. 4.1.

o0t

supp,j

macroelements T}

Fig. 4.1. Coarse-level geometry.

¢) Apart from the boundary with an essential boundary condition, the discrete
basis functions I}'e! form a decomposition of unity in the sense that

(4.12) (I'1,); = (2:’:1 I}ej)i =1

for all fine-level vertices v} that belong to the (closed) square ﬁfu

1 1 l l
Viey? Viegr Vi

. with vertices

v adjacent to the corners of the unit square (). The continuous

iey?

basis functions ¢! = w1} el satisfy
ny .
(413) Z @i =1 on Qintv
i=1

see Fig. 4.1.
d) The support of each of the basis functions ¢ = m I}el satisfies

l

!
supp ©; C Qgupp s
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with Q! being a (closed) square with side length 2h; = 2.3'"'h and the

supp,t
center of gravity located in v!. Apart from 0, the vertices and edge midpoints
of QL. are vertices vi, j € N} \ {i}, see Fig. 4.1. Here, N denotes the

neighbourhood of i in the nine-point scheme.

Al
Fig. 4.2. Coarse-level geometry.

Proof. Let us prove statement a). Assume the stencil of A'~! follows the
nine-point scheme. Let .Aé*l and Aéfl be two aggregates. Clearly, aéj of A =
(Illfl)TAl_llllfl can be non-zero only if supp Illfleé and supp[llfleé are directly
adjacent sets (in the 9-point scheme) of vertices on level [—1. Since Ill_l = Sl_lPll_l,
where S; is a first-degree polynomial in A;_; and Pll*1 is given by disaggregation
(supp Pll*1 L= Aifl), the supports supp Illfleé and supp Illfleé are adjacent only
for two directly adjacent aggregates Aé_l and .Aé»_l. The proof of a) now follows
by induction, with the fact that the matrix A = A;, being a finite element stiffness
matrix, follows the seven-point scheme which is a subset of the nine-point scheme.

Let us prove statement b). Assume vertex v! is not adjacent to the boundary
with essential boundary condition. Recall that matrices A; on all levels follow the
nine-point scheme. Assume statement b) holds on the level I — 1. To prove our
statement on the level [, it is sufficient to establish that

Y dj =0,

JEN]
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where N} is the neighbourhood of i in the nine-point scheme. Clearly,

(4.14) doal=> (A6l e))

JeEN} JeEN}
2 pl-1_1 pl-1_l
= Z<A17151—1Pl e;, P, ej>
JEN}
2 pl-1_l 1-1 1
= <Al—1Sl1Pl € Z B ej>'

JEN]

Further, supp Alflsf_lpll*leé =supp A;_1(I — o.)Al,l)QPll*leé is contained in Aifl
with 3 layers added, which equals Aéfl with adjacent aggregates added. Therefore,
we have

(4.15) (Z Pll_1e§> =1 for keN= U .Aé-_l O supp 4157, P/ tel.
JEN] g JeN!
Denote int NV to be the interior of the above set N' C {1,...,n;_1}, defined as
int NV = {k: Ni;"' c N}n{k: vi ! is not a vertex adjacent to the boundary 9Q}.
Clearly,
supp S7_ P/ tel C int V.
From this, (4.14), and (4.15) it follows that
Z aéj = <Al—1512—1pll_1eéa 1) = <Sl2—1Pll_1eéaAl—111>

JEN?
= <51271‘Pll71e27Al*11l>12(intN) =0

as
(Al—lll—l)k =0 VkeintN C int{l, e ,nl_l},

by assumption, proving b) for level . The proof of b) on all levels follows by induc-
tion, with the fact that the finite element stiffness matrix satisfies b).

Let us prove c). Consider a set M C {1,...,n;}. Let x € R™ be a vector such
that 2! = 1 for all i € M. By property b), (Ax)x = 0 for all k& € int M and
therefore, y; = Six = (I — wA;)x satisfies y; = 1 for all i € int M. Assume c) holds
for an intermediate I} with some k € {2,...,1}, that is,

—
(Ilkll)p =1 Vp: v’; € Qe
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=l
See c). Then, (P{11}f1;), = 1 for all vertices vE=1 e @, with one layer of vertices

added. The vector
Yy = Ilk_lll = Sk_lplf_lflkll

therefore satisfies 3, = 1 for all p such that vi,
by induction, with the fact that I}1;, = 1, satisfies ¢). Property (4.13) is a direct

consequence.

€ ﬁfnt' The proof now follows

To prove d), it is sufficient to show that

(4.16) {v}, j €suppllel} Cint Q-
Assume
(4.17) {V§7 j € supp If'e}} C int Qéupp,i

for some k € {2,...,1}. Consider the set

Lk—1 _ k=17k 1 _ k—1
w; =supp P, I je; = U A

JEsupp If71e§

Obviously, for the set o?i’]“l consisting of wﬁ’kﬂ with one layer of surrounding vertices
added, that is,

Ghk-t = bRy {je N;“*l, pe wl’k_l},

Q Q Q

the corresponding set of vertices is contained in int €2}, ;. The proof of (4.17) for

k — 1 in place of k is completed by the fact that

supp I '€} = supp(I — wAy—1)P{ Ifel C &

The proof of (4.17) for all k € 1,...,1 follows by induction, with the fact that (4.17)
obviously holds for k = [. O

For [ > 1, let us connect vertices vé-, j =1,...,ny, by the regular square mesh
extended to the boundary 0f2, see Fig. 4.1. This mesh consists of squares; let us

choose a numbering of those squares (including those adjacent to the boundary) and
1

denote them {T"'}. For each square T} define an index set 7/ of numbers of vertices v!

that are its corner vertices. (Note that there are no vertices v! located at 99.)
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Lemma 4.5. For | > 1, the system {(T}, {gaé-}jETQ}i, goé» = ﬂlllleé», is a system
of macroelements on 2.

Proof. We verify the conditions of Definition 4.2.
Obviously, squares T} have disjoint interiors and cover the entire computational
domain €. Thus, (4.9) holds.

By Lemma 4.4 d), vertices v!

)

are located at the centers of gravity of squares
Q! . D supp ¢t. Clearly,

supp,?
Tzl = ﬂ Qéupp,j ) ﬂ supp 503

jer} jer!
and for j & 7!
. ! I~ l 1
int T; Nsupp ¢ C int Ty N Q5 = 0.
This proves (4.10). O
Lemma 4.6. For | > 1, basis functions ¢!, i = 1,...,n,, satisfy the following

properties:
1. The H*(Q)-seminorm and Lo(2)-norm of each ¢!, | = 1,...,L, i = 1,...,n,
are bounded by

(4.18) o) < C
and
(4.19) 6t o0 < Chu.

Here, C > 0 is a constant independent of the mesh size h, level I, and basis
function number 1.

2. For T! that is not adjacent to a boundary with an essential boundary condition,
the quadruple of associated basis functions (7! = {iy,i2,i3,14}) satisfies

4
Zapéj =1 on Til.
j=1

3. On the edges of an interior macroelement T, the traces of basis functions satisfy

trgpéI:O on es U eg, trgpézzo on es U ey,

trol =0 onesUer, trol, =0 oneUes.

In the above identity, the edges e; of T} (in the local numbering) and vertices

vﬁj are numbered in the same way as on the reference element as depicted in

Fig. 4.3.
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€4 T €2
Vi €1 Vo

Fig. 4.3. Reference square.

Proof. Statement No. 1 follows directly from Lemma 4.1.
Statement No. 3 of our lemma follows by Lemma 4.4 d). The decomposition of
unity (Statement No. 2) follows by Lemma 4.4 c¢) and d). This completes our proof.
O

Lemma 4.7. Let T be a unit square with edges and vertices as depicted in
Fig. 4.3. Define the set G = {(1, P2, P3,P4)T} C [H(T)]*, where each function §;
is associated with vertex v;, by the following properties:

1. There is a positive finite constant C' such that
(4'20) HS/O\Z'HHl(f) <C, i=1,...,4.

2. The functions @;, i = 1,...,4, satisfy the decomposition of unity
4 A~
(4.21) > @i=1 onT.
i=1

3. The traces tr p; € H1/2(8f) of functions @;, i = 1,...,4, on the boundary oT,
denoted later simply as @;, satisfy

(21:0 on/e\QUé\g,
(,/0\2:0 on€3U€4,
p3 =0 oneyUey,

p4=0 oneyUes.
Define the Gram matrix

G = G(@h {525 @3) @4) = {g’tj = (@’ia @j)LQ(f)}f_]zl
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There is a positive constant ¢ dependent exclusively on C' such that
Amin(G) >c>0

for all quadruples (¢1,Ps, 93, P1)T € G.

Proof. Let us prove that the basis functions @;, ¢ = 1,...,4, are linearly
independent. Assume for now the contrary, i.e.,

4
Z cip; =0  with some ¢; # 0.

i=1

By property No. 3, 3 = ¢4 = 0 on €;. Hence, by the assumption of the decomposi-
tion of unity (4.21),

(422) ()/0\1 + @2 =1 on gl
and, by the assumption of the linear dependence,
(4.23) 019’0\1 + CQ(TO\Q =0 on é\l,

with ¢1 # 0 or ¢a # 0. Let us say that ¢; # 0. We will show that proper-
ties (4.22), (4.23), and ¢; # 0 exclude each other.
By (4.23) and (4.22) it follows that

(c1 —¢2)p1 = —co on ey.

Let co # 0. Then @1 = const # 0 on €. Since p; = 0 on € by property
No. 3, it follows that there is a jump in the trace of $; at the point Vo and thus,
o1 € H1/2(8f), which contradicts the trace theorem, as ||521HH1(T) < C < o0

Consider now the case of ¢ = 0. Then, by (4.23) c1p1 = 0, hence by (4.22) it
follows that ¢;(1 — @2) = 0 on €3. Since ¢; # 0 by the assumption, it follows that
P2 = 1 on €. Since P2 = 0 on €4, there is a jump in the trace of P at the point vy,
hence @, ¢ H'/? (5‘?), which contradicts the trace theorem. Thus, ¢; # 0 leads to
contradiction for any ¢y, hence ¢; = 0.

Due to the double axial symmetry of T (with respect to both z and y), it follows
that i ¢;p; = 0 implies ¢; = ¢o = ¢3 = ¢4 = 0 and therefore the basis functions @;,
1= 1:71 ,4, are linearly independent.

Since G is a Gram matrix corresponding to the linearly independent basis, the
functional

(I)(Co\la 522, 5237 9/0\4) = Amin(G(S/O\l; 5227 {0\37 9/0\4))
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is a positive functional on G. By the Cauchy-Schwarz inequality, entries g;; =
(%is i) L, (7 are continuous bilinear forms on Lo(T), hence continuous function-
als on G. At the same time, eigenvalues of G depend continuously on the entries g;;.
Thus, ® is a continuous, positive functional on [Lo(T )]4 In the rest of the proof we
will show that the set G is compact in [Lo(T )]4. Clearly, the set G is bounded in
[H 1(?)]4, hence weakly precompact. Further, the set G is convex. Indeed, for two
functions @;, @; such that

18l sy <O 1@y < C

and «, 8 non-negative numbers such that a4+ 8 = 1, it holds that

la@; + /B@H}[l(f) < 04”@”1-11(?) + /8||@i||H1(f) <(a+B)C=C.

oy Aoy e~ BN eN |

For two quadruples of functions {($1, P2, 3, P4) T } and {(P, Ph, P, 74) T} satisfying
equality constraints No. 2 and No. 3, their convex combination {a®; + S@.}i |,
a+p=1,ap8€ [RS', satisfies conditions No. 2 and No. 3, too. Thus, G is convex
and weakly precompact. Since G is closed in [H* (f)]4 and convex, it is weakly closed,
hence weakly compact in [H*(T)]*. By Rellich’s theorem, G is compact in [Ls (1/;)]4
Summing up, ® is a continuous positive functional on G C [La(T)]*, with G being
a compact set. Thus, ® attains its positive minimum on G, proving our statement.

O

Remark 4.8. Let ¢;, i = 1,...,4, be basis functions satisfying assumptions
~ 4

of Lemma 4.7, G the corresponding Lo(T)-Gram matrix, and @ = > u;@;, u =
i=1

(U,l,U,Q,U,g,’LM)T € R4 Then,
4 4 4 4

(420 131 = (S ude s ) = 3 S8 = (Guw).
i=1 j=1 Lo(T) =1 j=1

Hence, by Lemma 4.7 it follows that

(4.25) @017, 7 = I1alE = Amin(@)][ull* > cllu]*.

At the same time, (4.24) gives

(4.26) 13017, 7 < Amax(G)[u]l?,

Lo(T)
where
|9ij| = (81 85) 1y 7y < N@ill Ly 2y 1851l Ly () S NBill g2 (7 185 g1 ) < C-
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Thus, by Gershgorin’s theorem,
Amax(G) < C.
This bound, (4.26), and the coercivity estimate (4.25) yield uniform norm equivalence

elul® < [[@]?2, 7, < Cllul?

with constants C' > ¢ > 0 dependent exclusively on the constant C' in (4.20).
Lemma 4.9. Consider the affine mapping ¢(-): R? — R? that maps unit square

T onto square T with the side length H and the left lower vertex located at b € R2.
The mapping is given by

H 0

(427) @@=y g

} %+ b.
See Fig. 4.4. Let u € HY(T). Define the transformed function u € Hl(f) by
(4.28) u(x) = u(p((x)).

Then it holds that

(4.29) @l 7 = H ™ lull o),
(4.30) |a|H1(ZA") = |U|H1(T)
T | T

1T ™

Fig. 4.4. The macroelement transformation.

Proof. The proof follows by the elementary transformation of the integrals. [

Remark 4.10. Let T} be an interior macroelement. From Lemma 4.6 and
Lemma 4.9 it follows that the associated basis functions @éj ,j=1,...,4, transformed
by the mapping (4.27) via (4.28) (that is, resulting functions @;, j = 1,...,4) sat-
isfy the assumptions of Lemma 4.7. Indeed, by Lemma 4.6 we get ||g0ij 1ty < C.
Hence, by Lemma 4.9 it follows that ”@'”Hl(f) < C. Assumptions No. 2 and No. 3
of Lemma 4.7 follow from properties No. 2 and No. 3 proved in Lemma 4.6.
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Lemma 4.11. Define the level | interpolation operator

ny
(4.31) m:x€ERM Y apl, 1=1,..., L
=1

There are positive constants C' > ¢ independent of the mesh size h and level | such

that for every level = 1,...,L and every u € R™ the following norm equivalence
holds:
(4.32) chullull < Il gy < Chalull

Proof. Let us prove first the left inequality of (4.32). Define €2 . to be the union

int
of all macroelements Til that are not adjacent to the boundary with the essential
boundary condition, and 7' to be the set of indices of basis functions associated
with macroelement 7}. Assume 7} is an interior macroelement. The entries of the
set T = {j1, jo, js, ja} are ordered in the same way as the vertices in Fig. 4.3.

Let us consider the affine mapping gaé that maps the unit square T onto Til as in

Lemma 4.9. Consider a function u = mju, u € R™. Clearly,

— Al l
U= E ujp; onTj.
JET}

Define the transformed function
%) = u(pl(®), xeT.
Further, define the transformed basis

Pe(®) = ¢, (A1), k=1,....4.

Then,
4
(4.33) UR) =Y uj Pr(R).
k=1

By Remark 4.10, the transformed basis functions {3y }1_, satisfy the assumptions

4

of Lemma 4.7. Hence, denoting G = {($i7¢\j)L2(T)}i,j:1? the Gram matrix corre-

sponding to the transformed basis, we have the estimate

4
E Wi P
i=1

2

4
= (GwW, W) = Anin(G)||W]]? > cwa Vw e R%
La(T) i=1
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See Remark 4.8. By this inequality, (4.33), and Lemma 4.9, it follows that

4 4

~ 2 2 _ g2 2
Zujkapk > chj Zujk = chj Z uj.
k=1 k=1

JET}

2

Vel oy = BRIGI2 ) = B2

Lo(T)

Since each degree of freedom ¢ belongs to at least one set ’7;1, the previous inequality

gives

> < > > uwi<O'h Yl < O ullg )

TICQl, GET] Tical,

in i

completing the proof.
The second inequality of (4.32) is more or less trivial. Define the global Gram
matrix
Gl = {(Soi; @é)Lz(Q)}?fj:l
The (minimal) constant C' in the second inequality of (4.32) is then \/Amax(G').
(See Remark 4.8.) The matrix G contains at most 9 non-zeroes per row and the
non-zeroes can be estimated by the Cauchy-Schwarz inequality and Lemma 4.6 by

19551 < Nl o) 1951l a(0) < ChE.
By Gershgorin’s theorem, Amax(G') < Ch? and the proof follows. O

Corollary 4.12. For the Gram matrix M; = (Ill)TIll, l=1,...,L, corresponding
to the discrete basis {I'e}!" |, the diagonal matrix D; = diag(M;) is uniformly

1Ji=1>
spectrally equivalent in the sense that the equivalence

(4.34) clxllan < lIxllp, < Cllxllar,  Vx e R™

holds with constants C > ¢ > 0 independent of h and l. As a consequence, assump-
tion (2.5) holds for 2; = Q' and 2, = Q, given by (2.10) and (2.11).

Proof. From (4.32) follows the uniform norm equivalence
3 x| < 7%l = Xl < C3 x| Vx € R™
Hence, M; is well-conditioned. The eigenvalues of D; satisfy

_ llefli3,,

Xi(Dy) = (D)) = HeiH?\/[, = e € Mmin (M), Amax (M))] € [e3171, €311,

proving (4.34).
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From (4.34) follows C71|"HMZ—1 <Hipr < c*1||~|\Ml_1 and therefore,

CHQm,u) = (M) T, (1) M) < (DY) T, (1) Ta)
= (@lu,u> < 071<Ml_1(1l1)Tu, (Ill)Tu> =c HQmuu) YueU

with constants C > ¢ > 0 from (4.34), proving assumption (2.5) of Theorem 2.1. [

Lemma 4.13 (Scaled Poincaré and Friedrichs’ inequality). Let T be a square
domain with side of length H. Then there is a constant C' > 0 independent of H
(and, characteristic for a square) such that (Poincaré inequality)

(4.35) iI€1£ lu—cll,ry < CHlulgr(ry Yue HY(T),
and (Friedrichs’ inequality)
(4.36)  |lullp,ry < CHlu|gry(ry Vue€ H&F(T) ={uec H(T): tru=0onT},

if I' C 9T contains at least one edge of T

Proof. The proof follows from Poincaré and Friedrichs’ inequalities on a unit
square by scaling, using Lemma 4.9. O

For each vertex v! we introduce a ball B! C Q with center in v} that has measure
about M(T;), in the sense that there are constants C > ¢ > 0 independent of the
mesh size h, level [, and basis function number 7 such that

(4.37) chi < u(Bj) < Chi,

see Fig. 4.5. For convenience, we assume that the balls B! do not intersect each
other. We encapsulate each domain

l l
17U | B!
ieT}

into (the nearly smallest possible) square ’fjl Clearly, the intersections of the ex-
tended macroelements T} are bounded, that is, there is a finite integer IV independent
of level such that each x €  belongs to at most N extended macroelements 7.
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B\ 7' (5] o B,
2R N

7 7 7
D A (]
Bl B, Bl

Fig. 4.5. Extended macroelement.

Both for the interior and for the boundary macroelement, define the local inter-
polation operator IIt: Lo(T}) — Lo(T}) by

(4.38) Mu= ), (ﬁBﬁ)/B

udx) goé-.
JETY

L
i

Here, 7;! is an index set of the numbers of basis functions associated with T'.
Next we prove Lo(§2)-stability of the local interpolation operator.

Lemma 4.14. Both for the interior and for the boundary macroelement T, the
mapping 1L is stable in the Ly-norm, in the sense that

(4.39) Tl Ly rty < Cllull 71y Y€ La(T5)

with a positive constant C' independent of the level [, mesh size h, and macroelement
number i.

Proof. We estimate using the definition of II! in (4.38), the triangle inequality,
the Cauchy-Schwarz inequality, Lo-bound (4.2), and (4.37). We have

1
Wil = | 5 (g [ wix)
jer! 1( j) B! Ly(T})
1
< Z (H(Bl’) /B’ ’U’dX)H@é’”LQ(Ti")
jE'Til J 3§
1
<O )~y (- Dragy
jefril J
1
< Chy Zl (Té)”u”Lz(Bé.)Hlan(Bé)
JET]
<C Z [ull Lomy-
JET!
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Further, by the Cauchy-Schwarz inequality,

1/2 1/2
Z||u||L2<B;.><(Z||u||i2<3p) (Z 12) < 2lfull )

jeﬁl jeﬁl jeﬁl
The proof follows from the last two estimates. O

The proof of the following lemma uses the key argument of finite element approx-
imation theory.

Lemma 4.15. For both the interior and the boundary macroelement T}, the
interpolation operator 11! defined in (4.38) satisfies the estimate

(4.40) l|u — H§u||L2(Tiz) < Chilulg 1y Yue Héﬁf,%maa@l)

with constant C' > 0 independent of h, I, and i. In addition, the interpolation
operator

(4.41) I uEHl(Q)Hi<M(lBD /Bludx)gaé
i=1 i

i

satisfies
(4.42) ||u - HZ’U,HL2(Q) < Chl|’U,|H1(Q) Yu e H& (Q)

with constant C' > 0 independent of h and .

Proof. By Lemma 4.14 it follows that

l l
(@43) =1 ey s oy < Ml ey oy + Il 2@ty poey <

Let Til be an interior macroelement and 77 the set of basis functions associated
with T!. By Lemma 4.6 we obtain

Z(pé:l onTil.

JET!

Hence, for any constant function ¢ defined on Til it holds that

1
(4.44) Mic = (—/ cdx)apl» =c ot =c onT].
5 (oo [, o)t =e 3 4

JET! JET!
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Let u € Hl(fil). By (4.44) and (4.43), for any constant ¢ we get

=Ml gz = llu = e = (s =l gy
=llu—c— (Hiu - HéC)HLz(Tf)
= [(I = 1I)(u — )| Lyt
<M = T 27

<O -1 .

yo Lo e = ell L, @)

(TH—La(T}) [[u— C”Q(f})-

In the above estimate we choose
¢ =argmin [lu — ql| ;71
qeR ‘

Hence, by the previous inequality and the scaled Poincaré inequality (4.35), (4.40)
follows.

To prove (4.40) for a boundary macroelement is even simpler.

Let u € Hé sanart (§2). We use (4.43) and the scaled Friedrichs’ inequality (4.36)

to estimate
llu— Héu”Lz(Tj) <= Hé||L2(Tj{)HL2(Tj})||u||L2(T7§) < Chl|u|?{1(iz)-

This completes the proof of (4.40).
To prove (4.42) we use the obvious identity

flu — HZUHLQ(TI!) = flu— HéuHLQ(Tg)v

the local estimate (4.40), and the fact that every point x € € belongs to at most
N < oo extended macroelements 7). Thus,

= Tulaey = 30 M= Tulf oy = D flu—THulF,

TICQ TICcO
20,12 20,12
<C Z hi |u|H1(i§) < Ohi|ulg (q)-
T!CQ
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Lemma 4.16. There is a constant ¢, > 0 independent of h, | and L such that

(4.45) o

for alll =1,..., L. In addition, there is a constant C' > 0 independent of h, [, and L
such that for everyu € U = R™ | the exact orthogonal projections 2; = Q;: U — Uy,
Upy1 = @, QL+1 = 0, satisfy

C
(4.46) [u—Qrull < \/—E_ZHUHA’ I=1,...,L

Proof. To estimate the spectral bound (4.45) we use the norm equivalence
proved in Lemma 4.11. By (2.13),

(AI'x, I}'x) (Aix, x)
g = sup 172: sup o2
xermi\{o} |1 x]| xerm\{o} (1] x|
where by (4.32) and m = m I},
1,012 -2 1,012 -2 2 hy\2 2 ny
(47) 1P > ehm x| = ehi w2 o5 ) P Ve R

The previous two inequalities, together with (4.3), give

N

proving (4.45).

We will prove (4.46) for approximate projections Q;: U — U, defined by Q, =
wflﬂlm, l=2,...,L, and @LH = 0. The result for the exact projection then
follows by the minimizing property of the orthogonal projection.

Let | < L and u € U. We estimate using Lemma 4.15, norm equivalence (4.7),
and hl+1 = 3hl,

(4.48) la—Qqul = [|( —m 'THr)ul|
< Chyt|m(I =7y ' )l 1, )

= Chy'|(I =TI Y mu| 1,0

h h
< Cﬂ|7T1u|H1(Q) < C—l|7r1u|H1(Q)
h1 hl
hy
= L |ulfa.
ol
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For I = L, we have by hy, = 1/2 (since there is only one degree of freedom located
in the center of Q2), and by Friedrichs’ inequality (4.36) for T' = €,

— B B hr
[ = Qppyull = ul < ChyHlmully0) < by ' Clmulm o) < O, hulla,

proving (4.48) for [ = L.
Statement (4.46) follows from (4.45) and estimate (4.48). O

Now we are ready to formulate the final convergence theorem.
Theorem 4.17. For model problem (3.1) and smoothed aggregation based coarse-

spaces U; = Range([ll) with prolongators Ill 1 as defined in Section 3, the BPX
preconditioner 8 = B given by Algorithm 1 (and Algorithm 2) satisfies the estimate

(4.49) %Huui < (BAu,u)4 < CL|[ul3 YueU

with constants C > ¢ > 0 independent of h and L.

Proof. The proof consists in the verification of the assumptions of Theorem 2.1.
Assumption (2.4) follows from Lemma 4.16. Assumption (2.5) holds by virtue of
Corollary 4.12. O

Remark 4.18 (Choice of ;). In practice, it is relatively difficult to determine
upper bounds 7; > o7 in (2.13) computationally. From Lemma 4.16, we know that
there is a constant ¢, > 0 independent of h, [, and L such that

>0, l=1,... L

To get an efficient preconditioner, it is not neccessary to determine the constant c,.
In (2.12), it is sufficient to use

&l:F, l:].,...,L,

in the place of 7; = ¢, /9'~!. Obviously, this leads to the scalar multiple B= c;'B.
This simplification does not alter the convergence estimate since

cond(A, B) = cond(4, c; ' B) = cond(4, B) < gLQ.
c

Here, C, ¢ are the constants from (4.49).
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Remark 4.19. By means very similar to those used in Section 4, for operators @l,
it is possible to verify assumptions of the abstract convergence result of [1] with
uniform constants. Then, for a standard multiplicative multigrid, we get the estimate
of the convergence rate in the energy norm in the form 1 — C//L. Compared to the
former result of [7], where the convergence rate deteriorates with the power of 3 of L,

this is an improvement.
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