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Abstract. We give sufficient conditions for the existence of integral solutions for a class
of neutral functional differential inclusions. The assumptions on the generator are reduced
by considering nondensely defined Hille-Yosida operators. Existence and controllability
results are established by combining the theory of addmissible multivalued contractions
and Frigon’s fixed point theorem. These results are applied to a neutral partial differential
inclusion with diffusion.

Keywords: nondensely operator; neutral differential inclusion; multivalued map; fixed
point; controllability; Cg-semigroup

MSC 2010: 34A60, 34K35, 93B05

1. INTRODUCTION

The aim of this paper is to establish several results on the existence of integral
solutions of the partial neutral functional differential inclusion

%[y(t) — ft,ye)] — Aly(t) = f(t,yt)] € F(t,y:) forae. teJ=]0,aqa],

Yyo=p€C=C(-r0;E),

(1.1)

and on the controllability of the partial neutral functional differential inclusion

(1.2) %[y(t) — f(t,y)] — Aly(t) — f(t,y)] € F(t,ye) + Bu(t) forae. teJ,
yo=p €C,

where A is a nondensely defined linear operator on a Banach space F, C is the space
of continuous functions from [—r,0] to E endowed with the uniform norm topology.
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For t > 0, as usual, the function y; € C' is defined by
y(0) =y(t+0) for 0 € [—r,0].

F: Jx C — P(F) is a multivalued map with compact values, f: J x C — E is
a continuous function, B is a bounded linear operator defined from a Banach space
U into E and u(-) € L3(J,U).

In the literature, there has been much current interest in studying neutral partial
functional differential equations either if A satisfies all the conditions of the Hille-
Yosida Theorem or A is not necessarily densely defined. When A is the infinitesimal
generator of a strongly continuous semigroup on X, we refer for instance to [20], [21],
[19], [13], [17], [16], [18] while when A is a Hille-Yosida operator, we refer for instance
to [3] and [4].

For semilinear functional differential inclusions, Benchohra and Ouahab [9] used
Frigon’s fixed point theorem [12] to study the controllability of the neutral functional
differential inclusion

13) %[y(t) — f(t,yr)] — Ay(t) € F(t,y:) + Bu(t) for a.e. t € [0,00),
Yo=peC,

where A is the infinitesimal generator of a strongly continuous semigroup (7())¢>0
of bounded linear operators on F and F, u, B are as in (1.2) with J = [0, 00).

We note that the existence and controllability results obtained in [9] rely on some
assumptions on the semigroup (T'(¢))¢>o and its generator A which imply that A is
a bounded operator and E is a finite dimensional space (see [15]).

For partial functional differential inclusions with nondensely defined operators, we
refer to the work of Henderson and Ouahab [14] in which the authors studied the

existence of integral solutions for the semilinear functional differential inclusion

y'(t) — Ay(t) € F(t,y;) for ae. t €]0,00),
Yo=p € 07

and discussed the existence of integral solutions of the problem

{ y'(t) — Ay(t) € F(t,y;) + Bu(t) for a.e. t € [0,00),
Yo = ¢-

More recently, it has been shown that the density condition is not necessary for
dealing with the existence of integral solutions and the controllability for many classes
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of both the functional differential equations (see [7], [5], [8]) and the semilinear
functional differential inclusions (see [1], [2], [6]).

The purpose of this work is to show that the boundedness of the operator A and
the density of its domain are not needed to get results on the existence of integral
solutions and controllability even if we work with neutral and multivalued partial
functional differential inclusions.

It should be pointed out that in [14], the authors assumed that the operator B

takes values in D(A), and then the linear operator W defined on L?([0, n];U) (n > 0)
by

Wu = /0" To(n — s)Bu(s)ds

is forced to take values in D(A). Without assuming those conditions on B and W,
we give a generalization to partial neutral functional differential inclusions.

This work is organized as follows. In Section 2, we recall some preliminary results
on multivalued analysis. In Section 3, we extend the existence result obtained in [14]
to partial neutral functional differential inclusions with Hille-Yosida operators of the
form (1.1). In Section 4, we study the controllability of (1.2). The last section is
devoted to the study of some reaction-diffusion inclusions.

2. PRELIMINARY RESULTS ON MULTIVALUED MAPPINGS

In this section, we recall some results on multivalued functions and on the non-
linear alternative for multivalued admissible contractions in Fréchet spaces due to
Frigon [12].

Given a space X, a directed set A, and a metrics d,, @ € A on X, define

PX)={Y CX:Y #0},
Pa(X) ={Y e P(X): Y closed},
Pep(X) ={Y € P(X): Y compact},

and denote by D, a € A the Hausdorff pseudometric induced by d,:

D,(A,B) =inf{e > 0: forallz € A, y € B, thereexist T € A, § € B
such that do(z,7) < e, do(T,y) < &}
with inf @ = 1.

Definition 2.1. A multivalued map F: X — P(F) is called an admissible con-
traction with constants {kq}aeca if for each o € A there exists k, € (0,1) such
that
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(1) Da(F(2), F(3)) < kada(z,y) for all 2,y € X,
(ii) for every x € X and every ¢ € (0,00)" there exists y € F(x) such that

do(z,y) < do(z,F(z)) + 6o forall a € A.

The following result gives sufficient conditions for the existence of a fixed point
for admissible multivalued contractions.

Theorem 2.2 ([12]). Let X be a Fréchet space and V' an open neighborhood with
its origin in X and let N: V — P(X) be an admissible multivalued contraction.
Assume that N is bounded, then one of the following statements holds:

(C1) N has a fixed point,
(C2) there exists A € [0,1) and x € OV such that © € AN (x).

To apply Theorem 2.2, we consider Hq: P(E) x P(E) — R4 U {oco} given by

Hy(A,B) = max(sup d(a, B), supd(A, b)),
acA beB
h A,b) = inf B) = inf .
where d(A, b) inf d(a,b) and d(a, B) inf d(a,b)
Then the space (Pa(X), Hq) is a generalized metric space.
For compact valued measurable multifunctions, we have the following result.

Proposition 2.3 ([10]). IfT'y and I'y are compact valued measurable multifunc-
tions then the multifunction t — T'y1(t) N T'o(t) is measurable.

Theorem 2.4 ([10]). Let X be a separable metric space, (T, T ) a mesurable space,
T a multifunction from T to complete nonempty subsets of X. If for each open set
Vin X, T=(V) = {t: T(t) NV # 0} belongs to T, then I" admits a measurable
selection.

3. INTEGRAL SOLUTIONS

In this section, we establish sufficient conditions for the existence of integral solu-
tions for problem (1.1). We assume that A satisfies the following hypothesis:

(H;) A is a Hille-Yosida operator, namely, there exist My > 0 and w € R such
that (w,00) C p(A) and

My
A —w)n

where o(A) is the resolvent set of A.

IA=A4)7" < for n e N and A > w,
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In the sequel, we introduce the part Ay of A in D(A) defined as

D(Ao) = {z € D(A), Az € D(A)},
Aoz = Az for x € D(Ap).

It is well known that Ay generates a strongly continuous semigroup (7o(t))¢>0 on
D(A).
We define now integral solutions of (1.1).

Definition 3.1. A continuous function y: [—r,a] — E is called an integral so-
lution of (1.1) if there exists a function g € S, = {g € L'(J, E): g(t) € F(t,y:) for
a.e. t € J} such that

fo (s,ys))ds € D(A),
(ii) y(t) = f(tvyt) + (2(0) = £(0,0)) + A f3 (y(s) = f(s,5)) ds + [§ g(s)ds for 0 <
t<a,
(iil) yo = .

Remark 3.2. One can observe that if y is an integral solution of (1.1) then for
all t € [ ] (t) — f(t,y:) € D(A). In fact, t~ fot(y(s) — f(s,ys))ds € D(A) and
¢t fo (s,ys)) ds goes to y(t) — f(t,y:) as t goes to 0. In particular, we get
©(0) — f(O, ) € D(A).

Under additional conditions, we will show that ¢(0) — f(0,¢) € D(A) is also
sufficient for obtaining the existence of at least one integral solution of (1.1).

If an integral solution of (1.1) exists, then it is given as in [4] by

y(t) = f(tye) + To(t)(2(0) = £(0,9))
+ lim To(t — s)Axf(s,ys) ds

A—o0 Jo
¢
+ lim To(t — s)Axg(s) ds,

A—00 0

where Ay = A\(A — A)~!
In the sequel, we assume that the function F': J x C' — P(E) is a Carathéodory
function, namely,
(i) t = F(t, ) is measurable for each ¢ € C,

(if) ¢ — F(t, ) is continuous for almost all ¢ € [0, a],
(iii) for each q > 0, there exists h, € L([0,a]; R) such that

IE ()l = sup{llgll, g € F(t,¢)} < hy(t)
for all ||| < ¢ and for almost all ¢ € [0, a].
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To study the existence of integral solutions, we add the following assumptions:
(Hz) There exists K1 < 1 such that

||f(t7901) - f(t7<p2)

| < Ki|lp1 — 2| for t € [0,a] and ¢1,p2 € C.

(Hs) There exist 9: [0,00) — (0,00) continuous and nondecreasing and p €
L([0,a); Ry4) such that

< d
I1E& o)l < p®)y(le|) for ae. t €[0,a] and p € C vvith/1 TZ(S) = 0.

(Hy) There exists [, € L'([0,a]; R) such that
Ha(F(t,¢1), F(t,¢2)) < la(t)llor — w2 for t € [0,a] and @1, 9 € C,

and
d(0, F(t,0)) <l4(t) for a.e. t €0,a].

Remark 3.3. As an immediate consequence of assumption (Hz), we have the
estimate

(3.1) I, o)l < Ki||e|| + K2 for allt € [0,a] and ¢ € C,

where Ky = sup ||f(¢,0)].
t€(0,al

We give now our main existence result.

Theorem 3.4. Assume that (Hy)—(Hy) are satisfied and let ¢ be such that ¢(0) —

f(0,¢) € D(A). Then problem (1.1) has at least one integral solution on [0, a].

Proof. To prove Theorem 3.4, we consider the operator N: C([-r,a]; E) —
P(C(]-r,a]; E)) defined as
(3.2)
o(t) fort e [—r0]
t
Ny)t) = { TE) +To(0)(e(0) = (0, ¢)) + lim i To(t — 8)Axf(s,ys)ds

A—00
¢
+ lim To(t — s)Axg(s)ds for t € [0,q],
A—00 0

where g € Sp,, = {g € L'(J,E): g(t) € F(t,y;) for ae. te J}.
We will show that N has a fixed point which is then an integral solution of (1.1).
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Claim 1: Let y be a solution of (1.1). Then there exists ¢; > 0 such that ||y|| < ¢;.

Indeed, there exists g € SF, such that for each ¢ € [0, al,

(3.3) y(t) = f(t,y) + To(t)((0) — £(0,¢))
+ )\hm To(t — s)Axf(s,ys)ds
— 00 0

¢
+ lim To(t — s)Axg(s) ds.

A—00 0

Without loss of generality, we assume that My =1 and w > 0. Then

(3.4) |To(t)|| < et fort > 0.

By using (3.1), (3.4) and assumption (Hj3), we get

(3.5) Iyl < (Killyell + K2) + e (1 + K1)l + Ka)
et Lol + K s

t
oot / e~ p(s)ip([lys][) ds.

Hence, for all ¢ € [0, a], we have

t
— Ki)|ly <Ko+e Dle 2 1| e “|lysllds + aKs
(1= K)lly@®)|| < K2+ e < 1+ K)ol + K2 + K ; ys|l ds + aK

i /ote‘“sp<s>w<||ys||>ds}.

The last inequality along with the fact that
ly(s) <l for all s € [=r,0]

implies that

sup_|[ly(s)|| < e“'v(t),
—r<s<t

where v is defined by

1
C1-K

t t
b8 [ pas+ ew8p<s>w<||ys||>ds} for 1 € 0.,
0 0

(3.6) v(t)

{K (4 KDl + Ko+ a)
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Furthermore, v(0) = 1/(1 — K1){(1 + K1)|l¢ll + K2(2 + a)},

(10(t) < wetu(t) + e ta(t) + T2 (o)
< m(t)(e v (t) + (e v(?))),
where m(t) = max{w + K1/(1 — K1),p(t)/(1 — K;)}.
Hence,
e“tu(t) ds B t (e ’U(
/v(O) 5+¢(S)/o esy(s) + (e v(s / mfs)ds < co.

By (Hj), the last inequality implies that (e“*v(t)) is bounded uniformly with respect
to v and we deduce that there exists a constant ¢; such that e“*v(t) < ¢ for t € [0, al.
Let ¢; = max{||¢||,¢1}. Then we have

sup [ly(s)[| <y forall ¢ € [0,a.
—r<s<t

This implies that
lyll < e

Set

Ui ={v e Cll=ra: B)s swp Ol <ea 1}
te[0,a]

We can see that N is bounded. We have to show that the operator N: U; —
P(C(]-r,a]; E)) is an admissible contraction. Let us introduce on C([—r, a]; E) a new
norm ||-||o by

lylla = Sup om WHTEO) 1y 1)),
€[0,a

where 7 will be chosen sufficiently large, and the functions L and [ are given by

and
1(t) = max{ K7, l,(t)}.

Claim 2: N is a contraction, which means that there exists § < 1 such that
Ha(N(y), N(@)) <dlly =ylla fory, 7€ C([-r,a]; E).
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Let y,7 € C([—r,a]; E). Then for each ¢t € [0,a] and h € N(y), there exists g € Sy

such that

h(t) = [t y) + To(t)((0) = £(0, ¢))
+ lim To(t — s)Axf(s,ys)ds

A—o0 Jo
t
+ lim To(t — s)Axg(s) ds.
A—o0 Jq
Assumption (Hy) implies that
Ha(F(t,y(), F(t,3(1)) < la(®)lly: = 7l-

Hence, there exists © € F(t,7,) such that
lg(t) — x|l < la(®)llye — 7|l for ¢ € [0, al.
Let U,: [0,a] = P(E) be given by

Uut) ={z € E: [lg(t) — 2l <la(®)llye = Tell}-

It follows from Proposition 2.3 that the multivalued operator V. (¢) = U,.(¢)NF (¢, 7,

is measurable. Then V. admits a measurable selection g.
Hence, g(t) € F(t,y,) and

lg() =g < la®)lly: = 7|l for ¢ [0, a].

Let h € N(7) be defined for ¢ € [0,a] by

n(t) = f(t.7:) + To(t)((0) — £(0,¢))
+ lim To(t — s)Axf(s,7,)ds

A—o0 Jo
t

+ lim To(t — s)Axg(s) ds.
A—o0 Jo

Then
(3.7) [R(t) = RO < £ (t,y:) = f(£,7,)]

t—S A)\ (Syys)_f(svys))ds

lim

m/
J

lim
A— 00

< (K1 + 2)er Oy g,

(t —s)Ax(g(s) —g(s))ds

329



In fact, assumption (Hs) yields that

(3.8) £t ye) = F@TIN < Killye = 74l
Klewt-l—Tf(t)e—(wt—i-Tf(t)) ||y i §||
K

1O 1y g,

INCININ

On the other hand, by virtue of (H;), (Hz), we get

(3.9) linn / To(t — 8)Ax(F(5,s) — £(5,7.)) ds

A—00

t
<o [ (o) - F(. ] ds
Ot
ée‘*’t/ e Ki|lys — 7l ds
Ot - -
<ot [Us)er e ey — s

t _
= et / 1(5)e” PO |y — Flla ds
0

ewt t

= — [ (L())e"X) dslly — Flla
T Jo

_ lewt-‘rTf(t) Hy o g”a
p

Similarly, by using (Hy), (H4), we obtain

(3.10) ‘ lim /0 To(t — s)Ax(g(s) —g(s))ds|| < e‘*’t/o e | g(s) —g(s)|lds

A—00

t
< [ (o)l - 7l ds
0
o
<e ey - gl ds
0
1 wt+TL(t) —
= —e ly = Ylla-
-
Therefore, inequality (3.7) holds and consequently, we get
_ 2 _
Ih=Hlla < (%1 + =) lly = Tla-
and we deduce by interchanging the roles of y and y that
2
H(N(y), N (@) < (K1 + =)y = 7l
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By choosing 7 large enough such that K7 +2/7 < 1, we deduce that N is a contrac-
tion.

Claim 3: N is an admissible multivalued map.

Let y € C([—r,al; E) and define N: C([—r,a]; E) — Pa(C([-r,a]; E)) by

(t) fort e [—r0],
t

N@)(t) = f(t,y:) + To(t)(0(0) — £(0,9)) + lim i To(t — s)Axf(s,ys)ds,

A—00

¢
+ lim To(t — s)Axg(s)ds for t € [0, qal,
A—o0 Jo

where g € Sk y.

Since F' is a multivalued map with compact values, we can prove as in [9], [14]
that for every y € C([—r,al; E) we have N(y) € Pep(C([—7,a]; E)) and there exists
Yy« € C([—7,a]; E) such that y. € N(y.).

Let y € Uy, € > 0.

If y. € N(y), then ||y, — N(7)|| = 0 and we have

17— yll < [y = NIl + [ly« — All.
Let h € C([—r,a]; E) be such that ||h — y.|lo < &, then
17 = yslla < 7= NYlla + [[y« = hlla <[[7— NYlla + e
If y. ¢ N(y) then ||y. — N(7)|| # 0. Since N(7) is compact, there exists T € N(7)
such that [ly. — N@)| = [ly- — 7| .
Let h € C([—r,a]; E) be such that | T — h||, < €. Since T € N(7), we get
17—zl < [y = NIl + [|Z — Al

which leads to
17 —Zlla <7 — NYlla +e.

Hence, N is an admissible multifunction. Moreover, due to the choice of Uy, there is
no y € OU; such that y € AN (y) for some A € [0,1). We deduce from Theorem 2.2
that N has at least one fixed point which is an integral solution of (1.1). ]
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4. CONTROLLABILITY

In this section, we are concerned with the controllability of problem (1.2). We
start by introducing the following definitions.

Definition 4.1. A continuous function y: [—r,a] — FE is called an integral so-
lution of (1 2) if there exists g € Sp,, such that

fo (s,ys))ds € D(A),

<u> y(t)—f(t,yt)+(¢(0)—f(0,<ﬁ))+f4f§(y( )—f(s,ys)) ds+ [ g(s) ds+ [ Bu(s)ds
for t € [0, al,

(i) yo = ¢
If y is an integral solution of (1.2), then it is given as in [4] by the formula

(A1) y(t) = fty) + To@)(p(0) = fO0,0)) + Jim | To(t = 5)Axf(s,s) ds

A—r00
t t
+ lim To(t — s)Axg(s)ds + lim To(t — s)AxBu(s) ds,
A—00 0 A—00 0

where Ay = A(A — A)7!

Definition 4.2. We say that problem (1.2) is controllable on [0, a] if for any
continuous function ¢ on [—r, 0] satisfying ¢(0) — £(0,¢) € D(A) and for any z; € E
there exists a control u € L?([0,a;U) such that the integral solution y of (1.2)
satisfies y(a) = 1.

In addition to (H;)—(H,), we assume the following assumption:
(Hs) The operator W: L2([0,a];U) — E defined by

a

Wu = lim To(a — s)AxBu(s) ds

A—o0 Jo

induces a bounded inverse W ! defined on L?([0,a];U) \ Ker W.
Let My, M, be positive constants such that

|BIl < My and ||| < Mo,

We are now in position to state our controllability result.
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Theorem 4.3. Assume that (H;)—(Hs) are verified and let ¢ be such that ¢(0) —

f(0,¢) € D(A). If (1 4+ aM;Mee**)K; < 1 then problem (1.2) is controllable on
[0, a].

Proof. According to (Hs), we define for each y(-) and g € SF,, the control

(42) uy(t) =W~ [y(a) = f(a,ya) — To(a)(¢(0) = £(0, ¢))

— lim To(a — 8)Axf(s,ys)ds — lim To(a — s)Axrg(s)ds|.

A—o0 Jo A—o0 Jo
Define an operator N: C([—r,a]; E) — P(C([-r,a]; E)) by

o(t) fort e [-r0],
f(t ) + To(t)(0(0) — f(0,¢))

t t

N(y)(t) = + lim To(t — s)Axf(s,ys)ds + lim To(t — s)Axrg(s) ds
A—00 0 A—00 0

t

+ lim To(t — s)Ax(Buy)(s)ds for t € [0,a].

A—o0 Jo

Clearly, the fixed points of N are integral solutions of (1.2).
Claim 1: Let y be a solution of (1.2). Then there exists ¢z > 0 such that ||y|| < ca.
Indeed, there exists g € Sr such that for each ¢ € [0, al,

y(t) = ft,ye) + To()(#(0) = £(0,9)) + lim | To(t — s)Axf(s,ys) ds

A—00
t

t
+ lim To(t — s)Axg(s)ds + /\lim / To(t — s)Ax(Buy)(s) ds.
0 —oJo

A—00

We can see from (3.1), (3.4), and assumption (Hs) that

(43) Hf(t,ya L T(0)(0(0) — £(0.))

¢ t
+ lim To(t — s)Axf(s,ys)ds + lim / To(t — s)Axg(s)ds
A—o0 0 A—00 0

< (Killyell + Kz) + e (1 + Ka)llg]| + K>)

t t
+e”t/ e*“’S(K1||ys||+K2)018+e“”t/ e " p(s)i([lysll) ds.
0 0
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Moreover, by using (4.2), the same argument as in (4.3) allows us to get the estimate

(4.4) ‘

lim /0 Tyl — ) A (Buy)(5) ds

A—00

< aMleeWt{Hle + Kil|yall + K2 +e“((1 + K1)|[¢ + K2)

a a
rost [Mes i + Ko as e [ populnel) ds)

By virtue of (4.3) and (4.4), we get for t € [0, d]
(1= KO < Ko+ {14 K)ol + (1 )R

@ t
ci [T pas s | e—wp(s)w(nysn)ds}
0 0

+ aMleeWt{llxlll + K llyall + Ko 4 (1 + Ka) ol + K2)

+akaen - e ey s+ e e“p(sm(nysn)ds}
0 0

which implies that

sup ly(s)|| < e'8(t),
—r<s<t

where ¢ is defined by

00 = T Koo [ e peillanl s + 1+ K)llel + 1+ )

+K1/ e“’sllysllderaMle[Hle + Killyall + Ko + ((1+K1)||s0||
0

o A | e-wsp<s>w<||ys||>ds)]}
0 0
with

1
T1-K;

5(0) {K2+(1+K1)||<,0|| +(1+a)Ks

w81 [l ds 4 MM o + Kol + Ko
+ ewa<<1 + KDl + (1+ a) K

w1 [ las s [Tepouinas) ||
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and
1

8(t) = -

(—whae ™" +e™“p(t)e([lyell))-

Since 1) is increasing and w > 0, we deduce that

1
1-K;

(D)1(e'3(1)) < q(t)(e*"0(t) + 1 (ed(1))),

5 (t) < e “p(t)p (e 5 (1)),

(e¥t6(t)) < wets(t) +

1- K, 7

where ¢(t) = max{w,1/(1 — K1)p(t)}.
By (Hs) and since

ea(t) ds . t (ew35(s))/ t
/5<0> s +1(s) 7/0 o=58(s) T ¥(e=3(s)) </0 q(s) ds < oo,

we deduce that there exists a constant ¢s such that

e“'§(t) < fort €(0,al.
This implies that
lyl| < ¢ fort € 0,al.

Let co = max{||¢||,¢2}. Then
[yl < ez

Set
Us = {y € C([-r,al; E): sup |ly@®)| < ca+ 1}.

t€[0,a]

The space C([—r,a]; E) is now endowed with the new norm

ylla = tSH)p]e‘(””“t”lly(t)lh
€(0,a

where the functions I and [ are defined as

and

(4.5) I(t) = max{K1, l,(t), aM; MKy, aM Moe“"||l,]|}.
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Claim 2: The operator N: Uy — P(C([~r,a]; E)) is an admissible contraction.

Let us first show that NV is a contraction.

Let y,y € C([—r,a]; E). Then for each t € [0,a] and h € N(y), there exists

g(t) € F(t,y:) such that

t

h(t) = f(tvyt) + TO(t)(SO(O) - f(oa 30)) + /\h—>12<> 0 TO(t - S)A/\f(sa ys) ds

t
+ lim

A—o0 Jo

t

To(t — s)Axg(s)ds + )\ILIIOIO To(t — s)Ax(Buy)(s) ds.

0

The proof of Theorem 3.4 yields that there exists a function g such that g(¢) € F(¢,7,)

and

lg(®) =g < la(®)llye =Gl for ¢ € [0, a].

Let h € N(7) be defined for each t € [0,a] by

t

A—00

n(t) = f(t.7,) + To()((0) — f(0,)) + lim ; To(t — s)Ax[(s,7,) ds

t
+ lim
— 00 0

Then

(4.6) Ih(t) = R(t)ll

t

To(t — s)Axg(s)ds + ,\h_{{.lo To(t — 5)Ax(Bug)(s)ds.

0

4
< ((1+ aby M) Ky + = e 7Oy — g,
T

In fact, by using the same argument as in inequalities (3.8)—(3.10) we get

t

|t = 5670+ i [ 7ot 9457 6o) = f70) 2
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0
t

+ /\lim To(t — s)Ax(g(s) —g(s))ds
—o0 Jo

2
< (K + 2 )e T Oy — ..
T




On the other hand, using (4.2) and (4.5), we have the estimate

(4.7) lim /0 To(t — s)AxB(uy(s) — ug(s))ds

A—00

t
< aMy Mo K [ly — F| + aMy Mac=?e! / e K |ly — 7] ds
0
t
+ My Myc et / e~ Ll ly — 7| ds
0
t ~
< aMy Mae® KO ||y — 7, + et / I(s)e™ ) |ly — ||, ds
0

t
4ot / i(5)e™ Oy — 7l ds
0

2
< (aMlMgewaKle“t“L“) + et TL“)) 1y = Ylla-
T
Hence, inequality (4.6) is verified and we have
7 wa 4 =
Ih=Rlla < (1 +abiMoe“) Ky + = ) [y = Tl
Consequently, we get
— wa 4 =
Ha(N(y), N (@) < ((1+aM M) Ky + =) [y =

By choosing 7 large enough such that (14 aM;Me“*)K; +4/7 < 1, we deduce that
N is a contraction. Using the same reasoning as in Theorem 3.4, we can show that
N is an admissible multivalued map.

Claim 3: Problem (1.2) is controllable.

By applying Theorem 2.2 and since there is no y € 9U; such that y € AN (y) for
some A € [0,1), we conclude that N has at least one fixed point which is an integral
solution of equation (1.2). O
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5. APPLICATION

The objective of this section is to apply the controllability results of the previous
section to the reaction-diffusion inclusion of parabolic type

D byt 2) — gl (- 2))] — Aly(t.2) — gge(-2))]

ot

(5.1) € Q(t,y(t —r,x)) + (Bu)(t) forte0,a], z € 0,7,
y(t,0) = y(t, ™) for t € [0, al,
y(@,x) = 50(0’55) for 6 € [_Ta 0]; T e [O,TC],

where A is the Laplacian operator on [0, 1], ¢ € C([—r,0]; C([0, n]; R)), g: C([-r,0];
C(]0,7); R)) — C(]0, n); R) is Lipshitz continuous, that is, there exists kg > 0 such
that

lge — gvll < kol — || for ¢,v € C([-r,0); C([0, n; R)),

Q: [0,a] x [0,n] = P(R) is a multivalued map with compact values satisfying
Jk1 > 0: Hy(Q(t,21), Q(t,x2)) < ki|lx1 — x2]] for t € [0,a] and x1, 22 € [0, 7,

and
d(0,Q(t,0)) < ky fort € [0,qa].

B: U — C([0,7]; R) is a bounded linear operator defined on a Banach space ¢ and
u € L*([0,al;U).
It is well known from [11] that A possesses the following properties:

D(A) = {u € C([0,7:R): u(0) = u(x) = 0},
(0,00) C o)),

(A= A)"1 < = for A> 0.

1

A

Hence, assumption (H;) is verified.
Also, if ko < 1, then the function g satisfies assumption (Hs).

Define on [0, a] x C([-r,0]; C([0, x]; R)) a multivalued operator F as

E(t,¢)(x) = Q1 p(=r)(2))-

Then F satisfies (Hy).
Let (To(t))t>0 be the strongly continuous semigroup generated by the part of A
in D(A), define the operator W: L?([0,a];U) — C([0,7]; R) as

Wu = lim To(a — s)AxBu(s) ds

A—00 0

and assume that W1 exists and takes values in L2?([0, a];U) \ Ker W.
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Let My, M> > 0 be such that

|B|| < My and |[W™| < Mo.

Theorem 5.1. Let ¢ be such that ©(0) — g(p) € D(A).
If (1 + aMyM2e**)ky < 1 then the partial neutral functional differential inclu-

sion (5.1) is controllable on [0, al.
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