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Abstract. We study ergodic properties of stochastic geometric wave equations on a par-
ticular model with the target being the 2D sphere while considering only solutions which are
independent of the space variable. This simplification leads to a degenerate stochastic equa-
tion in the tangent bundle of the 2D sphere. Studying this equation, we prove existence and
non-uniqueness of invariant probability measures for the original problem and obtain also
results on attractivity towards an invariant measure. We also present a structure-preserving
numerical scheme to approximate solutions and provide computational experiments to mo-
tivate and illustrate the theoretical results.
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1. INTRODUCTION

Wave equations subject to random excitations have been largely studied in the
last fourty years for their applications in physics, relativistic quantum mechanics
or oceanography, see e.g. [12]-[15], [18], [19], [27]-[30], [34]-[40]. The mathematical
research has paid attention predominantly to stochastic wave equations whose solu-
tions took values in Euclidean spaces, however many physical theories and models
in modern physics such as harmonic gauges in general relativity, nonlinear o-models
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P201/10/0752. This work was partially supported by the Australian Research Council
Discovery Project DP120101886.
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in particle systems, electro-vacuum Einstein equations or Yang-Mills field theory re-
quire the target space of the solutions to be a Riemannian manifold, see e.g. [21]
and [41]. Stochastic wave equations with values in Riemannian manifolds were first
studied in [11] (see also [10]) where existence and uniqueness of global strong so-
lutions were proved for equations defined on the one-dimensional Minkowski space
R1*! and arbitrary Riemannian manifold. Later, in [9], global existence was proved
for equations on a general Minkowski space R'*?¢ with the target space being re-
stricted to homogeneous spaces (for instance, a sphere) and, in [10], global existence
of weak solutions was proved for equations on R!'*! with an arbitrary target. The
last two works admitted rougher noises than in [11], but for the price of not dealing
with the question of uniqueness and of worse spatial regularity of the solutions.

In the present paper, we intend to open the door and enter into the study of
ergodic properties of solutions of these equations. In particular, we are interested
in existence and uniqueness (or multitude) of invariant measures of the Markov
semigroup associated with solutions of a stochastic geometric equation and we also
want to address the questions of ergodic properties and of the rates of convergence
to an attracting law, if there is any.

This goal, however, seems to be fairly complicated and too ambitious to achieve
at once, hence we will proceed a minori ad majus and study just space independent
solutions of a damped stochastic geometric wave equation in the 2D sphere. This
particular exemplary equation is, in our opinion, quite illustrative to understand
what one can expect in the general case. In this way, the stochastic equation will
reduce to a degenerate second order stochastic differential equation with values in
the tangent bundle TS?. We will prove that there exist plenty of invariant mea-
sures and that the system always converges in total variation to a limit law. If we
however restrict the state space to a suitable submanifold in T'S? then there exists
just one unique invariant measure (the normalized surface measure on this submani-
fold) which attracts every initial distribution in total variation with an exponential
rate.

A further goal of this paper is to construct a numerical scheme for solving a class of
SDEs on manifolds—the geodesic equation on the sphere S? with stochastic forcing.
A convergent discretization in space and time for a first order stochastic Landau-
Lifshitz-Gilbert equation where solutions take values in S? is proposed in [3], [4];
the present case is however very different, and the structure preserving discretiza-
tion given in Section 6.1 is inspired by the “discrete Lagrange multiplier” strategy
developed in [6].

Computational examples for the stochastic geodesic equation on the sphere are
provided in Section 6.2 to motivate long-time asymptotics, which is then studied
analytically in the later sections.
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2. NOTATION AND CONVENTIONS

If Y is a topological space, we will denote by B,(Y') the space of real bounded
Borel functions on Y, by Cp(Y) the space of real bounded continuous functions on Y,
by #A(Y) the Borel o-algebra over Y. We will work on a probability space (2,.7, P)
equipped with a filtration (.%;) such that .%y contains all P-negligible sets in %
and W will be a standard (.%;)-Wiener process. Throughout this paper, all initial
conditions are assumed to be .%y-measurable.

3. THE PROBLEM

Let M be a compact m-dimensional Riemannian manifold embedded in a Eu-
clidean space R™. Denote by T},M the tangent space at p € M, by N,M = (T,M)*

the normal space at p € M, by TM = |J T,M and T*M = |J (T,M)¥ the tangent
peEM peEM
bundle and the k-tangent bundle of M, respectively, by S,: T,M x T,M — N, M,

p € M the second fundamental form of M in R™, and let W be, for simplicity,
a one-dimensional Wiener process. According to [11], the general Cauchy problem
for a stochastic geometric wave equation has the form

(3.1) duy = (Au - Z Su(Uay, Ua,) + Sulue, ur) + Fu(Du)) dt + G, (Du) dW
i=1

(3.2) we M, (u(0),us(0)) e TM

where F'is a drift, G a diffusion and Du denotes the (m+1)-tuple (us, ug,, - - -, Uy, ) in
the equation (3.1). For the equation to make sense, it is required that F': T™ M —
TM and G: T™t'M — TM are Borel measurable and that F,(Xo,...,X,,) and
Gp(Xo,...,Xm) belong to the tangent space T,M for every p € M and every
Xo,..., Xm € T, M.

In case M is the unit sphere in R? then the second fundamental form satisfies
Sp(X,Y) = —(X,Y)p. If we set Fj,(Xo, X1, X2) = —X0/2, Gp(Xo, X1, X2) =px Xo
then the equation (3.1) with the constraints (3.2) has the form

1
(3.3) dug = (Au—i— (1Vul? = Jue?)u — §ut) dt +uxu dW, |u| =1, u(0) L u(0).

If we consider just space independent solutions, i.e. solutions independent of the
spatial variables, then (3.3) reduces to an Ito SDE

1
(34)  du = <—|u'|2u - 5@/) At + (u x o) dW,  |u| =1, u(0) L u'(0),
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or, equivalently, to a Stratonovich SDE
(3.5) du' = —|u/|Pudt + (u x ') odW,  |u| =1, u(0) L +/(0),

which is the stochastic geodesic equation for the unit sphere.! Let us rewrite (3.5)
to two equations of first order equations

(3.6) dz = f(2)dt +g(z) odW, 2€TS? 2(0) € TS?

where TS? C RS is the tangent bundle of S?, i.e. TS? = {(u,v): |u| = 1, u L v},
and

o= () - () ()

Remark 3.1. Observe that the restrictions of f and g to T'S? are vector fields on
the manifold 7'S?. Hence (3.6) is a correctly defined stochastic differential equation
on the manifold T'S?, cf. [26], Chapter V.

The equation (3.4) and its equivalent formulations (3.5), (3.6) will be the object
of study of the present paper. It is also important to realize while reading the paper
that (3.4) is a particular case of the stochastic geometric wave equation (3.1)—(3.2).

4. BASIC PROPERTIES OF SOLUTIONS OF THE SDE

We will study existence of global solutions, dependence on initial conditions, some
further qualitative properties of solutions of the equation (3.6) and the Feller property
of the associated Markov semigroup.

4.1. Global existence. The nonlinearities of the equation (3.6) are locally Lip-
schitz on R®, hence, by the standard existence result (see e.g. [26], Lemma 2.1), the
equation (3.6) considered without the constraint,

(4.1) dz = f(z)dt 4+ g(2) o dW, 2(0) € TS?,

has a unique local solution z in R defined up to an explosion time 7 > 0, i.e.,

(4.2) limsup |z(t)| = c0  a.s. on [T < 0.
trr
I The geodesic equation for the unit sphere has the form v’ = —|u'|?u, |u| = 1,

u'(0) L u(0).
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Proposition 4.1. The solution to (4.1) is unique, global and satisfies z = (u,v) €
TS?, i.e. it is a solution to the equation (3.6). Moreover, |v(t)| = |v(0)| for every
t >0 a.s.

Proof. Applying the It6 formula to |u|?, we obtain that ¢ = |u|?> — 1 satisfies
a.s. on [0,7) the ODE

(43) §' = 2P~ 3¢, 60)=0, #(0)=0.

Hence, by the uniqueness of the solutions to the equation (4.3), we obtain that ¢ = 0
on [0,7), consequently, |u| = 1 on [0,7) a.s. In particular, differentiating |u|? = 1,
we obtain that v L v = 0 on [0,7) a.s. Now, applying the Itd formula to |v|?, we
obtain that ¢ = |v|? satisfies on [0, 7) a.s. the equation

/

' = —(1+2(u,0) v + u x vf.
The right hand side equals
— (1420w, o) o + [uf*o® — (u,0)? =0

as v L v and |u] = 1 a.s. Hence |v| is pathwise constant. In particular, 7 = co a.s.
by (4.2). O

4.2. The Markov and the Feller properties. Define Y = R". It is well known
that if f, g are C> vector fields on R™ with a compact support and u¢ denotes the
solution of the equation

(4.4) dX = f(X)dt+g(X)odW, X(0)=¢

for an .#y-measurable Y-valued random variable ¢ then the solutions of the equa-
tion (4.4) possess the Markov property and define a Feller semigroup? on Y by which
we mean that

(a) the transition function
Gt.o(A) =Pu®(t) € A], t>20,z€Y, Ac B(Y)

is jointly measurable in (¢,z) € [0,00) x Y for every A € #B(Y),

2 We allow here a little inaccuracy. More precisely, the semigroup is defined on the space
of bounded Borel functions on Y.
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(b) the endomorphisms on By(Y")
Quole) = Ep(u*(t), 20, 3 €Y, p € By(Y)

possess the semigroup property, i.e., Q; 0 Qs = Q445 for every t, s > 0,

(c) Qi is continuous on Y whenever ¢t > 0 and ¢ € Cp(Y),

(d) E[p(us(t)); Zs] = (Qi—sp)(u(s)) holds a.s. for every p € By(Y), 0 < s < t and
an .%p-measurable Y-valued random variable &,

see e.g. [17], Section 9.2.1. In fact, (a) and (c) follow simply from the fact that
(4.5) Q1 (z) is jointly continuous in (¢, x) on [0,00) x Y if ¢ € Cy(Y),

see again [17], Section 9.2.1, for the proof of (4.5), and the semigroup property (b)
follows from the Markov property (d).
Moreover, if ¢ € C?(Y') with derivatives of order 0, 1,2 bounded then

(4.6) o(t, ) = Qip(z) belongs to C*2([0,00) x Y)

with o, 8o/0t, Do/0xi, 8%0/0x;0x; bounded for every i,j € {1,...,n} and it is
a solution to the backward Kolmogorov equation

U ~70U I~ 0 (. 0U
(4.7) e _;fié)_xi—'—ﬁ Zzgia_%(gja_xj)’ U(0,z) = p() for every z € Y

i=1 j=1

unique in the class C12([0,00) x Y), see e.g. [17], Section 9.3.

Unfortunately, the coefficients of the equation (3.6) are not compactly supported
so we cannot simply conclude that the solutions of (3.6) possess the Markov property
and define a Feller semigroup in the sense (a)—(d) above. Yet, it is true, as it will be
shown below.

Notation 4.2. From now on, z¢ denotes the solution of (3.6) with the initial
condition &, p;(A) = P[z*(t) € A] and Pip(x) = Ep(27(¢)) are defined for ¢ €
By(TS?), t >0, 2 € TS? and A € B(TS?).

Proposition 4.3. The solutions of (3.6) satisfy the Markov property and define
a Feller semigroup on T'S?. In fact, Pyo(z) is jointly continuous in (t,x) on [0, 00) x
TS? for every ¢ € Cy(TS?) and

E[p(z5(t)); Zs] = (Pr_s)(25(s))  aus.
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holds for every ¢ € By(TS?), 0 < s < t and every initial TS?-valued initial condi-
tion &.

Proof. Let us prove the joint continuity assertion first. Assume that (¢,,x,) —
(t,z) in [0,00) x T'S? and let sup,, |xn| I. Let f, g be compactly supported C'*>°
vector fields on R® such that f = f and g = ¢ on the ball of radius / in R%. Now
2% ()] = |an

and hence 2", 2% are also solutions to the equation

< land |2(t)| = |z| <1 holds for every t > 0 a.s. by Proposition 4.1

dX = f(X)dt + §(X) o dW.

So, if ¢ € Cy(TS?) and ¢ € C,(R®) is any extension of ¢ (which always exists by the
Tietze theorem) then

nh—>Holo Ptn<)0(xn) = nh—>Holo [ESE(Zn(tn)) = [ESE(Z(t)) = Pt@(x)

by (4.5).

To prove the Markov property, let £ = (£1,£2) be a T'S?*-valued initial condition
and define &, = (€', €%1je2/<k)). Then & take values in T'S? and by Proposition 4.1,
1284 (t)| = |€k] < VI + k2. Let f, § be compactly supported C* vector fields on RS
such that [ = fand g = g on the ball of radius v/1 + &2 in R® and define Q;¢(y) =
Ep(u?(t)) for ¢ € By(RS), y € RS, ¢ > 0 and u¥ the solutions to dX = f(X)dt +

g(X)odW, X(0) = y. By the first part of the proof, we know that P,p(z) = Qro(x)
holds for every x € TS? such that |z| < V1 + k2, ¢ € By(TS?), p € By(R%), o = ¢

on TS? and t > 0.
Now 2% = u* and if we define Ay = [|¢2| < k] and § € By(R®) extends ¢ €
By(TS?) then

LaElp(2°()); 7] = E[La, (25 (1)); Z]
= E[1a, (2% (1)); Fs] = 1a, Elp(2%(1)); Z]
)aﬁS] = lAk(Qt 590)( & S))

= 14, E[p(u(t (
=14, (P—sp) (2% () = 1, (Pr—sp) (+(5))  as.

by the Markov property of solutions of the equation (4.4). To obtain the result, let
k — oo. O
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5. MULTITUDE OF INVARIANT MEASURES

Now we are ready to prove that the equation (3.6) and, consequently, also the
equation (3.3) have many invariant measures due to the geometric nature of the
equation.

Definition 5.1. Let Y be a Polish space, r; ,(-) probability measures on #(Y)
indexed by (¢,x) € [0,00) x Y such that r; ,(A) is jointly measurable in (¢,z) on
[0,00) X Y for every A € Z(Y) and the operators

Rth):/ odria, 9 €By(Y), t>0
Y

possess the semigroup property on B, (Y'). We introduce the adjoint endomorphisms
R} acting on the space of probability measures on Z(Y):

Riv(A) = / rio(A)dv(z), t>0, Ae BY).
Y
A probability measure v on Z(Y) is called invariant provided that

Riv=v forallt>0and Ac AY).

A probability measure on Z(Y") is called ergodic provided that it is an extreme point
in the convex set of invariant probability measures.

Remark 5.2. To make the meaning of the above definition clear, apply the
Markov property in Proposition 4.3 with s = 0. If £ is an .%y-measurable T'S?-valued
random variable with a distribution v then P;v is the law of 2(¢).

At this moment, we introduce subsets of the tangent bundle T'S?
(5.1) M, = {(u,v) € TS*: || =7}, r=0.

Remark 5.3 (Invariance). If r > 0 and = € M, then 27(t) € M, for every ¢t > 0
a.s. If ju| = 1 then 2(*0)(t) = (u,0) for every t > 0 a.s. These conclusions follow
directly from Proposition 4.1.

Corollary 5.4. Let r > 0. For every t > 0, P, is an endomorphism on By,(M,.).

624



Corollary 5.5. Let x € My. Then 6, is an invariant measure.

We are going to prove that there is more to see than what was disclosed by
Corollary 5.5, on the sets M, as far as invariant measures are concerned.

Remark 5.6. Observe that, for every r > 0, the mappings f and ¢ in (3.7)
are vector fields on the manifold M,. In particular, Proposition 4.1 is now a direct
consequence of the general result [26], Theorem 1.1, Chapter V.

In view of Remark 5.6, we can introduce the following second order differential
operator on M,..

Definition 5.7. Define the second order differential operator

(52) Ap = () + 39(9(0))

for p € C%(M,.) for r > 0.

The next result follows from [26], Chapter V, Theorem 3.1, but, rather than check-
ing the assumptions in [26], Chapter V, Section 3, we will give, for our purposes and
for the reader’s comfort, the short proof here.

Proposition 5.8. Let 7 > 0 and let ¢ € C*(M,.). Then o(t,z) = P,p(z) belongs
to CH2([0,00) x M,.) and satisfies the backward Kolmogorov equation
do
(53) E =Ao on [Oa OO) X My, Q(Ov ) = $.
On the other hand, if o € C%2([0,00) x M,.) satisfies (5.3) then o(t,z) = Pip(x) on
[0,00) X M.

Proof. Let k € N and let fand g be C> vector fields on R® such that f: f and
G = g on the centered ball in RS of radius R = /1 + r2. Denote by u* the solution
of dX = f(X)dt + §(X) o dW, X(0) = = and let Q; be the associated Markov
operators. Let ¢ € C?(R®) be a compactly supported extension of ¢. Then 2% = u*
for every x € M, by Proposition 4.1, J(t,z) = Q:p(x) € C1?([0,00) x R®) by (4.6),
hence J(t,z) = o(t,x) for (t,z) € [0,00) x M,. In particular, p € C12([0,00) x M,.)
and (5.3) holds by (4.7).

To prove the converse assertion, extend o to a function in C12([0,00) x RY), let
t > 0 and apply the It6 formula to o(t — r, z%(r)) for r € [0, t], obtaining

t
e(2%(t)) = 0(0,2"(t)) = oft, x) +/O g9(e)(t —r,2"(r)) dW.

Taking expectations on both sides yields the claim. O
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The next assertion is obvious if @ € R? ® R3 is a unitary matrix with det Q = 1
due to the invariance of the equation (3.6) for positively oriented unitary matrices.
But it also holds if det @ = —1. To prove this, we are going to use the uniqueness of
the solutions of the backward Kolmogorov equation.

Corollary 5.9. Let Q be a 3 x 3-unitary matrix. Denote Q = diag[Q,Q] €
R® ® RS. Then

Pt Qu, A) = p(t, 2, [Q € A])
holds for every (t,z) € [0,00) X M,, every A € B(M,) and every r > 0.

Proof. Let ¢ € C%(M,) and define o(t,z) = Pyp(z) for (t,z) € [0,00) x M,..
Then p verifies (5.3). Now define o(t,z) = o(t, Q) for (t,z) € [0,00) x M,, which
we can do since (Q is a diffeomorphism on M,. Then g € C*%([0,00) x M,.) and

%(tvx) —Ap(t,z) = %(1‘,, va) — Ao(t, @.13) =0 on[0,00) x M, 0(0,) = ¢(Q).

So, from the uniqueness part of Proposition 5.8, we obtain that

(5.4) Pip(Qz) = Py o Q)(x) on [0,00) x M,.

By density of C?(M,.) in C(M,) we get that (5.4) holds for every ¢ € C(M,) and

consequently for every ¢ € By(M,). O
Now we are ready to describe some analytic properties of the Markov semigroup

(P;) on M,.

Theorem 5.10. Letr > 0. Then (P;) is a Cy-semigroup on C(M,.), P,[C*(M,)] C
C?*(M,), C*(M,) is contained in the domain of the infinitesimal generator A of (P;)
and A = A on C?(M,).

Proof. The Cy property follows from the joint continuity in Proposition 4.3 and
the invariance of C?(M,.) under the mappings P, t > 0, from Proposition 5.8. By
the Ito formula,

t
Pip(e) = o(x) + / PuAg)(2)ds, >0, z€ M,
0

so ¢ belongs to the domain of the infinitesimal generator A of (P;) and Ap = Ap.
(I
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Corollary 5.11. Let r > 0. Then there exists an invariant measure with the
support in M,..

Proof. Let 0 be a Borel probability measure with a support in M,.. The semi-
group (P;) is Feller on B, (TS?), the average probability measures 7! fOT Prfds are
supported in M,., hence they are tight and therefore any of its weak cluster points is
an invariant probability measure according to the Krylov-Bogolyubov theorem, see
e.g. Corollary 3.1.2 in [16]. O

We have proved so far that the tangent bundle T'S? decomposes to invariant sets

78* = |J {=z}u | M.,

x€ My r>0

where on each of these sets there exists an invariant measure.

6. NUMERICAL SIMULATIONS

We present a numerical scheme to approximate problem (3.6). It is the consequent
simulations that lead us to conjecture that (P;) restricted to M, attracts every
initial distribution on M, to the normalized surface measure on M,.. In particular,
this would mean that the normalized surface measure on M, is the unique invariant
measure on M,., cf. Corollary 5.11.

6.1. Numerical approximation. Let [}, := {t, })_, denote an equi-distant mesh
of size k > 0 covering [0,7]. The following Algorithm A gives a non-dissipative,
symmetric discretization of (3.4) with solutions {(U™,V™); n > 0}. We denote
dyp™ = ("t — ™) /k. Throughout this section, C' > 0 denotes a constant which
does not depend on k£ and T

Algorithm A. Let (U°, V) be such that (U°,V?) =0, |[U°| =1, |[V° = r, and
define U~! := U® — kVO. For every n > 0, find the R3*3*+1-valued random variable
(Ut vt Antl) such that

An+1

(6.1) vl vy = p—— (Ut U

1
+ Z(U"+1 + U x (VP 4 V™AW,
dtUnJrl _ V'nJrl7
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where Ap 1 W i= W (tyq1) — W(tn) ~ A(0,k), and

1
0 fOI' 5(Un+1+Un71) :O,

(v vt
s+ Uy’
VOVl — 3V
_( V) =35IV for LU +U~1) #0and n = 0.
L+ vy’ i

(6.2) Al — for (U™ + U™ 1) #£0and n > 1,

For our simulations, we use (U°, V) := (u(0),v(0)). Next, we show the existence of
a sequence of triples { (U™, V7L Ant1): (0 < n < N — 1} which solves (6.1)—(6.2).
Definition (6.2) of the discrete Lagrange multiplier \"*! ensures that |[U"T!| = 1
for n > 0; here, the definition of A\! according to (6.2)3 accounts for the fact that
1 # |[U7Y < 1+rk in general. Finally, [Vl = |V!| = |[V? + Ck for all n > 0
is valid, so that the solutions {(U™,V™); 0 < n < N} of Algorithm A inherit the
properties of the solutions {(u(t),v(t)); t € [0,T]} of (3.5) stated in Proposition 4.1.

Proposition 6.1. Let k < ko(r) be sufficiently small. For every n > 0 there ex-
ists an R3*3+1_valued random variable (U™, V"1 A"+l which solves (6.1)—(6.2).
Moreover, the iterates satisfy |U"T1| = |U°|, and |V | = |V for I <n < N -1,
where ||V — |VO|| < Ck.

The proof is by induction, and uses Brouwer’s fixed point argument to show ex-
istence, and a proper “testing” of (6.1) in combination with the definition (6.2) to
verify the given properties.

Proof. Induction assumption. Fix n > 1; for the sake of better presentation,
we consider n = 0 at the end of the proof. Let {(U',V!); 0 <1 < n} be a solution
of (6.1)—(6.2) which satisfies |[U!| = 1 for 0 < I < n and |V!| =7 := |V} < 2r for
1 <1 < n. Further, let k < ko(7) be such that k|V!| < 1/4.

Step 1. Construction of (U™, VTl A\ntl)  In a preparatory step, we define
AL = (U™ + U"1) /2 and rewrite the leading term in (6.1) as
(6.3) Vet v =

(Un+1 TIAL 4 Unfl) _ (AnJrl _ Un)

> =
EN ]

Hence, (6.1) may be rewritten as

1
(6.4) (AMHL ™) = pAn AT 4 5A”“ x (VP L VA, W

ESl )

1
— pATTIATL oAt (V” _ EU”)AnHW.
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Obviously, we have found (U™!, V"*1) once A" is constructed, which is a zero of
the mapping F¢,, R3? — R3,

~ 2 ~ o~ o~ 1
(6.5) FalA) = Z(A=U") = kAo A — A x (V" - EU%)AHHW,
3),

where according to (6.

~ o~ ~ |Vn|2+2k—1(vn7g_Un)
(6.6) Ao,n = Aon(A) == — |11|2 .
Since F,, : R? — R? is not a continuous mapping, we consider a modification Fen
with some 1/8 < e < 1/4, where Xg,, in F§p is replaced by
~ _x VP24 2k (VAU
(6.7) >\5’n = )\E’n(A) = _| | + (V~7 U ).
max{e, |A[?}

(a) Solvability of F¥,(A) =0 for every 1/8 < e < 1/4. The map F¥,: R? — R?
is continuous. Moreover, by computing

2~ 2 pe
S(A-Um, ) > 2 (4] - [UTDIA,

—k(en A, A) = —k[V"2 = 2lV"|(|A] + [U)),

we may conclude by the induction assumption that there exists a deterministic num-
ber R, := R, (7) > 0 such that for k < ko(¥) we have

(F2 (A),A) >0 VAe{AeR® |A>R,}.

By Brouwer’s fixed point theorem, there exists A* such that f;’n(g*) = 0 where
1/8 < e < 1/4. We now show that A* also solves F¢’,,(A*) = 0 provided k < ko(r) <
ko (7). For this purpose, we use the definitions

(6.8) Urtl = 24* — U™ and V= —(Unt - Uy

> =

to write (see (6.1))

Apt! 1
(6.9) VI =V = k== (U U ) 4+ (U U x (VI VT A W,
where
(6.10) A= (v, vert)

max(e, [5UZ T+ U )P}
LR U - U+ U Y)
e
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It now suffices to show that 1 < [(U2T! + U"~1)/2|? = max{e, |$(U T + U 1) 2},
since in this case Xgn(g*) = Xoyn(g*).
(b) A* also satisfies F&'n (A*) = 0 provided k < ko(7). By (6.9), the inverse
triangle inequality, the induction assumption, and for &k < ko (7),
1 1 )
(6.11) E(Ug“r + U

1
Vn+1 5(U"+Un 1 Vn+1+Vn) Un—l

‘*‘2 ‘_‘2
k k

> n—1, _ (Myn Miyntl

> |t = (v + 5V

1k
>1-—-— vt
4 2|6 |

It remains to show that k|V**1|/2 < 1/4. For this purpose, multiply (6.9) with
VL 4+ V™ and use the binomial formula to get

n+1
(6.12) Vo2 — v = k)‘E_(UEn+1 ULyt oy

)\n+1
=l 5 (kVEnJ'_l—l-Un—l-Un_l,Vsn—’_l—l—Vn).

Note that since |a|/ max{e, |a|?} < 1/1/2, we get by (6.10)2

k., 1
st < (= +

g+ o) v < o= (1

so that the following bound follows from (6.12):

- 1 k

(6.13) VI <P+ CJ(’“{l + ﬂ VI 5|Vn|2)
1 Cc2

+ VI U+ U

Ce
£ SR U V),
Consequently, by induction assumption, for k < ko(7), and since 1/8 < e < 1/4,
1
(6.14) Sy <o,

Therefore, we may choose k < ko(7) sufficiently small to validate k|V* 1| /2 < 1/4.
By the arguments given before, this settles the existence of a triple (U"*! Vntl
A1) which solves (6.1)-(6.2) for the index n + 1.
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Step 2. Properties of (U™, V™ +1). We start with showing |[U"+!| = 1. Taking
the scalar product of (6.1); with (U™™! + U"~1)/(2k), using (6.1)2, the binomial
formula, and elementary calculations lead to

1 2 1
(6.15) )\n+1 _(Un-i-l +Un—1) _ 5(dt‘/n-{&’[]n-i-l +Un—1)

= S (U 20 U 2L U — 207, U U

1

= S (U = 2RO V) — 20, U + U R),

By induction assumption, the last term may be replaced by the identity |U"~!|? =

|U™|? = 1. Hence, (6.15) is equal to

1

- 2/4;2(|Un+1|2 U™ = 2k(U™, V™) —2(U", U1 + 2|U" )
1

= S (U7 — U2 = KU V) 4 2K, V™)

= (U 1 2k (v ),

The definition of A"*! in (6.2) then implies |[U"*!| = 1.
In order to verify |V"*1| = 7, we take the scalar product of (6.1); with V! +
V= (U™ — U™ 1)/k and use the binomial formula:

An+1

(6.16) VI = = =

(|Un+1|2 _ |Un71|2) =0.
This settles the inductive argument for n > 1.

Modifications for n = 0.

Step 1'. In order to construct a triple (U, V1, A1), we proceed as in Step 1, with
the following exceptions in (6.6), (6.7), (6.10):

Ll VPR (V) AR
| max{e, |42} - max{e [3(U+ U
The estimate of |V} |> < C(1+7r)? < C(1+7)? in (6.14) follows accordingly since the

additional term —|V°|?/2 in the nominator of A} has modulus 72/2. The remaining
arguments from Step 1 now apply to establish the existence of the triple (U, V1, AL).
Note, in particular, that according to (6.11) we have

1
(6.17) 5(U1+U71) >

N |
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Step 2. A slightly modified version of (6.15) leads to the calculation®

1 2 1
Al 5(U1 +U Y = —(dtvl, ut+u

= oUW = 26U, V) = 2(U°, U 1) + [UT')

2k2
= 2,€2<|U1|2 2k(UT, V) = 2U° + 2k(U°, V) + (U )
1
= Z—kQ((IUlI2 —[U°P) =262 (VI VO) — U+ |U'?)
= 2k2((|U1|2 1) = 2B*(V,VO) — [U°]? + |U°)?
—2k(VO, U + E2VO)?)
= 2k2((|U1|2 1) =22 (V1, VO) + K2 VOP?),

so that |[U!| = 1 now follows from (6.2)3.
Next, we proceed as in (6.16) to bound |V!|. By the definition of U~!, and
(U° VY =0, we have

(6.18) U2 = (U° —kVO, U° — EVO)
_ |U0|2 2]{3(‘/0 UO) +I€2|V0|2 |U0|2 +k2|V0|2

Taking the scalar product of (6.1); with V! +V° = k=1(U! — U~!) and employing
(6.18), and |U'| = |U°| = 1, we obtain

)\1

(6.19) VI VOp =2 X

(UM = [UH7) = k2 VO P,

In order to bound |A!'| we use (6.17) and the triangle and Young’s inequalities:
1

(6.20) A< A([VOV 4+ SIVOR) < @V +4VOP).

Using (6.20) we get from (6.19) that

(6.21) VA2 IVOR + B VORIV + 2[VOP).

Since |VO| = r, it follows from (6.21) that for k < ko(r)
3rd 3rd ’
22 2 VP A+ R < VOl k[ |-
(622) VAR S VPR 4 < (V1 [T

Hence, it follows from (6.22) that ‘|V1| — [V°|| < C(r)k. The modulus of [V!] is
then exactly preserved for n > 0, see (6.16). O

3 Note that U712 = [kV? — U°? need not be 1. By the binomial formula, and since
U, v% =o.
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6.2. Numerical experiments. We use Algorithm A to provide simulations
for (3.4) in the form

di = —|a|*udt + VD (u x @) o AW,

where D is a fixed constant that controls the intensity of the noise term. Instead of
(6.2), we use an equivalent form

_kfl(vn’ Un+1 + U”*l) + %k‘72(1 _ |Un71|2)

6.23 AL = ,
( ) |%(Un+1 + Un71)|2

n > 0.

The above formula is equivalent to the formulation (6.2); since |U'|> = 1,
[ > 0 we obtain for n > 0 that —(V*, U1 + U 1) /k + (1 — U 1|?)/(2k?) =
—(Vr,untt 4 U k= —(Vr, V) (VU 4 U [k = —(V, VL) The
equivalence for n = 0 follows similarly by recalling that (U°, V") = 0. The formula-
tion (6.23) is more convenient for numerical computations, since in this reformulation
the round off errors and errors due to inexact solution of the nonlinear system (6.1)
do not accumulate over time in the constraint |[U™| = 1. The solution of the nonlin-
ear scheme (6.1)—(6.23) is obtained up to machine accuracy by a simple fixed-point
algorithm, cf. [5].

The stochastic process {(U"™, V™), n > 0} is computed by the classical Monte-
Carlo sampling algorithm; we denote by Ny, the number of simulated sample paths
of the corresponding stochastic process. In order to obtain an approximation of the
marginal probability density function of the stochastic process {U™, n > 0}, the unit
sphere S? is divided into segments w;; C S* associated with points

s = (s (55) eos (55). s (55) sn (55) oo (55))

zij = \sin (75 ) cos (75 ) sin (1) sinl 35 ) s (35) )

i=0,...,16,5 =0,...,31 such that w;; = {z € S?; x;; = argmin |z—y,,,|}. For the
Tim

above partition of the sphere, at a fixed time level t,, = nk, we construct a piecewise
constant empirical probability density function f™ (r): S > Rof U" € S? as

#{l; Un’l S wij}
|wii | N

wij = fn(xz]) =

()

fori = 0,...,16, j = 0,...,31, where # denotes the cardinality of the set
and {U™! n > 0} is the [-th realization (sample path) of the stochastic process
{U", n > 0}.

The marginal probability density function f™ of {U™, n > 0} was constructed as
the average of Ny, = 20000 sample paths. For all computations in this section we
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take the time step size k = 0.001 and the initial conditions U° = (0,1,0), V° =
(1,0,0). The marginal probability density function fo associated with the above
initial conditions is a Dirac delta function concentrated at U°.

In Figure 1 we display the computed probability density f" for D=1,T =60
at different time levels. Initially the probability density function is advected in the
direction of the initial velocity V° and is simultaneously being diffused. For early
times, the diffusion seems to act predominantly in the direction perpendicular to the
initial velocity. In Figure 2 we display the time averaged marginal probability density
function f over the last 100 time levels (i.e., we compute f(z) = 145 Tz/k f(x)),

T/k—100
the function ¢, — E[U™] and a zoom at ¢, — E[U"] near the center of the sphere.

ooy ooy ooy ooy

Figure 1. Approximate marginal probability density f™ of {U™, n > 0} for D =1 at times
tn =0,1,1.5,2.1,4.3, 5.5, 10, 60.

The evolution of the probability density { fron > 0} for D =10, T = 60 is shown
in Figure 3. Similarly to the previous experiment the probability density function
diffuses and becomes uniform for large times. Some advection in the direction of
the initial velocity can still be observed, however, the overall process has a predom-
inantly diffuse character. We observe a damping effect which is due to the effects
of the random forcing term, see Figure 7. In Figure 4 we display the time averaged
probability density function f, the function ¢, — E[U"] and a zoom at t,, — E[U"]
for n > 0 near the center.

Figure 6 contains the computed functions of t,, — E[U™] for D = 0.1 and D = 100.
The respective probability densities asymptotically converge towards the uniform
distribution for large times.
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00817
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00765

oorso

Figure 2. Time averaged marginal probability density f of {U™, n > 0} (left), t, — E[U"]
(middle), and a zoom at E[U"] with a sphere with radius 0.01 (right), D = 1.

P P P P

Figure 3. Approximate probability density f™ of {U™, n > 0} for D = 10 at t, = 0,0.9,
1.2,2,3.1,8, 10, 60.

00857
oceze
o704
oors

ooz

2L, 2
<y

Figure 4. Time averaged marginal probability density f of {U™, n > 0} (left), tn — E[U"]

(middle), and a zoom at t, — E[U™] for n > 0 with a sphere with radius 0.01
(right), D = 10.
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Figure 5. The partition of the submanifold M; of TS?: w; in light gray, a segment fyg in

black, the dark gray arc indicates the elements of sz starting from a point in
the down-right corner of w;.

Figure 6. The function ¢, — E[U"] (left), and a zoom near the center with a sphere with
radius 0.01 (right) for D = 100 (black line), D = 0.1 (gray line).

In Figure 7 we show the graphs of the time evolution of the approximate error
EN it — maS>2(|f"(x) — %] for D = 0.01,0.1,1,10,100 with f** being the uni-
TE

max *

form distribution on the unit sphere. The quantity £7 . serves as a measure of the

max
speed of convergence towards the uniform probability distribution fSQ. Note that
the oscillations in the error graphs are due to the approximation of the probability
density. The numerical experiments provide evidence that the probability densities
for all D converge towards the uniform probability density f° for ¢ — co. The prob-
ability density evolutions for decreasing values of D have an increasingly “advective”
character, and the evolutions for increasing values have an increasingly “diffusive”

character. It is also interesting to note that the convergence in time towards the

636



30

25

20

15

10

ot

0
D =100
D=01 " p=1000

0 20 0 60 20 100

Figure 7. Evolution of &Y.y, n > 0 for different values of the coefficient D.

0

uniform distribution becomes slower for increasing and decreasing values of D when
compared with the fastest converging evolutions for D =1 or D = 10.

In the final experiment we study the long time behavior of the pair {(U", V"),
n > 0} for D = 1, Ny = 20000. To this end, we introduce a partition of the manifold
M defined in (5.1). First, we consider a partition of the unit sphere into segments
{wi, i =1,...,6} associated with the points Z; = (£1,0,0), (0,+£1,0),(0,0,£1) in

such a way that x € S? belongs to w; if and only if |z — 7;| = nin |z — z;|. Next,
\]\

we denote by T; the tangent planes to points Z;. Fixing an i € {1,...,6}, the
orthogonal projections of vectors {Z1,...,Ts} onto the tangent plane T; delimit 4
sectors on T;. We subsequently halve each sector obtaining thus 8 equiangular sectors
v}, ...,78 in T;. Now we introduce the following partition of M; into 6 x 8 segments
(see Figure 5): a point (p,&) € TS? belongs to Mlj if p € w; and the orthogonal
projection of £ onto the tangent plane T; belongs to the sector 'yf . The approximate
probability density function f}\l/fl of {(U™ V™), n > 0} is computed analogously to
the marginal probability density function f™ of {U™, n > 0}. It can be verified by
symmetries of this partition that the normalized surface volume of each M. Zj is equal
to 1/48. For n = 60000 (i.e., at time ¢,, = 60) we have fori =1,...,6,j=1,...,8
that #{l; U™ € w;} € (3380,3260) ~ Ny/6 = 3333 and that #{I; (U™, V™) €
Mf} € (386,455) &~ Ny, /6/8 = 417, see Figure 8 left and Figure 8 right, respectively.
This result indicates that the pointwise probability measure for (U™, V™), n > 0
converges to the invariant measure 7 which is the uniform measure on the set M;.
Figure 9 reveals that the (suitably rescaled) approximate error €y, .. = ‘ f}\}l - 7|
for U™.
Moreover, it seems that the convergence of the error in time is exponential, see

for {(U™, V™), n > 0} has evolution similar to the corresponding error &7 .

Figure 9.
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Figure 8. Probability density function f}\‘/h of {(U™, V™), n >0} at time T'= 60 (left and
middle), and the evolution of tn, — [, E[V"],i=1,...,6, n > 0 (right).

1.2

0.8
0.6/
0.4] |

0.2

0

0 2 4 6 8 10 12 14

Figure 9. Time evolutions of £y, 1,y (vescaled) and Emax, n > 0.

7. INVARIANT MEASURES ON M,., r >0

It is known that equations on manifolds with non-degenerate diffusions have
a unique invariant probability law, that this invariant measure is absolutely continu-
ous with respect to the surface measure, and the density is C'°°-smooth and strictly
positive, see e.g. [2] or [26], Proposition 4.5. Unfortunately, the equation (3.6) on M,
has a degenerate diffusion — there is just one vector field ¢ in the diffusion but M, is
a 3-dimensional manifold. In other words, there is not enough noise in the equation
in order the above cited results on the nice ergodic behavior could be applied in
our case. We must therefore proceed in another way to confirm the conjectures of
Section 6.

Convention 7.1. In the present section, we restrict the operators (P;) and (P})
to the invariant space M, where r > 0 is fixed. More precisely, the operators (P;)
are understood as endomorphisms on By(M,) and (P}) are endomorphisms on the
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space of probability measures on #(M,.), cf. Theorem 5.10. Also M, is understood
as a submanifold in RS.

Notation 7.2. We denote by A, the normalized surface (Riemannian) measure
on M,.

7.1. Uniqueness. We are going to prove, using the geometric version of the
Hormander theorem A.3, that A, is the unique invariant measure on M,.. But let us
first, before we proceed with the study of the qualitative properties of the adjoint
Markov semigroup (P;*), establish some further geometric properties of the drift and
the diffusion vector fields f and g defined in (3.7).

Lemma 7.3. M, is a connected 3-dimensional submanifold in R® and the vector
fields f and g on M, satisfy

0= (5" ) la A= ol Sl =, divf =divg = divlg,f] =0

where [-, ] is the Jacobi bracket.

Proof. Obviously, any (p,&1) and (p,&2) in M, can be connected by a rotation
curve in the circle {(p,&): € L p, |¢] = 7} and if |[p| = |¢| = 1 and v: [a,b] — S?
is a curve connecting p and ¢ with || = r then I' = (v,%) is a curve connecting
(p,¥(a)) and (g,%(b)) in M,.. Altogether, any two points in M, can be connected by
an at most two times broken curve.

Observe that f, g and [g, f] are orthogonal tangent vector fields on M,.. If we define
Ey = f/(r? +r)Y2 By = g/r, B3 = |G, F]/r then {Ey, Es, E3} is an othonormal
frame on M, and

3
diVY:Z<dEjY,Ej>RG 207 YE{f,g, [fag]}
j=1

where dx Y (p) = lim ¢ [V (p + £X) = Y (p))- -
—

Notation 7.4. Let S',...,S™ be vector fields on a manifold M. Denote by
(S1,...,8™) the smallest algebra for the Jacobi bracket [X,Y] = XY — Y X that
contains {S1,..., 5™} and denote

LS ..., 8™)(p) ={S,: SeZ(S',....S™}CT,M, pe M.

Corollary 7.5. Z(f,g)(z) = T.M, holds for every z € M,.
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The following result is known* but we can give its straight analytic proof in few

lines now.

Proposition 7.6. A probability measure v on (M, ) is invariant if and only if
(7.1) / Ahdv =0 for every h € C*(M,)
M,

where the operator A was defined in (5.2).

Proof. This is an immediate consequence of the Cy-semigroup property of (P;)
on C(M,), the invariance of C?(M,) under the mappings (P;), t > 0, the fact that
P,oA= Ao P, on C?(M,) for every t > 0, and the density of C*(M,.) in B,(M,)
which was all proved in Theorem 5.10. ([

Proposition 7.7. Let R € C?(M,). Then the measure dv = Rd\, satisfies (7.1)
if and only if R is constant on M,..

Proof. Using the standard formulae
/ Yhd\, = —/ hdivY dA,, div(hY)=Y(h)+hdivY
M, M,

that hold for any smooth vector field Y on M, and any smooth function A on M,,
applying Lemma 7.3 and Proposition 7.6 and using the fact that C2(M,.) is dense in
LY(M,,)\,), we get that v satisfies (7.1) if and only if the identity

(7.2) fR=o(oR)

holds on M,. But

1 1
R(fR— =g(¢R d)\r:—/ gR|? d)\,
/M,,. (17~ gotom)ar =5 [ 1om

as f and g are divergence-free, so we conclude that (7.2) holds if and only if gR =
fR=0. If R is constant, this equality surely holds. For the converse implication, by
definition of the Lie bracket, [g, f]R = 0 holds. Since f,, g. and [g, f]. span T, M,
for every z € M, by Lemma 7.3, we obtain that R is locally constant. But M, is
connected by Lemma 7.3, hence R is constant. 0

4See e.g. (4.58) on page 292 in [26].
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Theorem 7.8. )\, is the unique invariant probability measure on M,..

Proof. Let v be an invariant measure. Since (7.1) holds and the geometric
version of the Hérmander theorem A.3 is applicable due to Corollary 7.5, we conclude
that v has a smooth density R with respect to .. But then R = 1 on M, by
Proposition 7.7. U

8. THE TRANSITION PROBABILITIES ON M,, r > 0

In this section, we continue the study of the Markov semigroup (P;) and its adjoint
semigroup (F;") restricted to M, as set forth in Convention 7.1, with r > 0 fixed.
We are going to show that the transition probabilities p; , restricted to Z(M,) for
x € M, are absolutely continuous with respect to the normalized surface measure
Ar on M, for every (t,z) € (0,00) x M, and that the density p(t,z,-) satisfies
p € C*((0,00) x M, x M,). The density p(t, z,-) should be denoted by p,(¢,x,-) to
indicate the dependence on r > 0 but we will not use this notation since r is fixed
in this section and we will not use the densities elsewhere in this paper.

An expert could be simply advised to apply the abstract results based on the
geometric Hormander theorem in [24], Theorem 3, but we prefer to guide the reader
through, to explain the actual structure of the problem better.

For, let us define the adjoint operator

(8.1) Ah=—f() + Solg(h), h e C*(My)

to the operator A defined in (5.2). Indeed, by Lemma 7.3,

(8.2) / (.Ahl)hg d)\,« = hlA*hQ d)\,«, hl, hy € CQ(MT)
M,

M,

as f and g are divergence-free on M,..

Theorem 8.1. The transition probabilities p;, are absolutely continuous with
respect to the normalized surface measure A\, on M, for every (t,z) € (0,00) x M,,
and the density p(t,z,-) satisfies p € C*°((0,00) x M, x M,).

Proof. Consider the Riemannian manifold N = (0,00) x M,. x M, and define
the Radon measure

Ir'A) = /0 /M/M 14(t, 2, 2) dps »(2) AN (z) dt
_ [E/O /MT La(t,z, 25(8) dtd) (z), A € B(N).
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Every function h € C*°(N) has variables (¢, z, z) and we are going to indicate by A,
that the operator A is applied to the variable z and by A% that the operator A* is
applied to the variable = of the function h(¢, x, z).

By the It6 formula,

(8.3) / / oH | AH) dpredt =0, H e 0, ((0,00) x M,)

holds for every x € M,., hence

(8.4) / (?;Z + AL h) AT =0, heCu,(N).
Let hy € Cogyp(0,00), ha, hy € C°°(M,) and define H(t, z) = hi(t)ha(z), h(t, z,2) =

h1(t)ha(2)hs(z) and v(t,x) = Pihg(x). Then

/(%JFA* dI‘ // —+A* )vdA dt
// ——+Av)d>\rdt:0

by (5.3) and the duality (8.2). In fact,

(8.5) /(% A )dr:o, heC2 ()

by a density argument as shown in Proposition B.1.
Altogether we have obtained that

ah * o0
/(25+A h+Ah)dF70 h € Cony(N).

In order to apply the geometric Hérmander theorem A.3, we define the vector fields

2 0 0
Y(t,z,2) = —f(x) |, X'(t,z,2)= | g(x) |, XQ(t,x,z) = 0
f(2) 0 9(2)

where the vector field Y corresponds to the operator h — 20h/0t — f.(h) + f.(h),
the vector field X! to the operator h — g,(h) and the vector field X? to the operator
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h+ g,(h). Defining also h = [g, f] on M,, we get by Lemma 7.3 that

0 0
[KXl]: h(z) | [KXQ]:_ 0 ) [XlaXQ]:Ov [K[YaXl]]:_TQXla
0 h(z)
0
[Yv [Ya XQH = _T2X2a [Xla [Yle]] = - f(:L’) ) [le [Ya XZH =0,
(X2 [V, XY =0, XL, X=( 0 |, [V,X',[y,X?]=0.

f(z)
At this stage we see that
LY, X X?)(t2,2) =R x TyM, x T.M, =Tj , N, (t,z,2) € N,

so the geometric Hormander theorem A.3 is applicable and I" has a smooth density
p € C*°(N) with respect to dt ® A\, ® A,

Let ¢ € C(M,). Then, by the standard measure theoretical properties of integrals,
(36) Pip@) = [ e@pltin) dr ()

M,

holds for dt ® A, a.e. (t,x). But since both sides are continuous in (¢,z) (the right
hand side by Theorem 5.10), the identity (8.6) holds for every (¢,z) € (0,00) x M,.
By standard procedure, we extend (8.6) to hold for every ¢ € By(M,) and every
(t,x) € (0,00) X M. O

The following result recasts Corollary 5.9 in terms of the transition densities.
Corollary 8.2. Let (Q be a 3 x 3-unitary matrix. Denote @ = diag|Q, Q]. Then
p(t,z,y) = p(t, Qz, Qy)

holds for every (t,z,y) € (0,00) X M, x M,.

Proof. We just realize that @ is a measure preserving diffeomorphism on M,
(as a restriction of an isometry on R®) and then apply Corollary 5.9. ]

9. CONTROLABILITY IN M,., r >0

In this section, we are going to examine the supports of the probability measures
Do on B(M,) for x € M,. Again, in this section, the Markov semigroup (P;) and
its adjoint semigroup (P;) are restricted to M, as in Convention 7.1, with » > 0
fixed.
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Theorem 9.1. Let t > 2n/r. Then supp p;, = M, holds for every x € M,.

9.1. General support result. Let x € M, and denote by V** the solutions of
the ordinary differential equation

(9.1) X' = f(X) +al)g(X), X(0) ==z

on M, where a € L ([0,00)) and f and g are defined in (3.7).

loc

Remark 9.2. It can be checked analogously as in the proof of Proposition 4.1
that the solutions V*® take values in M, and are therefore global.

The next lemma tells us that, to describe the support of the probabilities p; 5 for
x € M, it is sufficient and necessary to study solutions of the ordinary differential
equation (9.1).

Lemma 9.3. Let t > 0 and x € M,.. Then

M,

(9.2) supp prr = {V®2(t): a € L1(0,t)}

Proof. Let f, g be smooth compactly supported vector fields on RS and denote
by p the law of the solution of the equation

(9.3) dX = f(X) + §(X)odW, X(0)=uz

on Z(C([0,];RY)). Let also a € L'(0,t) and denote by v* the solution of

(0.4) X' = J(X) + a(®F(X), X(0)=a.

Then, according to the Support theorem of Stroock and Varadhan [42] (see also [1],
[7], [8], [22], [31] for generalizations or shorter proofs),

supp u = {v®: a € L1(0,t)}

where the closure and the support are taken in C([0,¢]; R). Since v — v® uni-
formly on [0, if a, — a in L'(0,¢) and A is a dense subset in L'(0,¢), it also holds
that

supp u = {v*: a € A}.
To get back to our problem (3.6), let f, g be smooth compactly supported vector
fields on R® such that f = f and § = ¢ on the centered ball in R® of the radius
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R = |z|. Then the solution X coincides with z* being the solution of (3.6) with
2%(0) = x. Also, by uniqueness, V%% = v®. Thus we conclude that

(9.5) supp(Law z%) = {V#e: ¢ € LY(0,t)}

where both the support and the closure are taken in C([0,t]; M,) being a closed
subset of C([0,t]; RY).
Now consider the projection m: C([0,t]; M) — M,: & — &(t). Since m is con-

tinuous,

m[supp(Law z*)] = supp(Law m;(z")) = supp pts,

and by continuity of m; and (9.5), we also have

7t [supp(Law 27)] = m [{V®2: a € L1(0,t)}] = m[{V®2: a € L1(0,1)}]
={V=a(t): a € L'(0,t)}.

9.2. The control problem. In view of Lemma 9.3, it remains to prove that the
ordinary differential equation (9.1) can be controlled to hit every point in M, after
time 2nt/r. It turns out that it is necessary to enter deeper into the geometry of the
2D sphere.

For, consider the equation (9.1) with a constant control a € R

(9.6) w’ = —|w' Pw 4 aw x w'
and with the initial condition w(0) = p, w’'(0) = £ for x = (p,&) € M,. It can be

guessed (and consequently checked) from the rotational symmetries of (9.6) that the
unique solution has the form

(9.7) w™(t) = %El + %EQ cos(bt) + %E?, sin(bt),
wa _ 01 ga_ TG wa 1
By = bp+bp><§, E, =3P rbp><§, E; —r§

where b = V/r2 + a?. Since {E]"*, E3", E3"} is orthonormal with det(E}"", E3™,
E3®) = 1, we deduce that w®? is a parametrization of a circle on S? with the
derivative of constant length r.
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Lemma 9.4. A C?-smooth curve such that |w|gs = 1 and |w'|ps = r satisfies the
equation (9.6) for some control a € R if and only if it parametrizes a non-degenerate
circle® on S?.

Hence, solutions of (9.6) can be regarded as oriented circles in S2.

Notation 9.5. In the sequel, we are going to consider pairs (K,Y’) where K is
a non-degenerate circle in S?, i.e. K is understood as a one-dimensional submanifold
in §?, and Y is a vector field on the manifold K with |Y,| = r for every p € K,
i.e. Y determines an orientation of the manifold K. Such pairs are going to be called
“oriented circles” in S? for simplicity.

Remark 9.6. Any non-degenerate circle K in S? can be described in a unique
way as K = (v + P) N'S? where P is a two-dimensional subspace in R?, v € R3 is
perpendicular to P and |v] < 1. Here the vector v is the center of the circle K and
P is the plane of the circle. Obviously, if € R? then K = (v + P) N'S? if and only
ifv —v e P. Also

T.K={peP:plz}={peP:pl(z—v)}), zekK.
If we define = /1 — |v|2, {p1,p2} is an orthonormal basis in P and

Y;: [—<Z7p1>p2+<2,p2>p1], ze K

Sl

then {Y,—Y} are the only two vector fields on K of length r.
Lemma 9.7. Let z = (p,£) € M, and define the circle on S?
K = (p +span{FEy*, E3*}) N S?
in the notation of (9.7) and the vector field on K of length r
Y(z) = =b(z, E")Ey " + b(z, E3"YE3, z€ K™

where b = v/72 4+ a2. Then K is the orbit of w*® and Y (w*?) = (w**)" holds on R.

The following technical result tells us that we can move continuously from one
element in M, to another, along two oriented circles in S? with just one “switch”
from one circle to the other.

5 Here “non-degenerate” means that the radius of the circle is strictly positive.
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Proposition 9.8. In the terminology of Definition 9.5, let (K,Y") be an oriented
circle in S? and let (p, &) € M, satisfy p ¢ K. Then there exist 2 € K and an oriented
circle (T, B) in S? such that z,p €T, B, =Y, and B, = ¢.

Proof. Denote by Q. the vector space generated by {p—z,Y,} for z € K. Since
p—z and Y, are linearly independent, @, is two-dimensional. Now T, = (p+Q.)NS?
is a non-degenerate circle in S? as it contains two distinct points p, z € S?. Fixing
z € K, we are going to show that there exists a vector field B of length r on T, such
that B, =Y,. For, if we define

R, = r2(p—z) —{p—2Y.)Y,, z€eK

then R, # 0 by the linear independence of {p — z,Y,} and we can set V, = R,/|R.|.
So {V,,771Y.} is an orthonormal basis in Q.. Let g, be the orthogonal projection
of p onto Q. and define p, = p—q,, 0, = /1—|p.[2. So T = (p. + Q.) NS2
According to Remark 9.6,

1
B.(1) = 9—[<7’, YOV, = (1, V)Y.], T7€T.
z
is a vector field of length r on 7. Since z — p and z — p, belong to @, and p, 1 @,
we have z = p, + (2, Vo)V. +1772(2, Y)Y, = p. + (2,V.)V. as z L Y, hence

1=z = |p + (2, V2)%, 0. = [(2,V2)].

But
|R.|(2,V2) = (2, R.) = r*(z,p— 2) = *({2,p) = 1) <0

so we conclude that 0, = —(z, V). From this we obtain that B,(z) = —0;(z,V,)x
Y, = Y,. Eventually, B,(p) = [(p,Y2)V. — (p,V;)Y.]/0,. It remains to prove that
the mapping L: K — {¢ € T,S?: |(| = r} defined by L(z) = B.(p) is a surjection.
Since K and {¢ € T,S*: |[¢| = r} are homeomorphic with S! and L is continuous,
it is sufficient to prove that L is locally injective by Proposition C.1. Here we can
easily see that L, spans the one-dimensional vector space Q. N {p}=.

So let us study the injectivity of L. Let K = (v + U) N'S? where U is a two-
dimensional subspace in R?, v L U and |v] < 1. Let 23 € K. Then there exists
an orthonormal basis u1, uz in U such that z; = v + u; where 1 = |v|2 + €2 and
Y (z1) = rug. If 2o € K satisfies 21 # 2z then there exists a unique A € (—n, 7] \ {0}
such that

2o = v+ &ug cos A + Eug sin A

and, consequently,
Y (22) = r[—uy sin A + ug cos A].
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Then @., N @, is a one-dimensional space spanned by
A= (21 —p)sinA + é(l —cosA)Y (z1) = (22 — p)sin A — g(l —cos A)Y (z2).
Obviously, the vector A belongs also to {p}~ if and only if

(9.8) AN j“;iA = 1§_<p<’p“2’z>1>.

Now ¢: (—mn, 7]\ {0} — R is a bijection and the right hand side of (9.8) is bounded
by a constant Cp i irrespective of z1, 22, uj or ug, as p ¢ K. So A satisfying the

identity (9.8) must verify |A| > ¢, > 0 and, consequently, |21 — 22| > €], - > 0. In
particular, L is locally injective and, consequently, L is surjective. The identity (9.8)
then also implies that

{z € K\{z1}: L(2) € {~L(21), L(z1)}} = {2 € K\ {1} dimQ., NQ:N{p}* =1}

contains exactly one element zo which, by surjectivity of L, must satisfy L(z1) =
—L(z2). In particular, L is injective. O

9.3. Proof of Theorem 9.1. Let (p1,&1), (ps,&3) € M,. We are going to show
that, choosing a suitable piecewise constant control a in the equation (9.1), we can
reach (ps,&3) from (p1,&1) by the solution (9.1) with this control @ in any time
T > 2n/r. We are going to proceed in steps.

First let a; = 0 and move (p1,&1) along the solution of (9.6) with the constant
control a; to some (p2,&2) in a very short time just to arrange ps # ps.

Next let as be an extremely large constant control so that the orbit K5 of the
solution w(P2:¢2):92 does not contain p3. This can be done by choosing a large control a
as the diameter of the orbit is 2r/v/r2 4+ a2 by (9.7). This solution defines an oriented
circle (Ko,Ys) in S§? and p3 ¢ K,. Hence, by Proposition 9.8, there exists an oriented
circle (K3,Y3) in S? such that z € Ko N K3, p3 € K3, Ya(2) = Y3(2) and Yz3(p3) = £3.
This circle K3 is associated with a control az € R.

Let a be the piecewise constant control with steps a1, as and a3 at times 7y, T
and 73 so that the solution X to (9.1) with this control satisfies X (0) = (p1,&1),
X(m1) = (p2,&2), X(72) = (2,Y2(2)) = (2,Y3(2)) and X (73) = (p3,&3). Now 71 was
as small as we wanted, 72 — 71 too because as was large and the periodicity of the
solutions to (9.1) with a constant control a is 21/v/r2 + a2 by (9.7). Hence 75 — 75 is
not larger that 2n/r since we do not let the solution run the full period. Altogether,
T3 < T.

Let as € R be a control such that T'— 75 € {2nk/\/r2 4+ a?: k > 0} and let a = ay
on (13, T]. Then X(T') = X(73) = (p3,&3). In other words, we let the solution revolve
to wait for the time 7', to wind up at the point of the departure (ps, £s3). (I
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10. EXPONENTIAL ERGODICITY IN M,, r >0

In this section, again, we consider the Markov semigroup (P;) and its adjoint
semigroup (P;") restricted to M, as in Convention 7.1, with r > 0 fixed. We are
going to prove the exponential convergence to the invariant measure A, in total
variation via the Doeblin theorem and a minorization condition due to [32] and [33].

Lemma 10.1. The transition densities satisfy p > 0 on (2n/r,00) X M, x M,.

Proof. We develop the idea of [33], Section 5.2, and the proof of [32], Lemma 2.3.
According to Theorem 8.1, the transition densities p(¢,z,-) are smooth in all three
variables. Let ¢ > 2n/r and t2 > 0 satisfy ¢ = 1 + to. Let also xg,yo € M, be such
that p(t2,-,-) > € on a neighbourhood Oz, x Oy, for some ¢ > 0. Then, from the
Chapman-Kolmogorov identity,

plt,z,) = /M p(trs 2, 2)pltz, 2, ) dAv (2)

r

> ep(ti,,04,) >0, € M,, yec O,

since the support of p¢,  is M, by Theorem 9.1. Now if p(¢,x1,y1) = 0 for some
21,71 € M,, let Q@ € R? ® R3 be one of the two unitary matrices for which Q =

Q & Q = dlag[QaQ] satisfies @yl = Yo- Then 0 = p(taxlayl) = p(tvéxlvyO) by
Corollary 8.2, which is a contradiction. ([

Theorem 10.2. There exist positive constants c,, o, such that
(10.1) |Pfv — M|l < cre™ v =N, t=0
holds for every probability measure v on %B(M,), where ||| is the norm in total
variation on M,..

Proof. Set 7 = 4n/r. According to Lemma 10.1, there exists ¢ > 0 such that
Dra(A) = €A (A) holds for every x € M, and every A € ZA(M,). Hence, by the
Doeblin theorem®, (P;) has a unique invariant probability measure y on M, and
there exist positive constants ¢, and «,. such that

1Py = pll < ere™ llv = pll, >0

holds for every probability measure v on Z(M,). But A, is the unique invariant
probability measure on M, by Theorem 7.8. O

6See e.g. [20], Theorem 4, for a particularly simple proof of the Doeblin theorem.
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11. INVARIANT MEASURES AND ATTRACTIVITY ON T'S?

In this last section, we are going to study the global dynamics on the full target
space T'S?. We will identify the set of invariant probability measures on Z(T'S?), the
set of ergodic probability measures on %(TS?), and it will be shown that the dual
Markov semigroup is always attractive.

Notation 11.1. Extend ), from %(M,) to B(T'S?) in the unique way to obtain
a probability measure on B(TS?), i.e. A+ \.(ANM,). Let us denote this extension
still by A,.

Definition 11.2. If v is a probability measure on T'S?, we define the probability
measures

v (U) = v{(p, &) e TS?: |(| € UY, U € A([0,0)),

7(A) = v(AN M) +/ A(ANM,)dv., Ae B(TS?)
(0,00)

in the notation of (5.1).

Remark 11.3. One can check by the definition of A, that the mapping r —
A-(A N M,) is Borel measurable on (0,00) for every A € %(TS?) by the Fubini
theorem.

Theorem 11.4. Let z be a solution of (3.6) on T'S? with an initial distribution v
on B(TS?). Then the laws of z(t) converge in total variation on TS? to v ast — oo.
Moreover, v is invariant for (3.6) if and only if v =¥ and {0, A\r: © € My, r > 0}
is the set of ergodic probability measures for (3.6).

Proof. Let F: [0,00) x B(TS?) — [0,1] be a regular version of a conditional
probability measure v(-; |£] = r) on B(TS?) for r > 0, i.e., F(r,-) is a probability
measure on Z(TS?) for every r > 0, F(-, A) is Borel measurable on [0, c0) for every
A€ B(TS?) and

(11.1) VAN {(.9): Il €UY) = [ Pl A
holds for every A € #(TS?) and U € %[0, 00). The equality (11.1) implies that

w2 [ e o - /[Om)( [ ) an)) ane)
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holds for every bounded measurable h: [0,00) x TS? — R. In particular, setting
h(r,p,€) = 1;,—|¢|, we obtain that v,(O) = 1 where O = {r > 0: F(r,M,) = 1}.
So (11.2) implies that

(Pt*y)(A):/TSZ p(t,x, A du—/ </M p(t,x, A)dF, (x )> dv,(r)

r

= [R)Aan ) av.)
— V(AﬁMo)Jr/ (PYE)(ANM,)dv.(r)
ON(0,00)

holds for every ¢t > 0 and A € Z(TS?). By a contradiction argument, we get that
Pjv converge in total variation on T'S? to ¥, by Theorem 10.2.
To prove the invariance part of the claim, realize that

/ hdz?z/ hd1/+/ </ hd)\r>du*
TS2 Mo (0,00) \J M,

holds for every bounded measurable : TS? — R by the definition of the measure 7.
Hence, setting h(z) = p(t,z, A), we get that

(Pf)(A) =v(AN M) + / A(AN M) dv, = 0(A)
(0,00)
holds for every A € %(TS?) by Theorem 7.8. In particular, 7 is invariant. If v is
invariant then v = tlggo P}v = v by the first part of the proof.

Concerning the ergodic measures (according to Definition 5.1), the probability
measures {d;, Ar: © € My, r > 0} are invariant by the second part of the proof and
ergodicity follows from Remark 11.5 as ergodic probability measures are the extremal
points of the set of all invariant probability measures (see e.g. Proposition 3.2.7
n [16]). Indeed, the probability measure v, is ergodic for (3.6) if and only if a is an
extremal point in the convex set of probability measures on %(Mq U (0,00)). This
occurs if and only if a is a Dirac measure, i.e. either a = ¢, for some « € M (hence
Vg = 05) or a = ¢, for some r > 0 (hence v, = A,). O

Remark 11.5. Invariant measures for (3.6) can be uniquely described as measures

va(A) = a(AN M) + / M(ANM,)da, Ac B(TS?)
(0,00)

where a is a Borel probability measure on the Polish space” X = My U (0, 00), i.e.,
G C X is open if and only if GN M is open in My and G N (0, c0) is open in (0, 00).

7 Topological spaces that can be metrized by a complete separable metric are called Polish
spaces.
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X is Polish as so are My and (0,00). The assignment a — v, is a bijection onto the
set of invariant probability measures.

APPENDIX A: LIE ALGEBRA

Let U be an open set on a C°°-manifold.

> The set .Z of all smooth tangent vector fields on U is a vector space with the
Jacobi bracket. Any vector subspace of £ closed under the Jacobi bracket is
called a Lie algebra.

> If X is a set of smooth tangent vector fields on U, then we denote by Z(X) the
smallest Lie algebra containing X.

> If AC . and p € U, then we define A(p) = {A,: A € A}.

Proposition A.1. Define Ly = span{X} and L,, = span{L,,_1 U{[A,B]: A,B €
L,_1}}. Then | L, = Z(X).

Proposition A.2. Let Xi,...,X,,,Y € £ and let f; € C*°(U). Then

L(X1,. . X, Y (p) = .,sf(Xl,...,Xm,Y+ijXj)(p), peU.

j=1

m
Proof. Let us write A' = {X1,...,X,,,Y}, A% = {Xl,...,Xm,Y—f— > ijj},

K
¢ = {thLk: hy € C°(U), Ly € Z(A"), K € N}-
k=1

Apparently, €* is a Lie algebra for i € {1,2}, A* C 7 whenever {i,j} = {1,2},
hence .Z(A%) C €7 whenever {i,j} = {1,2}. But then

ZL(A)(p) S € (p) € Z(A)(p).
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Theorem A.3 (Hormander). Let M be a Riemannian manifold with a countable
topological basis, Iet X*,..., X™ Y be smooth vector fields on M, let Z be a smooth
function on M and let u be a Radon measure on #(M) such that

(11.3) /M {Zh+Y(h)+§m:Xi(Xi(h))}du—o, h € C&mp(M)

i=1

and
span{L,: L€ Z(X',...,X™ YY)} =T,M, pé€ M.

Then p has a C*°-smooth density with respect to the Riemannian measure on M.

Proof. Let ¢: O — U be a diffeomorphism from an open set O C R¢ onto an
open set U C M, denote by ¢ the inverse of ¢, define 0(A) = plp[A]] for A € B(0),

decompose X/, = Z x507, Y, Z y;07 on O and define z = Z(¢) and
]_
Q=-y+2 Z(div )zt S =z—divy+ Z div[(div xz)a:’]
i=1 i=1

Then (A.1) implies for smooth functions h with compact support in U (which always
satisfy the identity h = ® o ¢ on U for some ® € Cg5,,,(0)) that

m d

d
(11.4) /O {z@+2y] o+ > ija— (xkﬁzk) } d9=0, ®eC2,,(0),
j=1 i=1 j=1 k=1
ie.,
SO+ Q(0) + > _a'(2'(8)) =0
i=1

holds in the sense of distributions on O. According to Proposition A.2,

span{L.: L€ Z(z',..., 2™ y)}

=span{L.: L€ Z(z",....2™,Q)} =R z€O0.

Hence, by the Hérmander theorem [23], § is absolutely continuous with respect to the
Lebesgue measure and the density ¢ belongs to C*>°(0O). If we define L = \/det g;;
on U then

V(B)—‘/Olg(ga)gdx—/B@dx, B e %(U).

By a localization argument, we obtain that u has a density R € C°° (M) with respect
to dzx. O
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APPENDIX B: DENSITY OF PRODUCT FUNCTIONS
Proposition B.1. Let M be a compact submanifold in R™. Then

P = span{hi(t)h2(x)hs(z): h1 € CZ,

comp

(0,00), h2ah3 € COO(M)}

is dense in the space CS5. ((0,00) x M x M) in the following sense. Let h €

comp

C.((0,00) x M x M). Then there exist x,, € P such that

comp

Xn = h and X, ... Xixn — Xm...X1h

uniformly on (0,00) x M x M for every vector fields X1, ..., X,, on (0,00) x M x M.

Proof. Let 0 < a < b be such that the support of  is contained in (a, b) x M x M
and extend h to a smooth compactly supported function in R x R™ x R™. This can
be done by standard methods of local extensions and a partition of unity as M is
assumed to be compact. Denote by h; such an extension. The support of h; fits in
some large cube Q = (—N, N)!*™*™ and we can replicate h; to each cube 2Nk + Q
for k € Z'7™*+™ to obtain a smooth 2N-periodic function ho such that k1 = ks in Q.
Now we can apply Fejér’s theorem on Fourier series to find a sequence of functions

&n € Span{vl (t)UQ ((E)’U?,(Z)Z v € Cg?\/'—per(oﬂ OO), ha, hs € CQOR/'—per(Rm)}

such that &, — hg in C°°(R**™+T™) If 9 € C°°(R) has support in (0,00) and g = 1
on [a,b] then we can define x,(t,z,2) = 0(t)&,(t, x, z). The restrictions of x, to
(0,00) x M x M belong to P and approximate h in the asserted sense. O

APPENDIX C: CONTINUOUS SURJECTIONS BETWEEN CIRCLES

Proposition C.1. Let f: S* — S! be continuous and locally injective. Then f
is a surjection.

Proof. Since S! is compact and f is continuous, f[S!] is also a compact. But
local injectivity of f implies that f[S'] is open. Hence f is a surjection as S! is
connected. O
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