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Abstract. We study G-almost geodesic mappings of the second type 7672(6), 0 =1,2

between non-symmetric affine connection spaces. These mappings are a generalization of
the second type almost geodesic mappings defined by N. S. Sinyukov (1979). We investigate
a special type of these mappings in this paper. We also consider e-structures that generate
mappings of type 76r2(e), 0 = 1,2. For a mapping 76r2(e7 F), 6 = 1,2, we determine the basic

equations which generate them.
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1. INTRODUCTION

Let us consider two N-dimensional differentiable manifolds GAy and GAy and
a differentiable mapping f: GAy — GAx. We can consider these manifolds to-
gether with this mapping system of local coordinates. Namely, if f: M € GAy —
M € GAy and if (U, ) is the local chart around the point M then o(M) = = =
(x',...,2N) € EN. In this case, we define mapping % = ¢ o f~! for the coordinate
mapping in GAy, and then

(M) = (po fTHF(M)) = M) =z = (z",...,2") € BV

The points M and M = f(M) have the same local coordinates in this case. If
the connection coefficients L, (z) and ij(x) of the affine connections introduced
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in GAy and G Ay, respectively, are non-symmetric in lower indices then GAy and
GAy are general affine connection spaces.

One says that the reciprocal mapping f: GAx — GAy is geodesic, [17], [16] if
geodesics of the space GAy pass to geodesics of the space GAy. Generalizing the
concept of a geodesic mapping between Riemannian spaces and symmetric affine
connection ones, Sinyukov [18] introduced the following notions:

A curve I: x" = z"(t) is called an almost geodesic line if its tangential vector
A (t) = da" /dt # 0 satisfies the equation

5‘?2) = a(t)A" + bt )>‘(1)7

Yh  _ \h h
where >\(1)*>\Hp>\ )\(2)

t and || denotes the covariant derivative with regard to the connection in Ay.

A?l)llpA . Here a(t) and b(t) are functions of a parameter

Definition 1.1. A mapping f of a symmetric affine connection space Ay onto
a space Ay is called an almost geodesic mapping if any geodesic line of the space
An is mapped into an almost geodesic line of the space Ay.

A lot of research papers and monographs [1]-[23] have been dedicated to the
theory of geodesic mappings of Riemannian spaces, affine connected ones and their
generalizations. Sinyukov [18] and Mikes [1], [2], [12], [13], [23] gave some other
significant contributions to the study of almost geodesic mappings of affine connected
spaces and singled out three types 71, 72, m3 of almost geodesic mappings between
affine connected spaces without torsion.

In a general affine connection space G Ay, with non-symmetric affine connection L,
one can define four kinds of a covariant derivative [15], [14]. Let us denote a covariant
derivative of a kind 6 (§ = 1,...,4) with regard to affine connections of GAy and
GAp by | and ||, respectively.

6 0

For example, a tensor aé- in GApN satisfies

+ L’L —_ L% .a Q

moz] mja

—|—Ll — L% a* and d’

i
a am J jm%a jlm
2

jlm =
1

Thus, in the case of a space with a non-symmetric affine connection we can de-
fine two kinds of almost geodesic lines and two kinds of almost geodesic mappings
[20]-[19].

Definition 1.2. A curve I: 2" = 2"(¢) on GAy is called [20]-[19] a G-almost
geodesic line of the first kind if its tangent vector \"(t) = da”/dt # 0 satisfies the
equation

)
where /;\h(l) = MY, %\h(g) = %‘h(l)Ha/\a and a(t) and ?(t) are functions of a pa-
1 1

rameter t.
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Definition 1.3. A curve [: 2" = 2"(t) is called a G-almost geodesic line of the
second kind if its tangential vector A\"(t) = da"/dt # 0 satisfies the equation

g\h(z) = g(t)kh + g(t)g\hu),

ﬁa)\", /;\h(g) = g\hu) oA, c;z(t) and é(t) are functions of a parameter ¢.

where /;\h(l) =A
2 2

Definition 1.4. A mapping f of the space GAy onto a space GAy is called

a G-almost geodesic mapping of the first kind if any geodesic line of the space GAy

turns into an almost geodesic line of the first kind of the space GAy.

Definition 1.5. A mapping f is called a G-almost geodesic mapping of the sec-
ond kind if any geodesic line of the space GAy turns into almost geodesic line of the
second kind of the space GAx.

We can put
Pli(z) = Lij(x) — Lj(x),
where L?j(x), E?j (z) are connection coefficients of the spaces GAy and GAy, N > 2,
together with the mapping f system of local coordinates, and P is a deformation

ij
tensor. From [20], it follows that the succeeding results hold:

Theorem 1.1. A mapping f of the space GAy onto GAy is a G-almost geodesic

mapping of the first kind if and only if the deformation tensor PZ; satisfies the

conditions

1y o o
(1.1) (PJ;B17 + PR PY N NN = §Pgﬁx PENE clz)\h
identically, where a and ll) are functions.

Theorem 1.2. A mapping f of the space GAy onto GAy is a G-almost geodesic

mapping of the second kind if and only if the deformation tensor Pf]? satisfies the

conditions

h h pd a8 _ h yaypB h
(1.2) (Pl + PasPA)INNNT = BPI AN + g

«

identically, where a and g are functions.

We are going to present basic equations of G-almost geodesic mappings of the type
2 (), = 1,2, between non-symmetric affine connection spaces GAy and GAy in

this paper.
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2. G-ALMOST GEODESIC MAPPINGS OF THE SECOND TYPE

Sinyukov (see [18]) introduced almost geodesic mapping of the second type ms for
affine connection spaces without torsion with the condition

bys AT

oo\’

where 0, A* # 0 and b,s is a twice covariant tensor.
Analogously, a G-almost geodesic mapping of the first kind of a non-symmetric
affine connection space is an almost geodesic mapping of the second type 2 if the

function ll) satisfies the condition

by AT’

oo\

b:
1

where g, A\* # 0 and ?75 is a twice covariant tensor.

Let
PN = 20, A FGA° + 200, A* AP
Then
(Pls — 200 Ff — 20a05) AN =0,
wherefrom

Pl = i8] + 430! + 0iF]' + 0, F}'.

Here, v; and o; are vectors, Fj is a tensor, 75 denotes a symmetrization with division,
ij denotes an anti-symmetrization with division and 6" is the Kronecker symbol. We
v

h

can put P?j =&
\%

Then
(2.1) Pl =8} + ;00 + 0 F]' + o F)" + &

In the equation (2.1), magnitudes 1;, o; are covariant vectors, Fih is a tensor and EZ
is an anti-symmetric tensor.
After substituting the equation (2.1) in the equation (1.1), we conclude that
(2.2) F,+F},; + ) F o+ Fy Foo + &8 F) + €8 F) = i Fl' + v Fl' + vi80 + ;67
1 1
where p; and v; are covariant vectors.
Conditions (2.1) and (2.2) are the basic equations of the mapping 2.
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A G-almost geodesic mapping of the second kind is a G-almost geodesic mapping
of the second type T2 if it satisfies the following condition for the function 12) in (1.2):

By AT’

T A®

b= ,

2

where g, A\“ # 0 and 12)75 is a twice covariant tensor.
Using the method from the previous case, we get

4 ph

(2.3) Fl N+W@W+Ww%+$@+$@
2 2

= Wi + i F + v;i6" + v;00,

where p;, v; are covariant vectors.
Conditions (2.1) and (2.3) are the basic equations of G-almost geodesic mappings
of the type 72'('2.

Remark 2.1. If 0, = 0 in the equation (2.1) then almost geodesic mappings are
reduced to the geodesic ones. On the other hand, if 1; = 0, then this mapping is
a canonical almost geodesic one (see [21]). In the case o; = 0 and ¢; = 0, we have
a trivial almost geodesic mapping. We are working with nontrivial almost geodesic
mappings only in the sequel.

3. THE PROPERTY OF RECIPROCITY OF (G-ALMOST GEODESIC MAPPINGS
OF THE SECOND TYPE

A mapping f: GAy — GAp of the type T2 has the property of reciprocity, if
its inverse mapping f~': GAy — GAx (provided it exists) is of the T2 type, and

f~1 corresponds to the same tensor F, see also [21]. Since the inverse mapping
—1. GANn — GAy satisfies

Bh h

P ij — _P’ij7

we can put the following in the equation (2.1):

i =—;, o;=-0;, Fp=F" ¢&=-¢

ij = T Sig
A mapping f: GAy — GAy of the type T2 has the property of reciprocity if and
only if the tensor F* of the space GAy satisfies the equation of the form (2.2), i.e.,

h h h b~ ch
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where (ij) is a symmetrization without division with respect to i and j, and || is
1

a covariant derivative of the first kind in GAy. Inserting a covariant derivative of
the first kind in GApy into the equation (3.1) we get

= h o, = sh
rh F(ZU])‘FE H(iFj)+V(i5j)a

a(z J

where vectors fi;, 7; are expressed by i, v;, fii, Vi, i, i, F*. Since o # 0, we get

(3.2) F'FY = psl + qFl,

where p and ¢ are functions.
Based on the facts given above, we have:

Theorem 3.1. The relation (3.2) expresses the necessary and sufficient condition
for a mapping T2t GAx — GAn to have the property of reciprocity.

The equations (2.1) and (2.2) are invariant under the mapping 2 of a tensor

Eh =7rF"+ 50!, r#0.

Then we have
FMEX = pol 4+ gF],
where

p':er—sQ —srq, q=2s+rq.
Here we can select invariants r and s such that

§=0, p=¢(==+1,0).

In this case, we have
FMEe = &6l

Based on the facts given above, we can put
(3.3) F'EP =edl', e =+1,0.
Substituting the equation (3.3) into the condition (2.2), we get

a(z j
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Hence, a G-almost geodesic mapping f: GAy — GAp of the type T2 which has the
property of reciprocity is determined by the equations (2.1), (3.3) and (3.4) (see [21]).
This mapping is denoted by 7{2(@).

In the case of the G-almost geodesic mapping f: GAy — GApn of the type T2
which has the property of reciprocity, it is determined by the equations

(3.5) =06 + ;00 + o F) + 0 F)' + &),
F(zgj) — &aFy) = naFj) +vad),

75

F'FY =esh, e=+1,0.

This mapping is denoted by 7272(6).

4. ON e-STRUCTURES THAT DETERMINE (G-ALMOST GEODESIC MAPPINGS
OF TYPE 72 (6) OF FIRST AND SECOND KINDS

Definition 4.1. A tensor F* which satisfies the conditions (3.3) and (3.4) is
called an e-structure which determines a G-almost geodesic mapping f: GAy —
GApy of the type 2 (e).

Theorem 4.1. An e-structure F* determines a G-almost geodesic mapping f:
GAn — GAn of the type T2 (e), e = £1, if and only if it satisfies the conditions

(4.1) +§hz Fjy = 6 Fjy — pa PG5,

(4.2) FlMFe = esh.

Proof. Based on the covariant derivative of the first kind of the condition (4.2)
in the direction 27, we get

(4.3) Fh‘jFa - th =0.

After the symmetrization of the equation (4.3) with respect to the indices ¢ and j,
we have

(4.4) FhUF“ + FhMF“ + F(W)F =0.

Based on the equations (3.4) and (4.4), we conclude that
Fh‘ Fy 4+ F}

|]F0’—|—€(5 ,Llj,]) +F(Zl/]) +F F E]),B —
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Composing the previous relation with F,ﬁ , one obtains

(4.5) eFklz + FthaFﬁ + et o FE + epi Y + F'ug FY + ediv;
+ Flvo FE + edpv; + FRFPFIE0, + eFles, =

After symmetrizing of the equation (4.5) by indices ¢ and k, we infer

From the equation (3.4), we have
(4.7) Pl + Fla o FEFL = Fl s FY + enn) + F (va Y + eps)
1 1
+ e (upFy + vi) + edf (1o Y + v5).
Now, from the equations (4.6) and (4.7) we obtain
F/ (Fva + epr) + FL(F{va + epi) + ed7 (Fi g + vi) + e, (Ff* o+ vi) = 0.
By examining the last equality, we conclude that
(4.8) Ffue +v, =0, ie v;=—Fu,.

After substituting (4.8) into (3.4), we obtain the relation (4.1) is valid. O

Analogously, in the case of G-almost geodesic mappings of the type ma(e) of the
second kind we obtain

Definition 4.2. A tensor F* which satisfies the conditions (3.5) is an e-structure
which determines a G-almost geodesic mapping of the type 721'2(6).

Theorem 4.2. An e-structure F' determines a G-almost geodesic mapping of
the type 72T2(e), e = =+1, if and only if it satisfies the conditions

h h « h h sh
(4.9) F(zlj) = &a(i ) = naEy) — maF 395,

(4.10) FI'Fe = esh.
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Theorem 4.3. An e-structure F* which determines a G-almost geodesic mapping
of the type 2 (e), e = £1, satisfies the following conditions:

h h h h h
(4.11) Fi\l(jk) +§ijk = :U(jlk)Fi +M[ilk]Fj +M[ilj]Fk
1
_ M(jF,g)af + u(,“iF,;l]a;l + ua“iFﬁé,}; + 00y,

where [i, j] is an anti-symmetrization without division,

2 2
elkj = ??Jk + ??k] ijz aszk + szj Rgsza + R szh
+ L8 Fia + Lin Fla-
2
h h h . sh h h h
?ijk:MiFjl\k—’—MiFilk_uaFiTkéj — aF|k0; — &ai ]\k z\kv

h o _ ¢h h |, ¢h h |, ¢h h
?ijk —§a[i\1k}Fj +€a[ilj]Fk +§a(jlk)]Fi ;

and

R! — L+ Ly Ly, — LG LY,

'L]k ik,j
is a curvature tensor of the first kind (see [15]).
Proof. Taking the covariant derivative of the first kind of (4.1) in the direction
of z¥, we get
(4.12) F|jk+ jh|ik +£Zi\kF]q+£Zj|kFia
2
= Nilijh + pj R — NalkF‘ia(S;L - Ma\lka(Sf + %k

Alternating this equation with respect to ¢ and k and using the first Ricci identity,

we get
(4.13) ka Flill\jﬂ‘fgulka ak\zFa+§(yj|kFa §a3|sz
= ,Ufilijh - ﬂklith + :“jlkFi - #ijk
o F2S) 4 ol iFE ) — g F0E a7+ Ol
where

3
9 ik — gz]k eka RZZkFa + R]szh + L[zk]F \a
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Let us interchange indices j and k in (4.13). Then we have

(414) F1,|kj j|kz+£az\] - a]\sz +£ak\j Fy ozk|zFa

:,u'ilij :u‘j|’LFk +,u'k|]F ,Ufkle
1
3
— Ha g FY O + pa) 50— pa) g FLOF + pra) i FE0) + O
1 1 1 1

Adding the equations (4.12) and (4.14) together with some other calculations proves
the equation (4.11) holds. O

We are going to proceed with the study of conditions on the e-structure that
generates G-almost geodesic mappings of the type T2 (e), e = £1.

Definition 4.3. A G-almost geodesic mapping f: GAy — GAx of the type
T2 (e) (0 = 1,2), which satisfies the condition F* = 0 is a G-almost geodesic mapping

of the type gg(e,F) 0=1,2).

Perform a contraction by indices h and ¢ in the algebraic condition (4.2). Then
we have the equation
F§FP =eN.

Let us take its second covariant derivative of the first kind in the directions z* and z*:

B
(4.15) FSF k+Fﬁ‘j e =0

ali
After the composing the equation (4.11) with F} and using the result (4.15), we get
B B _
(4.16) —2ER) o Py = RaweN — F Ma\( B+ 1al ) FiE
T
CHGIR) T Y

akj®

Using the condition F§ = 0, from (4.16) we have

4
(4.17) e(N = Dugjy + M(a\lﬁ)quij = Ok,

4 L s .
where we denoted ?jk = Fé’?akﬁ?Fé’\jFaw Fg fa]k Composing (4.17) with FJJ/F,f/
we obtain

4
(4.18) e(N - 1)”((1\15)}73@}7]@6 + 'u(jlk) = ?aﬁF]quﬁ.
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Now, from (4.17) and (4.18) we obtain
5
(4.19) Kaly) = ?ijv

5 4 4
where 6;; = N71(2 - N)_l[?aﬁﬂ-"Ff —e(N — 1)?”] Let us take the covariant
derivative of the first kind of the (4.19) in the direction of z*:

5
(4.20) Hi|jk =+ Hjlik = ?ij k
1 1

|
1

and alternate this equation with respect to the indices ¢ and k. Then we have
(e} [0 5
Hiljk = Pk|gi — %jk/ﬁa — Lijitija = (?ij
1 1 1
Switching indices j and k, we obtain
(07 (07 5
Hilkj = Hj|ki = }EiijO( - L[kj]:uila = ‘?ik j

After adding this result to (4.20), we get

5 5

5
(4.21) 1| (k) + 15| (ki) = Likej o+ Ligttija + Ok 5 — Ojkpi + G-
1 1 1 1 1 1

Finally, we obtain a system of differential equations of the Cauchy type with covariant
derivatives with respect to unknown functions w;, ., F!" and F[]‘

h h
(4.22) Filj = F},
6
ho g
Figiiiy = Qaans
:U’7,|j = Mg,
1
7
1) (i) 1| (ki) = i
1 1

where

—Do

ijk = — ?Zk + #(jp)Ff + M[qk]FJh + N[qj]sz - ual(szf)fs?
1
+ ta| i F6) + Hal[iFﬁst + ?zhkj
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and
7 5 5

5
Oijic = Riljha + L[O];j],u'ila + ‘i)ikl\j - ?jkli + ﬁ)ijl\k~

On the other hand, functions j;, u;;, FJ* and FZJL satisfy the algebraic formulas
h h _ h h
(4.23) Fipp + SaaF) = maf5) = #aFog),
h o h >
FoFY =o'y pgg) = bij-

The system (4.22) has at most one solution for initial conditions (4.23). Initial
conditions are limited by the algebraic ones (4.23). It can be easily seen that the
initial conditions have at most

1
5N(N2 -1)

independent parameters. In this way, the following theorems are proved.

Theorem 4.4. The equations (4.22) and (4.23) give an algebraic differential
equation system of the Cauchy type in covariant derivatives with respect to the
unknown functions pi;, pij, F/* and FZJL This system generates all e-structures F"
determining G-almost geodesic mappings of the type T2 (e, F), e = =£1.

Theorem 4.5. Let GA,, be a non-symmetric affine connection space. A family
of all e-structures F" which determine a G-almost geodesic mapping of the type
2 (e, F), e = 1, depends on at most N(N? — 1)/2 real parameters.

Analogously, we can consider the case of G-almost geodesic mappings of the type
T2 (e), e = £1.
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