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Partial Fuzzy Metric Space and Some Fixed Point
Results

Shaban Sedghi, Nabi Shobkolaei, Ishak Altun

Abstract. In this paper, we introduce the concept of partial fuzzy metric on
a nonempty set X and give the topological structure and some properties
of partial fuzzy metric space. Then some fixed point results are provided.

1 Introduction and preliminaries
We recall some basic definitions and results from the theory of fuzzy metric spaces,
used in the sequel.

Definition 1. [5] A binary operation * : [0,1] x [0,1] — [0, 1] is a continuous t-norm
if it satisfies the following conditions:

1. x is associative and commutative,

2. * is continuous,

3. ax1=uaqforallacl0,1],

4. a*b < c*xd whenever a < ¢ and b < d, for each a,b,c,d € [0, 1].

Two typical examples of continuous t-norms are a*b = ab and a*b = min{a, b}.

Definition 2. [1] A triple (X, M, *) is called a fuzzy metric space (in the sense
of George and Veeramani) if X is a nonempty set, * is a continuous t-norm and
M : X? x (0,00) — [0,1] is a fuzzy set satisfying the following conditions: for all
z,y,z € X and s,t > 0,

1' M(x’yﬂt) > 0’
2. M(z,y,t) =1 x=y,
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3. M(z,y,t) = M(y,x,t),

4. M(x,z,t+s) > M(z,y,t) x M(y, z, s),

5. M(z,y,-): (0,00) — [0,1] is a continuous mapping
If the fourth condition is replaced by

4. M(z,z,max{t,s}) > M(z,y,t) * M(y, 2, ),

then the space (X, M, x) is said to be a non-Archimedean fuzzy metric space. It
should be noted that any non-Archimedean fuzzy metric space is a fuzzy metric
space.

The following properties of M noted in the theorem below are easy consequences
of the definition.

Theorem 1. Let (X, M, %) be a fuzzy metric space.
1. M(z,y,t) is nondecreasing with respect to t for each z,y € X,

2. If M is non-Archimedean, then M(x,y,t) > M(x,z,t) * M(z,y,t) for all
z,y,2 € X and t > 0.

Example 1. Let (X, d) be an ordinary metric space and axb = ab for all a, b € [0, 1].
Then the fuzzy set M on X2 x (0,00) defined by

M(z,y,t) = exp (— d(z, 3”),

t

is a fuzzy metric on X.

Example 2. Let axb = ab for all a,b € [0,1] and M be the fuzzy set on R x R x
(0,00) (where RT = (0,00)) defined by

min{z, y}

M t) =
(fL‘, y? ) max{x’ y}7

for all z,y € RT. Then (R, M, %) is a fuzzy metric space.

Let (X, M, *) be a fuzzy metric space. For ¢ > 0, the open ball B(x,r,t) with
centre x € X and radius 0 < r < 1 is defined by

B(z,r,t)={ye X : M(z,y,t) >1—r}.

Let 7 be the set of all A C X with « € A if and only if there exist ¢ > 0 and
0 < r < 1 such that B(z,r,t) C A. Then 7 is a topology on X (induced by the
fuzzy metric M). A sequence {x,,} in X converges to z if and only if M (z,, z,t) — 1
as n — oo, for each ¢ > 0. It is called a Cauchy sequence if for each 0 < ¢ < 1 and
t > 0, there exists ng € N such that M(z,,, z,,t) > 1 — ¢ for each n, m > ng. This
definition of Cauchy sequence is identical with that given by George and Veeramani.
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The fuzzy metric space (X, M, ) is said to be complete if every Cauchy sequence
is convergent.

The fixed point theory in fuzzy metric spaces started with the paper of Gra-
biec [2]. Later on, the concept of fuzzy contractive mappings, initiated by Gregori
and Sapena in [3], have become of interest for many authors, see, e.g., the papers

3], [7], [8], [9], [10], [11].

In our paper we present the concept of partial fuzzy metric space and some
properties of it. Then we give some fundamental fixed point theorem on complete
partial fuzzy metric space.

2 Partial fuzzy metric space

In this section we introduce the concept of partial fuzzy metric space and give its
properties.

Definition 3. A partial fuzzy metric on a nonempty set X is a function
Py X x X x(0,00) — [0, 1]
such that for all z,y,z € X and ¢t,s > 0
PM1) z =y < Py(z,x,t) = Py(x,y,t) = Py(y, y,t),
PM2) Py(x,x,t) > Py(x,y,t),
) Py, y,t) = Pu(y, 1),
) Pu(

x,y, max{t, s}) * Ppr(z, z, max{t, s}) > Puy(x, 2,t) * Pp(2, vy, 5).

(
(
(PM3
(PM4
(

PM5) Py(x,y,-): (0,00) — [0, 1] is continuous.

A partial fuzzy metric space is a 3-tuple (X, Py, %) such that X is a nonempty
set and Py is a partial fuzzy metric on X. It is clear that, if Pys(x,y,t) = 1, then
from (PM1) and (PM2) z = y. But if 2 = y, Py(x,y,t) may not be 1. A basic
example of a partial fuzzy metric space is the 3-tuple (R™, Py, %), where

t

P ) —
M(Ivya ) t—i—max{x,y}

forallt > 0, z,y € RT and a * b = ab.
From (PM4) for all ,y,2 € X and t > 0, we have:

P]W(-ryyvt)*PM(Zath) EPM(xazvt)*PM(Za:%t)

Let (X, M, *) and (X, Py, *) be a fuzzy metric space and partial fuzzy metric
space, respectively. Then mappings Py, : X x X x (0,00) — [0,1] (¢ € {1,2})
defined by

PMl(xvyat) - M(1’7y,t) *PJW(xay7t)
and
Py, (x,y,t) = M(z,y,t) xa

are partial fuzzy metrics on X, where 0 < a < 1.
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Theorem 2. The partial fuzzy metric Py (x,y,t) is nondecreasing with respect
to t for each x,y € X and t > 0, if the continuous t-norm * satisfies the following
condition for all a,b,c € [0, 1]

axb>axc=b>c.
Proof. From (PM4) for all z,y,z € X and ¢,s > 0, we have:
Py (z,y, max{t, s}) * Pr(z, z, max{t, s}) > Py (x, z,8) * Py(z,y,t).
Let t > s, then taking z = y in above inequality we have
Pur(z,y,t) = Pru(y,y,t) = Pr(,y,8) * Pu(y, y, 1),
hence by assume we get Py(x,y,t) > Py, y,s). O

It is easy to see that every fuzzy metric is a partial fuzzy metric, but the converse
may not be true. In the following examples, the partial fuzzy metrics fails to satisfy
properties of fuzzy metric.

Example 3. Let (X, p) is a partial metric space in the sense of Matthews [6] and
Py X x X x (0,00) — [0, 1] be a mapping defined as

t
PM Z‘,y,t = >
( ) t+p(r,y)
or
Py (z,y,t) =eXp<—p(xt’y)>~

If axb = ab for all a,b € [0,1], then clearly Pys is a partial fuzzy metric, but it
may not be a fuzzy metric.

Lemma 1. Let (X, Py, %) be a partial fuzzy metric space with a xb = ab for all
a,b € [0,1]. If we define p : X? — [0,00) by

1

p(z,y) = sup / log, (P (z,y,t))dt,
a€(0,1) Ja

then p is a partial metric on X for fixed 0 < a < 1.

Proof. Tt is clear from the definition that p(z,y) is well defined for each z,y € X
and p(z,y) > 0 for all z,y € X.
1. Forallt >0

p(.’E,Z‘) :p(x7y) :p(y7y) ®PM(x7$at) :P]W(-r7y7t) :P]\/[(yay7t) @x:y

1
9. p(x,x) = sup /loga(PM(a:,ac,t))dt
a€(0,1) Ja

1
< sup / log, (Par (2, y, 1)) di
a€(0,1) Ja

p(x,y).



Partial Fuzzy Metric Space and Some Fixed Point Results 135

1
3. p(x,y) = sup / log,, (Pa(z,y,t)) dt
ae(0,1)

1
= sup / log, (P (y, z,t)) dt
ae(0,1)

=p(y, )

4. Since
PM(x7y7t)PM(sz7t) Z PM(J?,Z,t)P]\/[(Z,y,t),

and log,, is decreasing, it follows that

hence

1 1
p(z,9) +p(z,2) = sup / log, (Par(,,£)) df + sup / log, (Par (7, 2, ) dt
ae(0,1) ae(0,1)

1 1
< sup [ o, (Pue ) dt+ sup [ og, (Par(,0.0)
a€e(0,1) a€e(0,1)

This proves that p is a partial metric on X. O
Definition 4. Let (X, Py, %) be a partial fuzzy metric space.

1. A sequence {z,} in a partial fuzzy metric space (X, Py, *) converges to z if
and only if Py(x,z,t) = lim Py(xy,x,t) for every t > 0.
n—oo

2. A sequence {z,} in a partial fuzzy metric space (X, Py, %) is called a Cauchy
sequence 1f hm Pr(Xp, @, t) exists.

3. A partial fuzzy metric space (X, Py, *) is said to be complete if every Cauchy
sequence {z,} in X converges to a point z € X.

Suppose that {z,} is a sequence in partial fuzzy metric space (X, Py, *), then
we define L(z,) = {z € X : &, — z}. In the following example shows that every
convergent sequence {z, } in a partial fuzzy metric space (X, Py, %) fails to satisfy
Cauchy sequence. In particular, it shows that the limit of a convergent sequence is
not unique.

Example 4. Let X = [0,00) and Puy(z,y,t) = m, then it is clear that
(X, Py, ) is a partial fuzzy metric space where a x b = ab for all a,b € [0,1]. Let
{zn} ={1,2,1,2,...}. Then clearly it is convergent sequence and for every = > 2
we have

lim Py(zy,x,t) = Py(z,x,t),

n—oo
therefore
L(zy)={re Xz, =z} =1[2,00).

but lim Py (2n,Tm,t) is not exist, that is, {x,} is not Cauchy sequence.
n,Mm—00
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The following Lemma shows that under certain conditions the limit of a con-
vergent sequence is unique.

Lemma 2. Let {x,} be a convergent sequence in partial fuzzy metric space
(X, Py, %) such that axb > a*c = b > c for all a,b,c € [0,1], z, — = and
T, —y. If

Um Pp(2n,xn,t) = Py(x,2,t) = Py(y, v, t),

n=roo
then x = y.
Proof. As
Pyr(z,y,t) * Pyg(2n, Tn,t) > Py(z,xn,t) x Py (y, zn, t),
taking limit as n — oo, we have
Py(z,y,t) * Py(z,x,t) > Py(z,x,t) * Py, y,t).

By given assumptions and from (PM2), we have

PM(yayvt) > PM(xvy7t) > PM(yvyvt)a
which shows that Py (x,y,t) = Pay(y,y,t) = Py(x, z,t), therefore z = y. O

Lemma 3. Let {z,} and {y,} be two sequences in partial fuzzy metric space
(X, Py, %) such that axb > axc=b>c for all a,b,c € [0,1],

lim Py(xn,z,t) = Um Py (zn,zn,t) = Py(x,z,t),
n— 00 n— oo

and
lim PM(yn7y7t) = lim P]\/I(ynaynat) :PM(y7yat)7
n— oo n—o00

then lim Pyj(@p,yn,t) = Py(z,y,t). In particular, for every z € X
n—oo

lim Py(xy,2,t) = lim Py(x, 2, t).
n—oo n—oo

Proof. As
Pr(zn, Yn, t) * Pyp(x, 2,t) > Prp(n, ©,t) * Pag(, Yn, t),
therefore
Porp (@, Yn,t) * Par(, 2,t) % Par(y,y,t) > Par(@n, 2,) % Par(@, yns ) % Prr(y, ¥, 1)
> Prp(@p, @, t) * Pyp(x,y,t) * Par(y, Yn, t).

Thus

lim sup Py (T, Yn, t) * Prr(z, x,t) * Pas(y, v, t)

n—oo

> hmsup PM(In,SC,t) * PM(xa yat) * limsup PM(yvynat)

n—oo n— oo

:PM(xu‘r7t>*PM($7y7t)*PM(yay7t>7
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hence
limsup Py (zn, Yn,t) > Py, y,t).
n—oo
Also, as
Par(x,y,t) * Pag(xn, n,t) > Prr(x, 2p,t) * Pr(xn, 9, t),
therefore

P]W(xayat) * PM(xn;xnvt) * Pkl(yn»ynvt)
> PNI(maznat) * PM(xn,y,t) * PM(ynyynvt)
> PM(QZ‘,J}n,t) *PM(mnvyTHt) *PM(ynvyat)

Thus

PJV[(x7yat) *PM(Qj?xvt) *PM(yayat)
- PM(xvyvt) * limsupPM(xn,xn,t) * hmsupp]ﬂ(ynvynat)

n—oo n— oo

> lim sup Py (x, Tp, t) * im sup Pas (2, Yn, t) * limsup Pas(Yn, y, t)

n—oo n—oo n— oo

= PM(I7x7t) *hmsupPM(ITHynvt) *PM(yayvt)

n—roo

Therefore

Pr(z,y,t) > limsup Pu(2p, Yn, t)-

n—oo

That is,
lim sup Pas (2, Yn, t) = Prr(2,9,1).

n—oo
Similarly, we have
lim sup Py (zn, yn,t) = Py, y,t).

n—oo

Hence the result follows. O

Definition 5. Let (X, Py, %) be a partial fuzzy metric space. Py is said to be
upper semicontinuous on X if for every x € X,

Py (p,x,t) > limsup Py (zy, z, ),

n—oo

whenever {x,} is a sequence in X which converges to a point p € X.

3 Fixed point results
Let (X, Py, #) be a partial fuzzy metric space and ) # .S C X. Define

Op,, (S,t) = inf{PM(Ly,t) T,y € S}

for all t > 0. For an A,, = {z,,Zp+1,...} in partial fuzzy metric space (X, Par, *),
let r,,(t) = dp,, (An,t). Then r,(t) is finite for all n € N, {r,,(¢)} is nonincreasing,
rn(t) = 7(t) for some 0 < r(t) <1 and also r,(t) < Py(2y, zx,t) for all I,k > n.
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Let F be the set of all continuous functions F : [0,1]* x [0,1] — [~1,1] such
that F' is nondecreasing on [0, 1]? satisfying the following condition:

o F((u,u,u),v) <0 implies that v > v(u) where v : [0,1] — [0,1] is a nonde-
creasing continuous function with v(s) > s for s € [0, 1).

Example 5. Let y(s) = s" for 0 < h < 1, then the functions F defined by

F((t17t27t3),t4) = v(min{tl,tg,tg}) — t4
and

3
F((t1,ta,t3),ta) = 'y(z aiti> — 1y,

i=1

3
where a; > 0, > a; = 1, belong to F.
i=1

Now we give our main theorem.

Theorem 3. Let (X, Py, %) be a complete bounded partial fuzzy metric space,
Py is upper semicontinuous function on X and T be a self map of X satisfying

F(P]W(-T7yvt)aPM<Tx7xat)7P]\/[(Txvy7t)aP]VI(T-I7Ty7t)) S 0 (1)

for all z,y € X, where F' € F. Then T has a unique fixed point p in X and T is
continuous at p.

Proof. Let 9 € X and Tz, = Tp41. Let r,(t) = dp,, (An,t), where
Ap = {zn,Tnt1,...}. Then we know lim r,(t) = r(t) for some 0 < r(t) < 1.
n—oo

If 2,41 = x, for some n € N, then T has a fixed point. Assume that z,.1 # =,
for each n € N. Let k£ € N be fixed. Taking © = ,,—1, ¥ = Tptm-1 in (1) where
n > k and m € N, we have

F<PM(xn—17x7l+77L—l7t)7PM(Txn—laxn—17t)’ )
Py (Txn—1, Tpnim—1,t), Pr (T2 1, TTpym—1,t)
P Tn—1,Tn m—atvp Tny Tn—1,1),
:F(M( 1 Tntm—1,1), Pu( 1)>§0
PJVI(xny Tn+m—1, t); PM(iEny Tn+m, t)

Thus we have
F(rn—1(t),rp—1(t),7n(t), Par(@n, Tngm, t)) <0,
since F' is nondecreasing on [0, 1]®. Also, since r,(t) is nonincreasing, we have
F(rk,l(t),rk,l(t)7rk,l(t),PM(xn,mn+m,t)) <0,

which implies that
PM((Eny Tn+m» t) 2 ’Y(kal(t))-
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Thus for all n > k, we have
inf { Py s 1)} = 7(8) > (i1 (1),

Letting k — oo, we get 7(t) > v(r(t)). If r(¢t) # 1, then r(t) > v(r(t)) > r(t), which
is a contradiction. Thus r(¢) = 1 and hence lim, o ¥, (t) = 1. Thus given ¢ > 0,
there exists an ny € N such that r,(t) > 1 —e. Then we have for n > ny and
m €N, Py (2, Tnim,t) > 1 — . Therefore, {z,} is a Cauchy sequence in X. By
the completeness of X, there exists a p € X such that

nli)H;O P]\/I('rnvpa t) = PM(p7pa t)
Taking = 2,y = p in (1), we have
F(PM(.T}n7p, t)apM(Txnapat)7PM(Tmnaxnat)7PM(Txnana t))
- F(P]\/I(Inapy t)a PM(xn-‘rlvpv t),P]\/[(xn+1,.’13n7t), PM(xTL-‘rtha t)) S 0.

Hence, we have

lim SupF(PM(xnapv t)7PM(xn+lvpa t)a PM(:CTL—Ha xnvt)aPM(xn+lana t))

n—oo

= F(PJVI(papa t)a PM(pap’ t)a 13 hmsup PM(xn—i-l?Tpa t)) < 0.

n—oo

Since

F(PJVI(pap7 t)? PM(papa t)? PM(p7p7 t)vhmsup PNI(xn+17Tp7 t))
n—00

< F(PM(pap7 t)? PM(pap7 t)a 17 limsup PM(xn+17Tpa t)) < 07

n—r oo

which implies

PM(pu Tpv t) > thUp PM(anrl»Tpv t) > ’Y(PM(papv t))

n— oo

On the other hand, we have
Pr(p,p,t) = Pu(p, Tp,t) = v(Pu(p, p, t))-
Hence Py (p,p,t) = 1. Also, since
Py (p, Tp,t) 2 v(Pu(p,p,t)) = v(1) = 1,

this implies that Pys(p, Tp,t) = 1, therefore, we get Tp = p.
For the uniqueness, let p and w be fixed points of T. Taking x = p,y = w
in (1), we have

F(PM(pawvt)va(Tpvpa t)va(Tpvwat)va(Tpv vat))
= F(PM(paw7t>7PM(p7p7t)7PM(pawat)7PM(p7w7t)) S 0.
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Since F is nondecreasing on [0, 1]3, we have
F(PM(p,’lU,t),PM(p,UJ,t),PM(p,UJ,t),PM(p,U),t)) < 07
which implies
P (p,w,t) = v(Pu(p,w,t)) > Pu(p,w,t)

which is a contradiction. Thus we have Py;(p,w,t) = 1, therefore, p = w. Now,
we show that T is continuous at p. Let {y,} be a sequence in X and lim y, =p
n— oo

Taking = p,y = y, in (1), we have

F(PM(p7 yn7t)7 PM(Tp7p? t)a PM<Tpa ynvt)a PM<Tpa Tynvt))
- F(PM(p7 yn7t)7PM(p7pa t)7P]\/I(p7 ynat)va(pv Tynat)) S 07

hence

F(PM(pap7 t)? PM(papa t)? PM(papa t)vhmsup PM(]% Tyna t))
n—00
thUPPM(p,ynat)athUPPM(papvt)a
—F n—00 n—00 <0
lim sup Pps (p, Yn, t), limsup Pas(p, Tyn,t)

n—oo n—oQ

)

which implies

lim sup Pps(p, Tyn,t)) > v(Pu(p,pst)) = (1) = 1.

n— oo

Thus,
lim sup Pps(p, Tyn,t) = 1.

n—oo

Similarly, taking limit inf, we have

lim sup Pps(p, Tyn,t) = 1.

n—oo

Therefore, lim sup Py (Tyn, p,t) = 1, this implies that

n—r oo
limsup P (Tyn, Tp,t) = 1 = Py (p,p,t) = Pu(Tp, T, t).
n—oo
Thus lim Ty, = p = Tp. Hence T is continuous at p. O
n—oo

Corollary 1. Let (X, Py, %) be a complete bounded partial fuzzy metric space,
m € N and T be a self map of X satistfying for all x,y € X,

F(PM(‘I‘" Y, t)? P]\/I(Tnlxa x, t)a PM<T”va Y, t)a PM(Tm$7 T”Ly7 t)) S 0
where F' € F. Then T has a unique fixed point p in X and T™ is continuous at p.

Proof. From Theorem 3, T™ has a unique fixed point p in X and 7™ is continuous
at p. Since Tp = TT™p = T™Tp, Tp is also a fixed point of 7", By the uniqueness
it follows Tp = p. O
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In Theorem 3, if we take F'((t1,12,t3),t4) = y(min{¢y, ta,t3}) —t4 then we have
the next result.

Corollary 2. Let (X, Py, *) be a complete bounded partial fuzzy metric space and
T be a self map of X satisfying for all z,y € X,

Py (Tx, Ty, t) > ’y(min{PM(as,y,t),PM(T:z:,x,t),PM(Tx,y,t)}).
Then T has a unique fixed point p in X and T is continuous at p.
Example 6. Let X = R*. Define Py : X2 x [0,00) — [0,1] by
max{z, y})

Pyr(x,y,t) = exp (— .

for all z,y € X and ¢t > 0. Then (X, Py, ) is a complete partial fuzzy metric
space where a * b = ab. Define map T': X — X by Tx = 5 for x € X and let

~:[0,1] = [0,1] defined by ~(s) = sz. It is casy to see that

max{2,2}>

t

- o (-mea

PM(xayvt)
Z \/min{PJW(x7y7t)7PM(wa'Eat)aPJW(Txvyﬂt)}‘

Py(Tz, Ty, t) = CXp<

Thus T satisfy all the hypotheses of Corollary 2 and hence 7" has a unique fixed
point.

Corollary 3. Let (X, Py, *) be a complete bounded partial fuzzy metric space,
m € N and T be a self map of X satisfying for all x,y € X,

Py (T x, T™y,t) > 'y(min{PM(x,y,t)7 Py (T"z,x,t), Py (T, y,t)}).
Then T has a unique fixed point p in X and and T™ is continuous at p.

Corollary 4. Let (X, Py, *) be a complete bounded partial fuzzy metric space and
T be a self map of X satisfying for all z,y € X,

PM(Tvayat) Z \/alpM(‘T7y7t) + (ZQPM(T.’,E,I,t) + a3pM(TI7y7t)7

3

such that for every a; >0, > a; = 1. Then T has a unique fixed point p in X and
i=1

T is continuous at p.

Corollary 5. Let (X, M, *) be a complete bounded fuzzy metric space and T be a
self map of X satisfying for all x,y € X the

F(M(:E,y,t)7 M(Tz,z,t), M(Tx,y,t), M(T%Ty,t)) <0

where F' € F. Then T has a unique fixed point p in X and T is continuous at p.
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