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Abstract. In this paper we consider a nonlinear Love equation associated with Dirichlet
conditions. First, under suitable conditions, the existence of a unique local weak solution is
proved. Next, a blow up result for solutions with negative initial energy is also established.
Finally, a sufficient condition guaranteeing the global existence and exponential decay of
weak solutions is given. The proofs are based on the linearization method, the Galerkin
method associated with a priori estimates, weak convergence, compactness techniques and
the construction of a suitable Lyapunov functional. To our knowledge, there has been no
decay or blow up result for equations of Love waves or Love type waves before.

Keywords: nonlinear Love equation; Faedo-Galerkin method; local existence; blow up;
exponential decay
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1. INTRODUCTION

In this paper, we consider the following nonlinear Love equation with initial con-
ditions and homogeneous Dirichlet boundary conditions

(1-1) Ut — Ugy — Uggtt — MUgpt + AU = F(J), t,u, Ug, U, u;ct)

0
—%[G(m,t,u,ux,ut,um)] + flz,t), O0<z<l, 0<t<T,

(1.2) u(0,t) = u(1,t) =0,
(1.3) u(z,0) = uo(x), w(x,0)=1ui(x),

The research has been supported by Vietnam’s National Foundation for Science and
Technology Development (NAFOSTED) under Project 101.02-2015.06.
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where A > 0, A\; > 0 are constants and %o, 41 € Hi N H?; f, F, G are given functions
satisfying conditions specified below.

When f=F=G=0,A=X\ =0,Q=(0,L), equation (1.1) is related to the
Love equation

FE
(14) Ut — Euzz - 2ﬂ2w2uxxtt = O;

presented by Radochova in 1978 (see [18]). This equation, which describes the ver-
tical oscillations of a rod, was established from Euler’s variational equation of an
energy functional

T L
1 1
(1.5) / dt/ [aFg(u? + pwtul,) — §F(Eui + opPwugugy) | de.
0 0

The parameters in (1.5) have the following meaning: w is the displacement, L is the
length of the rod, F' is the area of cross-section, w is the cross-section radius, F is
the Young modulus of the material and p is the mass density. By using the Fourier
method, Radochova [18] obtained a classical solution of problem (1.4) associated
with initial condition (1.3) and boundary conditions

(1.6a) u(0,t) =u(L,t) =0,

or

(1.6b) {u(o’t) B ?’

Uzt (L, t) + 2ug(L,t) = 0,

where ¢? = E/p, ¢ = 2u%w?. On the other hand, the asymptotic behaviour of the
solution of problem (1.3), (1.4), (1.6a) or (1.6b) as ¢ — 04 was also established by
the method of small parameter.

Equations of Love waves or Love type waves have been studied by many authors,
we refer to [4], [6], [12], [13], [14], [17] and references therein.

In [12], by combining the linearization method for the nonlinear term, the Faedo-
Galerkin method and the weak compactness method, the existence of a unique weak
solution of a Dirichlet problem for the nonlinear Love equation uy — Uy — Ugatr =
flx,t, u, ug, ug, ugt) is proved.

In [19], a symmetric version of the regularized long wave equation (SRLWE)
an { Ut — Ut = 0g + Ully,

ot +uz =0,
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was proposed as a model for propagation of weakly nonlinear ion acoustic and space-
charge waves. Obviously, eliminating o from (1.7), we get

(1.8) Ut — Upg — Ugztt = —Ulge — Ugply.

The SRLWE (1.8) is explicitly symmetric in the x and ¢ derivatives and is very
similar to the regularized long wave equation which describes shallow water waves
and plasma drift waves [1], [2]. The SRLWE also arises in many other areas of
mathematical physics [5], [9], [16]. We remark that equations (1.1) and (1.8) are
special forms of the equation discussed in [12].

The purpose of this paper is establishing the existence, blow up and exponential
decay of weak solutions for problem (1.1)—(1.3). To our knowledge, there is no decay
or blow up result for equations of Love waves or Love type waves. However, the
existence and exponential decay of solutions or blow up results for wave equations,
with different boundary conditions, have been extensively studied by many authors,
for example, we refer to [3], [10], [11], [15] and references therein. In [3], the following
problem was considered:

ugg — Au+g(u) + f(u) =0, z€Q, t>0,
(1.9) u=0, €I, t=>0,
U(IE,O) = ﬂo(x), ut(x,O) = ﬂl(x)v T e Qv

where f(u) = —blulP~2u, g(u;) = a(l + |ug|™ Hu, a, b > 0, m, p > 2, and Q
is a bounded domain of RV with a smooth boundary 9. Benaissa and Messaoudi
showed that for suitably chosen initial data, (1.10) possesses a global weak solution,
which decays exponentially even if m > 2. Nakao and Ono [11] extended the previous
results to the Cauchy problem

(1.10)

ure — Au+ N (z)u+ g(ug) + fu) =0, z€RN, ¢t>0,
U(IE,O) = ao(il,’), ut(x,O) = ﬂl(x)v T e RN?

where g(u;) behaves like |u;|™%u;, f(u) behaves like —|u|P~2u, and the initial data
(g, uy) is small enough in H*(Q) x L2(£2). In [15], the existence and exponential
decay for the nonlinear wave equation

(1.11) Upt — Uge + Ku + My = alulP?u+ f(z,t), 0<z<1,t>0,

with a nonlocal boundary condition, in cases a = 1, a = —1, were also established.
In [10], Messaoudi established a blow up result for solutions with negative initial en-
ergy and a global existence result for arbitrary initial data of a nonlinear viscoelastic
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wave equation
t
1.12) wy — Au+ t — 7)Au(T) dr + alug|™ 2uy = blulP%u, e, t>0,
g
0

where a,b > 0, p > 2, m > 1, and Q is a bounded domain of R" with a smooth
boundary 012, associated with initial and Dirichlet boundary conditions. In [8], [20],
the existence, regularity, blow-up and exponential decay estimates of solutions for
nonlinear wave equations associated with two-point boundary conditions were es-
tablished. The proofs are based on the Galerkin method associated with a priori
estimates, weak convergence, compactness techniques and the construction of a suit-
able Lyapunov functional. The authors in [20] proved that any weak solution with
negative initial energy will blow up in finite time.

The above mentioned works lead to the study of the existence, blow-up and ex-
ponential decay estimates for a nonlinear Love equation associated with initial and
Dirichlet boundary conditions (1.1)—(1.3). Our paper is organized as follows.

Section 2 is devoted to the presentation of preliminaries and an existence result
via the Faedo-Galerkin method. Problem (1.1)—(1.3) here is dealt with the general
case F,G € C'([0,1] x [0,T] x R%).

In Sections 3, 4, 5, problem (1.1)—(1.3) is considered with F' = F(u) = a|u|[P~2u,
G = G(uy) = blug|P"%u,, a,b € R, p > 2. In the case of a > 0, b > 0; f(x,t) = 0,
with negative initial energy, we prove that the solution of (1.1)—(1.3) blows up in
finite time. In the case of a > 0, b < 0, it is proved that if ||uo.||* — alluoly, > 0
and f € L*((0,1) x Ry), || f(#)|] < Ce™°t ~y > 0, then the energy of the solution
decays exponentially as ¢ — oo. Finally, in the case of a < 0, b < 0 and || f(¢)|| small
enough as above, we remark that problem (1.1)—(1.3) has a unique global solution
with energy decaying exponentially as ¢ — oo, without the initial data (ug, U1 ) being
small enough.

2. EXISTENCE OF A WEAK SOLUTION

First, we put Q = (0,1); Qr = Q2 x (0,7), T > 0 and denote the usual function
spaces used in this paper by C™(Q), W™P? = WmP(Q), LP = WOP(Q), H™ =
Wm2(Q), 1 < p < oo,m=0,1,... Let (-,-) be either the scalar product in L?
or the dual pairing of a continuous linear functional and an element of a function
space. The notation ||-|| stands for the norm in L? and we denote by ||-||x the norm
in the Banach space X. We call X’ the dual space of X. We denote by L?(0,T; X),
1 < p < oo, the Banach space of the real functions u: (0,7) — X measurable such
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that
T 1/p
|mmmnm—(/|MM§w) <o forl<p<oo,
0

and

l[wll Lo (0,75x) = esssup [Ju(t)||x  for p = oo.
o<t<T

Let u(t), v'(t) = ue(t), u”’(t) = uw(t), ug(t), uzs(t) denote u(z,t), du/ot(x,t),
0%u/ot*(z,t), Ou/Ox(x,t), 0%*u/0x?(x,t), respectively.
On H'!, we shall use the norm

ol = (loll* + [lva|%)!72.
Then the following lemma is known.
Lemma 2.1. The imbedding H' < C°(Q) is compact and

(2.1) oo < Vol Yoe H

Remark 2.1. On H}, v ||v||gr and v +— |Jv,|| are equivalent norms. Further-
more,

(2.2) [vllcom) < llvall for all v e H;.

With F € C1([0,1] x Ry x R*), F = F(z,t,91,...,y4), we put D1 F = OF/0x,
DyF = OFJot, DiyoF = OF /Oy, i =1,....4.
Next, we establish the local existence theorem. We need the following assumptions:
(Hi) fe HY(Qr), Qr = (0,1) x (0,T);
(Hy) F € C([0,1] x [0, T] x R*), such that F(0,,0,92,0,34) = F(1,t,0,92,0,94) =0
for all t € [0,T7, for all ya,y4 € R;
(H3) G € C*([0,1] x [0,T] x R%).

Theorem 2.2. Suppose that (H;)—(Hs) hold. Then problem (1.1)—(1.3) has
a unique local solution

(2.3) uw € L>=(0,Ty; HY N H?), uy € L0, Ts; Hi N H?), uy € L>(0, Ty; Hy N H?),

for T, > 0 small enough.

Remark 2.2. The regularity obtained by (2.3) shows that problem (1.1)—(1.3)
has a unique strong solution

(2.4) ue CY[0,T.]; Hi N H?), gy € L°°(0,T.; Hy N H?).
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Proof of Theorem 2.2. The proof is a combination of the linearization method
for a nonlinear term, the Faedo-Galerkin method and the weak compactness method,
and consits of two steps.

Step 1. Establish a linear recurrence sequence {u,,} by the linearization method.

Consider T' > 0 fixed, let M > 0, and put

1/2
L2(QT>> ’

@) Eulh) = flman = (1xan + [ ], *+ | 5]

||FHCO(AM) = sup |F(xﬂt7y17"'ay4)|a
(T, t,y1,--Ya) EAM

Ay =10,1] x [0,T] x [-M, M]*,

6
Far = |Fllevan) = IFlcoan) + Y IDiFllcoan),

i=1
6
Gu = ”G”C'l(AM) = ”G”CO(AM) + Z ”DiG”CO(AM)'
i=1
For each T, € (0,7] and M > 0, we put
W(M,T,) ={ve L®0,T,;Hi N H?): v, € L*(0,Ty; H} N H?),
Vet € LOO(O T*,Hé)
with ||’U||L°°(o T.;HINH?)) ||’Ut||L°°(0 T.;HINH?)) ||’Utt||Loo (0,Tw;HY) S < M},
Wi (M,T,) ={veW(M,T.): vy € L°°(0,T,; H: N H?)},

where Qr, = Q x (0,T%).
We establish the linear recurrence sequence {u,,} as follows.
We choose the first term uy = 0, suppose that

(27) Um—1 € Wl(M, T*),

and associate with problem (1.1)—(1.3) the following problem:
Find u,, € W1(M,T,) (m > 1) which satisfies the linear variational problem

(i, (8), w) + (Ui () 4 At (8) + e (8), wa) + Mug, (£), w)
(2.8) = (f(t),w) + (Fan(t), w) + (G (t), wa) Yw € Hg,

um(O) = ﬂo, u;n(O) = ﬂl,

where
(2.9) Fo(z,t) = F(z, t,um—1(z,t), Vim_1 (2, t),un, _;(z,t), Vul,_(x,t))
= Flum—1)(z, 1),
Gm(x,t) = G(a, tyum—1(x,t), Vg —1(z,t),ul, 1 (x,t), Vul, _(z,t))
= Glum—1](z,t).
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Then we have the following lemma.

Lemma 2.3. Let (Hy)—(Hs) hold. Then there exist positive constants M, Ty, > 0
such that, for ug = 0, there exists a recurrence sequence {u,,} C Wy (M, T,) defined
by (2.7)—(2.9).

Proof of Lemma 2.3. The proof consists of several steps.

(i) The Faedo-Galerkin approzimation (introduced by Lions [7]). Consider a spe-
cial orthonormal basis {w;} on H}: w;(x) = V2sin(jrz), j € N, formed by the
eigenfunctions of the Laplacian —A = —0%/0x2. Put

k
(2.10) uP ) =3 e (b,
j=1
(k)

. satisfy the system of linear differential equations

where the coefficients Conj

(i) (£),105) + (iihn (£) + Aaiha (t) + ubn (1), wja) + Aab (1), w;)
=

(211) Fm(t)ij>+<Gm(t)7wjz>+<f(t)awj>a 1 <] <ka
ut) (0) = ok, ) (0) = T,
in which
k
ok = Za§k)w]~ — T strongly in Hy N H?,
j=1
(2.12) .
Uik = ZBJ(.k)wj — uy strongly in H& N H2.
j=1

System (2.11) can be rewritten in the form

By 2 M T A ) N k)

Cmt—’_i_cmt—‘_—_cmt = Jm t7
(213) () ey ;) ey i) = fmj(t)

e (0)=al”, S0 =8, 1<i<h,
where

1
fmi(t) = —=[(Fn(t), w;) + (G (t), wja) + (f (1), w;)],

(2.14) L+ A

J
Aj=(m)? 1<j<k

Note that by (2.7), it is not difficult to prove that system (2.13) has a unique
solution on the interval [0, T].
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(ii) A priori estimates. Put
(2.15) S (1) =0 (1) + a4l (1) + Y (),

where

P @) = i O + @@l + [lulk @)1

+2)\1/ 1) (s ||2ds+2/\/ 14 (s) 12 ds,
B () = [0 + | Aa )2 + | Aul® (¢ >||2
t t
(2.16) Lon / 1A (5)]]? ds + 22 / 14, (s) 1 ds,
0

D0 = DO + TELOF + 10O + 25 [ 606 6

+2)\/ i) (5)]|% ds.

Then it follows from (2.11), (2.15), and (2.16) that

11 SP0 =500 +2 [ (76,606 ds
0
/<Vf() <>>ds+2/ (F(5), i (5)) ds
0 0
+2 / (Fon(5), 0 (5)) ds + 2 / (Gon(s), 08) (5)) dis
+2 / (Fon (5), 45, (5)) ds + 2 / (G (5), 2 () ds

t'sa(k)s s t's (k)
+z/O<Fm< ), i) (s)) d +z/O<Gm< ),iif8) (5)) ds

9
=SH0)+> 1.
j=1
First, we are going to estimate &) = ||ii(k)( 0)]|% + ||u(k)( 0)/|%.

Letting ¢ — 04 in equation (2.11); and multiplying the result by cgf;(O), we get

(2.18) G5 O)2 + 155017 + (MiTike + Goke, iy (0)) + Adg, il (0))
= (Fn(0), i) (0)) + (Gin (0), i3 (0)) + (£(0), i) (0)).
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This implies that

(219) &5 = llag ()1 + [[i52.(0)|
< (ke | + ldoke | + G (0) D115 (O]
+ (Al | + 1 Ewn (0] + £ ©O)ID 15 (0]

< kel + ok | + G (0] + Mla@rkl| + | E (0] + [ £0)[1]1/ €%
<

Malltiske | + [Foks || + G ()] + At + | Em (O)]] + 1 (O

Moreover,
(2.20)  [[Em(O)[ + [|Gm(0)[ = [[F'(:, 0, U, tow, U1, U ) |
+ ||G(+, 0, ug, Uz, U1, U1, )|| = a constant independent of m.
Thus,
(2.21) M <Xy Vm,

where X is a constant depending only on f, ug, U1, F, G, A\, and \;.
By (2.12), (2.15), (2.16), and (2.21), we get
(2.22) SE(0) = [[@kll® + l[@rkal® + [[@ok ]|
+ ([ @ual? + | AT]® + (| Aok [|* + [[@1se ||
+eR <8y Vm,keN,

where S is a constant depending only on f, ug, u1, F, G, A, and A;.

We shall estimate the terms I; on the right hand side of (2.17) as follows.

First term I,. By the Cauchy-Schwartz inequality, we have
t t
e2) =2 [ (D) ds < gy + [ 1P s
Similarly, for the terms I», I3, we obtain
t
(2.24) I =2/0 (V£(s) it (9)) ds < IV fll72(00) +/ a5 ()1 ds,

t
Iy =2 / /(51,0 (9)) ds < | 2 + / [ (s)]1? ds.

Hence,

t
(2.25) L+L+ I <|flin e /sﬁ,’?(s)ds
0
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Fourth term I, = 2fg<Fm(s),u$ﬁ)(s)> ds. It is known that

(2.26) Fon (2, 0)] < Far
Consequently,
t . t
(2.27) I = 2/ (Fon(s), 4P (s)) ds < 2FM/ ||u§j;>(s)||ds
0

Similarly, for the term I5, we obtain

t t
(228) I =2 / (Gon(5), 48 (5)) ds < TGy + / Ja®) (5)]1? ds.
Hence,
—2  —2 t
(2.29) L+ Is < T.(Fy + Gy +/ ¥ (s) ds.
0

Sizth term Ig = 2f0t<Fma:(S) ugfg)g( ) ds.
It is known that

me(t) = DlF[um,l] -+ D3F[um,1]Vum,1 -+ D4F[um,1]Aum,1
+ D5 F[um—1]Vul, 1 + DeF[tpm—1]Aul, 4,

SO
(2.30) | Fona ()] < (1 +4M)F )y = Fy.
Hence,
t
(231)  Iy=2 / (Fona(5), 58, ()) ds < 2 / | e () 165 (5) | dis
0

< 2Fy / 1), (s)]| ds < TLF%, + / %) (5)|12 d.
Similarly, for the term I, we find that
t ~
(2.32) I; = 2/ (Ga(s), AulP) (s)) ds < T.G2, / | Aal®) (s))2 ds,
0
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with G = (1 + 4M)Gyy. Thus

t
(2.33) Is + I < T.(F} + G3)) +/ g™ (s) ds.
0
Similarly, for the terms Ig, Ig, we obtain
t . t .
(2.34) Is+1y=2 / (Fy(s), %) (s)) ds 4 2 / (G(s), k) (5)) ds
0 0
t
< T.(F3 +G3)) +/ r®) (s) ds.

0

Finally, (2.17), (2.22), (2.25), (2.29), (2.33), and (2.34) lead to

t
235 SWO < S0+ [Mliran + TP +2 | SW(s)ds,
0
where
(2.36) Dy(M) = [1+2(1 + 4M)2)(Fy + Grp).

We can choose M > 0 sufficiently large so that

1
(2.37) So+ 11 @r) < 5M°,

next choose T, € (0, 7] small enough so that

1
(2.38) (§M2 + T*Dl(M))eQT* < M2,
and

(2.39) kr, = 2\/ (Fay + G Te™ < 1.

It follows from (2.35), (2.37), and (2.38) that
t
(2.40) Sk (1) < e M2 4 2/ S () ds.
0

By virtue of Gronwall’s Lemma, (2.40) yields

(2.41) S () < 72T M2 < M?
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for all ¢t € [0, 7], for all m and k. Therefore,
(2.42) u® e W(M,T,) VYm and k.

(iii) Limiting process. From (2.41) we deduce the existence of a subsequence of
{uﬁ,’f)} still so denoted, such that

ulh) = in L°°(0,Ty; HE N H?) weakly*,
) — ul, in L°°(0,Ty; HE N H?) weakly*,
ak) in L>°(0, T,; H}) weakly™,

U, € W(M,Ty).

(2.43)

Passing to limit in (2.11), (2.12), we have u,, satisfying (2.8), (2.9) in L?(0,T%).
On the other hand, we have from (2.8);, (2.43)4 that

2

(2.44) w(u% + N, Fum) =ul X, — Foy 4 G — f € L0, T L?).
Therefore,
(2.45) ull, + Ml A Uy = U, € L0, Ty; HE N H?).

In order to continue the proof, now we deduce from (2.45) that, if

(2.46) U € L*°(0,Ty; HY N H?),
then
(2.47) uly, i € L2°(0,Ty; Hy N H?).

Indeed, let (2.45), (2.46) hold. Then we have
(2.48) !+l =V, — uy =V, € L0, T,; HE N H?).
Integrating (2.48) gives
t —_ ~
(2.49) ’Ltlm + MUy, = U1 + AMug + / \I/m(s) ds=v,, € LOO(O,T*; Hé N Hz).
0
Hence,

(2.50) w =Wy — My, € L0, T, HE 0 H?).
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It follows from (2.45) that
(2.51) ull, = —Mul, — um + U, € L0, Ty; HE N H?).

We will prove that (2.46) holds. We consider three cases for A;.
Case 1: A1 = 2. By (2.45), we have

¢
(2.52) um(t) = ﬂoe*t—i—(ﬂo—i—ﬂl)te*t—f—/ (t—s)e "W, (s)ds € L>(0, Ty; HiNH?).
0

Case 2: A\ > 2. Put k; = %(—)\1 + \/)\% —4), ko = %(—/\1 — \//\% —4). Then
(2.45) gives

1

-1
1 t
+7
ﬁ%—z;/o(e

Case 3: 0 < A\; < 2. Putting o = —2 )1, 8= 31/4 — A2, (2.45) implies

(2.53) wm(t) = Ft]

(U — katig)e™" — (U — kitig)e

Ri(t=s) _ gk2(t=N\w, (s)ds € L>(0,Ty; Hf N H?).

- 1 -
(2.54) U (t) = uge™ cos Bt + B(ul — adig)e™ sin Bt

1Y ) o0
—l—E/O =) gin(Bt(t — 5))W,n(s) ds € L=(0, Ty; HE N H?).

Thus U, u',,u’, € L*°(0,Ty; H} N H?), hence u,, € W1(M,T,) and Lemma 2.3
is proved. Hence, step 1 is complete.

Step 2. The convergence to the solution u of problem (1.1)—(1.3) of the linear
recurrence sequence {tm, }.

We have the following lemma.

Lemma 2.4. Let (H;)—(Hs) hold. Then

(i) Problem (1.1)—(1.3) has a unique weak solution u € W;(M,T,), where the
constants M > 0 and T, > 0 are chosen as in Lemma 2.3.

Furthermore,

(ii) The linear recurrence sequence {u,,} defined by (2.7)—(2.9) converges to the
solution u of problem (1.1)—(1.3) strongly in the space

Wi(T.) = {v e L=(0,Ty; H}): v' € L>=(0,Ty; H})}.
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Proof of Lemma 2.4. We use the result obtained in Lemma 2.3 and the compact
imbedding theorems to prove Lemma 2.4. It means that the existence and uniqueness
of a weak solution of problem (1.1)—(1.3) is proved.

(i) Ezistence. First, we note that Wy (T,) is a Banach space with respect to the
norm (see Lions [7])

(2.55) ||UHW1(T*) = ”UHLx(O,T*;Hé) + ||U/||L°°(O,T*;Hé)-

We shall prove that {u,,} is a Cauchy sequence in W1 (7). Let Wy, = Umy1 — tUm.
Then w,, satisfies the variational problem

(Wi, (8), w) + (Wi () + My, () + Wi (£), wee) + AMwy, (£), w)
(2.56) = (Fnt1(t) = Fn(t), ) + (G (t) — Gm(t), wa)  Vw € Hy,
wm (0) = w,(0) = 0.

Taking w = w),, in (2.56), after integrating in ¢, we get
t
(2.57) Zon(t) = 2 / (Foir () — Fyn(s), 0, (s)) ds
0
t
42 [ (Gia() = Gonls), 1wl (5) s,
0
where
(2.58) Zin (t) = [lw), (O + [[w)e (O + lwima ()]

t t
w20 [l )P ds 423 [l (9] ds,
0 0

On the other hand, from (Hz), (H3) we obtain by (2.5), (2.7), (2.9), and (2.43)4
that

(2.59) [ Emta(s)
1Gmta(s)

Fon(s)|| < 2F mllwm—1llw, (1)
Gm(s)| < 2EMme—luwl(T*)-

Combining (2.57) and (2.59), we obtain
=2 =2 ¢

Using Gronwall’s Lemma, we deduce from (2.60) that

(2.61) lwmllwy () < krllwm-1llwy (1) YmeN,
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where 0 < k7, < 1 is defined as in (2.39). This implies

o — uallw, () (1 — kr,) " KE
M —kyp,) 'k Vm, peN.

(2.62) |wm = wmpllw, (1) <
<

It follows that {u,} is a Cauchy sequence in W7 (7). Then, there exists u €
W1 (Ty) such that

(2.63) Um — u  strongly in Wi (T%).

Note that u,, € Wi(M,T.), so there exists a subsequence {uy,,} of {u,} such
that

U, = U in L°°(0,Ty; HE N H?) weakly*,
(2.64) U, — ' in L°°(0,Ty; HE N H?) weakly*,
‘ up, = u” in L>(0,T,; H}) weakly*,
ue W(M,T,).
Putting
(2.65) Flul(x,t) = F(x, t,u(z, t), Vu(z, t),u (2, t), Vu' (2, 1)),

Glu)(z,t) = G(z, t,u(z, t), Vu(z, t),u (z,t), V' (2,t)),
by (2.5), (2.7), (2.9) and (2.64),4, we obtain

(2.66) [ En (£) = Flu](8)]]
|G (t) = Glu](D)]]

< 2F pr|[tim—1 — ullwy (1),
< 2F np ||um—1 — ullwy (1)

Hence, (2.63) and (2.66) yield

(2.67) F,, — F[u] strongly in L>(0,T,; L?),
G — G[u] strongly in L>(0, T,; L?).

Finally, passing to limit in (2.8), (2.9) as m = m; — oo, it follows from (2.63),
(2.64)1 3, and (2.67) that there exists u € W (M, T.) satisfying the equation

(2.68) (" (t), w) + (ul(t) + Ml (t) + uz(t), we) + N/ (t), w)
= (f(t),w) + (Fu](t),w) + (Gu](t),w,) Yw e Hy

for all w € H}, and the initial conditions
(269) U(O) = ﬂo, UI(O) = ﬂl.
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On the other hand, due to the assumption (Hz) we obtain from (2.64) and (2.68)
that

0? 0

o / — I s _ oo .12
(2.70) 922 (W +Mu +u) =u" + M — Flu] + 8xG[u] f e L>0,T,; L*).
Hence,
(2.71) u” + My +u =V L®0,T.; Hy N H?).

Similarly, from (2.71) we have
(2.72) u,u',u” € L0, Ty; Hy N H?).

Consequently, u € Wi (M, T,) and the existence follows.
(if) Uniqueness. Let u1, ug be two weak solutions of problem (1.1)—(1.3) such that

(2.73) ui € Wi(M,T,), i=1,2.

Then w = u; — uy verifies

(W (), w) + (W () + Mw () + we (1), we) + Mw'(t), w)
(2.74) = (Flua](t) — Flug](t), w) + (Glw](t) — Gluz](t),wa) Y w € Hy,
w(0) = w’(0) = 0.

Taking v = w = u; — ug in (2.74); and integrating with respect to ¢, we obtain
t
(2.75) o(t) = 2a/ (Flu1](s) — Fluz](s),w’(s)) ds
0
t
420 [ (Glur)(s) = Glual(s), ) (9) s,
0
where
(2.76) a(t) = lw' (O] + wy (O + [lwe (2)]>
t t
v2u [ ds o [ (o) ds
0 0

On the other hand, by (Hz), (Hs), (2.5) with M = max lwilloo (0,1, 520 H), WeE
deduce from (2.76) that

(2.77) [1E[u1](s) = Fluz)(s)
1Gluil(s) = Gluz(s)
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Combining (2.75) and (2.77), leads to

(2.78) a@):2ﬁﬁ4+@MXA:de&

By Gronwall’s Lemma, (2.78) gives 0 = 0, i.e.,, u1 = uz. Lemma 2.4 is proved
completely and Theorem 2.2 follows. O

3. BLow up

In this section, problem (1.1)—(1.3) is considered with F(x,t,u, uy, us, Ugt) =
alulP=2u, G(x,t, u, Uz, U, Ugt) = blug[P~%uy, a,b € R, p > 2, as follows:

Utt — Ugz — Ugatt — MUgar + My = alu[P~?u — b2 (Jug|P~2uy,)
+f(z,t), 0<z<l 0<t<T,

u(0,t) = u(l,t) =0,

u(x,0) = uo(x), ui(x,0) = ().

(3.1)

Supose that a > 0,b >0, p > 2 and f = 0. Let u(x,t) be a weak solution of (3.1)
satisfying

(3.2) ue CH[0,T.]; H* N HY), uy € L>(0,Ty; H* N HY).

We will show that the solution u(x,t) of (3.1) blows up in finite time if

1, 1 - 1 - a, - b, -
(33)  —H(0) = @l + 5wl + 5llto.|* - Sllollze = ol <.
Theorem 3.1. Let H(0) > 0. Then the solution u of problem (3.1) blows up in

finite time.

Proof. We denote by E(t) the energy associated with the solution u, defined
by

1 1 1

(34)  E(t)= 5||’u'(7f)||2 + §||u;(t)|\2 + 5 llua(t )|? - —H @ Hux( e
and we put

p 1 / 2 1 / 2 1 2
(3.5) H(t) = —E(t) = —IIU( )z Hux( Mo =5l O =5l (O = 5 [lua ()]
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On the other hand, by multiplying (3.1); by u/(z,t) and integrating over [0, 1], we
get

(3.6) HI() = Al ()1 + Ml @)2 0 Vit € [0,T.).
Hence, we can deduce from (3.6) and H(0) > 0 that

BT 0<HO<HE) =S, + guux(t)n’zp
1 / 2 1 ! 2 1 2
SO = S0~ a0l e 0,12,

Now, we define the functional

(3.8) L(t) = H'7"(t) + ey(b),
where
(39)  (0) = {ult) /(1) + (e (0),,(00) + 2 Ju(t) P+ S e ()]

for € small enough and

p—2
3.10 O<ns——<
(3.10) s,

N~

Lemma 3.2. There exists a constant d; > 0 such that

(3.11) L'(t) = di(H(t) + [lu' () + uf &) + llua®I* + w7 + [lua(]Z0)-

Proof of Lemma 3.2. By multiplying (3.1); by u(x,t) and integrating over
[0, 1], we get

(3.12) V(1) = [/ O + llug. (D12 = lue @I + allu®)Z, + bllua®)I17,-
By taking a derivative of (3.8) and using (3.12), we obtain

(3.13)  L'(t) = (1 —m)H () H'(t)
+ellu' @ + luz O = llua(®)1* + allu®)7, + bllua()1Z,]-
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Since (3.7), (3.13) and due to the inequalities

(1 =) H- (O H' () >0,
S0l < guu( W + S @)
G Y i < ROl + 2O,
L., 2 ’ 2 1 2 a D
SO + 3101 + Sl < L@l + a1

we deduce that
(815)  L'(t) 2 el ()1” + [ (®)” = llua(O)]> + allu(®)]0 + bllua ()],
2
e I O + e = = (all®)l + Bllua D)
+ (I}, + blua(t) 7,
2
= el O + s O + (1= ) @Ol + Hlua()]1,)
On the other hand, it follows from (3.14)3 3 and the inequalities
p
(816)  allu®lI%, + bllua (2, > pH(), alu), + bllun)[F, > £ llua ()]
that
2
(317) L'(0) > el 0 + el (I +2(1 = > ) @lu(t)g +bllua(t)l,)
1\ [2 / 2, € 2 p p
> el @7 + el ()7 + 5 (1= ) @l + bllua D)
€ 2 € 2\p 9
H5(1=2 e + 5 (1= 2) Gl
> dy(H(t) + [/ 1 + [, (0)]2 + s ()2 + w12, + lua@I17).

where di = min{e, 3e(1 — 2/p)} is a positive constant. Lemma 3.2 is proved com-
pletely. O

Remark 3.1. By virtue of the formula of L(¢) and Lemma 3.2, we can choose €
small enough such that

(3.18) L(t) > L(0) >0 Vte][0,Ty).
Now we continue to prove Theorem 3.1.
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Using the inequality

5 r 5
(3.19) (Zx) <51y af Vr> 1, and ..., 25 >0,

i=1

we deduce from (3.8) and (3.9) that

(3:20) LU (t) < Const(H (1) + [Gut), ' ()7 + [{u (), u (1))
+ [N 4 [l (8)] 2 )
< Const(H(t) + ||u(t)||1/(1_”)||u’(t)||1/(1—n)
o ot ()] i (1)
(@)1 D 4 Y[ (8) ]2/,

On the other hand, using Young’s inequality yields

1-2n

1

3.21 w(t) |V O ()] A ut)||* + —— |l (¢)]?
(3.21) lu(®)]l [l ()]l 2(1_77)” wll 2(1_77)” Il

< Const(||u(t)[|* + |u'(t)[|*)

< Const([|uz (1) + [l ()],
where s = 2/(1 — 2n) < p by (3.10).

Similarly
1-2 1

3.22 g ()| 7 ||l (2) |/ O < T ua ()] + ul (t)]|?
322)  [luz(®)]| [[uz (0] 2(1_77)” Il 2(1_77)” Qll

< Const(|lua ()| + [[uf, (D))
It follows from (3.20)—(3.22) that

(3.23) LM (t) < Const[H () + [|u/ (£)[1* + [|uf, (1)
F a1+ s (O 7D+ Jlus ()]

Now, we need the following lemma.
Lemma 3.3. Let 2 <71 <p, 2 <7y <p. Then we have
(3.24) [0]I™ + [[oa]I™ + [lo2 I < 3(l|vell® + 0lITs + llvalF)

for any v € Hj.

Proof of Lemma 3.3. (i) We consider two cases for ||v|:
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(i.1) Case 1: ||v]] < 1: By 2 < < p, we get
(3.25) loll™ < Noll* < floal® < oall® + ol + llvall, = elv].

(i.2) Case 2: ||v|| > 1: By 2 <7 < p, we find that

(3.26) [olI™ < [loll” < flollze < ofv]-
Therefore,
(3.27) v]|™ < o[v] for any v € Hj.

(ii) We consider two cases for ||vg|:
(ii.1) Case I: |lvg]| < 1: By 2 < ry < p, we have

(3.28) lva ™ < [lva ] < ofo].

(ii.2) Case 2: ||lvg|| = 1: By 2 < r; < p, we have

(3.29) [o2]™ < Jozl|” < ofv].
Therefore,
(3.30) lva||™ < o[v] for any v € Hg.

(iii) Similarly
(3.31) lve]|"2 < o[v] for any v € Hg.
Combining (3.27), (3.30), and (3.31), we get
(3:32) o™ + llvall™ + [lva ™ < Belv] < 3(llvall* + llvllFs + lv=l7,) Vv € Hy.

Lemma 3.3 is proved completely. O

By (3.23) and using Lemma 3.2 with r; = 2/(1 — ), 72 = s, we get

(3.33) LY =M (1) < Const(H(t) + |[u/(8)||* + [[ul (8| + [|ua(t)]?
+u®f, + lue(®)lF,) Vte[0,T.).

It follows from (3.11) and (3.33) that
(3.34) L'(t) = do LY~ (t) Yt e [0,T.),
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where ds is a positive constant. By integrating (3.34) over (0,t), we deduce that

1 1-—n
> , 0<t<
L= (0) — dapt/ (1 — ) dan

(3.35) L"(1=m(¢) L=1/0=1 ).

Therefore, (3.35) shows that L(¢) blows up in a finite time given by

1—n _ _
3.36 T, = L=/ =m0y,
(3.36) Do (0)

Theorem 3.1 is proved completely. (I

4. EXPONENTIAL DECAY

Consider problem (3.1) corresponding to a > 0 and b = —b; < 0.

We prove that if ||To,||? — al|@o||}, > 0 and if the initial energy and the function f
are small enough, then the energy of the solution decays exponentially as t — oo.
For this purpose, we make the following assumption:

(Hy) FELP((0,1) x Ry), (Bl < Ce ™, 50> 0.
First, we construct the Lyapunov functional
(4.1) L(t) = Er(t) + 04(2),

where 6 > 0 will be chosen later and

(42) (1) = (ult), o' () + ()., (00) + 5 ut) | + 2o (1),
1, 1, 1 b . a )
(43) Brlt) = 3l OI + 5101 + 5lus @1 + sl - Sluto)l,
= SO + o) + 70,
(@4) I = GOl + s, - SOl

(Lo NN+ Mo, + X
= (5 Il + e + 1),

(45) I(t) = I(u(t)) = luz(®)I* = allu(®)[|7,.

Then we have the following theorem.
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Theorem 4.1. Assume that (H;) holds. Let 1(0) > 0 and let the initial energy
E1(0) satisfy

49 =l 2 (mor g [Trera)] T <1

Then there exist positive constants C, «y such that,

(4.7) Ey(t) < Cexp(—vt) VYt >0,
where
(4.8) Ev(t) = [[o/ ()1 + Nui, 0 + ua (@)1 + [ua @)1 + 1(2).

Proof. First, we need the following lemmas.

Lemma 4.2. The energy functional E;(t) satisfies

(4.9) Ei(t) < —%IW(@HQ = Mllug (O] + %I\f(t)H?

Proof of Lemma4.2. Multiplying (3.1); by u/(z,t) and integrating over [0, 1],
we get

(4.10) E{(t) = =Xl ()" = Mlluz ()] + (£ (1), u'(£).

On the other hand,

A

(4.11) (f(),u'(t) < 5

CI O + 55 170

Combining (4.10) and (4.11), it is easy to see (4.9) holds.
Lemma 4.2 is proved completely. Il
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Lemma 4.3. Suppose that (Hy) hold. If I(0) > 0 and

e8] (p—2)/2
@iy on=al T (mo g [CreRe)] <,

then I(t) > 0 for all t > 0.

Proof of Lemma4.3. By the continuity of I(¢) and I(0) > 0, there exists 71 > 0
such that

(4.13) I(u(t) =0 Vte[o,T],

which implies

@) B = 50O + S0 +I0 > 70 = (5 - ) (o)l
+ 2Ol + 10> (5 - 3 )l
It follows from (4.14) that
@) ) < 2500 < 5B
< %(El(m o /Ooo |f(s)||2ds) Ve (0,Ti].

Hence, (4.12) and (4.15) lead to

@16)  au(®), < alus O = allus (72 O]
o] (p—2)/2
<o 23 (B0 + 55 [ IEPs)] T
= 77*||ugc(t)||2 vt e [0,T1].

Therefore, I(t) > (1 — n.)|juz(¢)||? > 0 for all t € [0, Ty].

Now, we put Too = sup{7 > 0: I(u(t)) > 0forallt € [0,T)}. If Too < oo then, by
the continuity of I(t), we have I(Tw) > 0. By the same arguments as in the above
part, we can deduce that there exists T, > T, such that I(¢) > 0, for all ¢t € [0, T.].
Hence, we conclude that I(¢) > 0 for all ¢ > 0.

Lemma 4.3 is proved completely. O
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Lemma 4.4. Let I(0) > 0 and (4.12) hold. Put
(4.17) Ei(t) = [/ @) + uz (O + lua (1 + llus (@7, + I(0).
Then there exist positive constants 31, B2 such that

(4.18) B1E1(t) < L(t) < oE1(t) VYVt =0,
for § is small enough.

Proof of Lemma 4.4. It is easy to see that
(4.19)
1 1 1 1 b 1
< = / 2 - / 2 - - 2 _1 p’ =
L) < IO + SO + (5= =) IOl + L Ol + 1)
1) 1) 1) ) A A1
+ S lu@®I” + S O + S lua @)1 + S lue O] + §||’u(15)||2 + Sl (O]

148, , o 1438,
< - - - —_
< ) + : @+ (5 - +o+

%HAM m<&E@,

where B2 = max{(1+9)/2,1/2—1/p+ 6+ (A + A1)/2,b1/p,1/p}.
Similarly, we can prove that

@20) L0 > 51O + a1 + (5 - 3 )@ + 2l + 1)
) 9 1) ’ 2 4] 2 J / 2
= D)~ S @7 — 3 ) — S0

1-946 1

1 1
> 2 (0))? +

—gﬁwumﬁ+@—5—®waww
+ s Ol + 16) > O,

where 81 = min{(1 —0)/2;1/2—1/p—6;b1/p;1/p} > 0, with 0 < 6 < 1/2—1/p.
Lemma 4.4 is proved completely. O

Lemma 4.5. Let I(0) > 0 and (4.12) hold. The functional 1(t) defined by (4.2)
satisfies

(@21) W0 < IO+ )P - “;“+m—%;mamﬁ
= balua ) = 5T + 5P

for all e1 > 0.
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Proof of Lemma 4.5. By multiplying (3.1); by u(x,t) and integrating over
[0, 1], we obtain
(4.22) O'(8) = [l @)1 + [lug N1 — lua )] + allu@)]7,
= biflua ()l + (F(2), u(t))
= [/ @I + [lug 0N = 1(t) = ballua (B)]175 + (£ (1), u(®)).

On the other hand,

€1 1
(4.23) (F®),u®) < S llua O] + 2—€1Hf(t)l\2, I(t) = (1 = n.) ua(B)]]*.
Hence, Lemma 4.5 is proved by using some simple estimates. O

Now we continue to prove Theorem 4.1.
It follows from (4.1), (4.2), (4.9), and (4.21) that

(21) L)< = SOI - M@ + 5l SO
+ 6lfu' (01 + 6l <t>||2 [ 5 b = 2l
= a0 a0 — 310+ 510

- (3 6)I\U’(t)|l2 ~ (= L)

0[5 4 b= 2w o)?
= a0l - 3100+ 3 (5 + )12

forall §, &7 >0, with 0 <6 < 1/2—1/p.

Let
(4.25) 0<ep <1—mn.+2b.

Then for § small enough, with 0 < § < min{A/2,A1,1/2 — 1/p}, we deduce from
(4.18) and (4.24) that there exists a constant v > 0 such that

(4.26) L'(t) < —y(t) + Ce 20t Yt > 0.

Combining (4.18) and (4.26), we get (4.7). Theorem 4.1 is proved completely. O
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5. A REMARK

Consider problem (3.1) corresponding to a = —a; < 0 and b= —b; < 0:

Ut — U — Ut — MUzt + Mg + a1|ulP~2u — bla%(luxl”_%)
(5.1) = f(z,t), O<a<l 0<t<T,

u(0,t) = u(l,t) =

u(x,0) = u(z), (%0) = uy(z).

With suitable conditions on f, we remark that problem (5.1) has a unique global
solution u(t) with energy decaying exponentially as ¢t — oo, without the initial data
(U, u1) being small enough.

Theorem 5.1. Suppose that f € H'(Qr). Then problem (5.1) has a unique
solution

(52) u € Cl([O7T*]7H(% n H2)7 Uty € LOO(O7T*7H5 n HQ))

for T, > 0 small enough.

This is a special case of Theorem 2.2.

Theorem 5.2. Assume that (ﬁl) holds. Then there exist positive constants C,
~ such that

(5:3) u' (O + e O + lua @I + ()1, + lue (@), < Cexp(—vt) V> 0.

Proof. First, we construct the Lyapunov functional

(5.4) Li(t) = By (t) + 0u(t),

where 6 > 0 will be chosen later and

(5:5) Ev(t) = IO + S OF + 5l + (Ol + s O,
(56) w<t>=<u’<t>7u<t>>+<u;<t>,ux<t>>+§||u<t>||2 ﬁnumw.

Next, we need the following lemmas.
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Lemma 5.3. The energy functional Ey (t) satisfies
Il A / 2 / 2 1 2
(5.7) Ei(t) < =5 I’ @I = Mllua (O + 5 I F BN

Proof of Lemma 5.3. Multiplying (5.1); by u/(z,t) and integrating over [0, 1],

we get
(5-8) Eq(t) = =/ (0)11* = Mllub (O + (£(0), ' (1)).
We have
1 A / 2 1 2
(5.9) (@), w' () < Sl @I + S IF O
Combining (5.8) and (5.9) gives (5.7). Lemma 5.3 is proved completely. O

By (5.7), we obtain

- A
(10) B0 <5l OP - MO + 55101 < S5 1701

Integrating with respect to ¢, we get

(5.11) Ey(t) <E1(0)+%/Ooo|f(t)||2dt=E* Vit 0.
Putting
(5.12) EL(t) = W/ @)1 + [l (O + llua (O + w2, + llua ()70,

we have the following lemma.
Lemma 5.4. There exist positive constants 81 and B such that
(5.13) B1E,(t) < Li(t) < BoE.(t) Vit >0,

for § small enough.

Proof of Lemma 5.4. It is clear that
1 1 1 aiq b1
(5149)  Li(t) = 510 O + Sl + 5l + () + a0,
p p
oA oM
8 (1) u()) + Bl (1) (1)) + o () + 5 )
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From the inequalities

O’ (8), u(t)) < ol () [[[ua ()] < %5ll’u’(t)||2 + %5||ux(t)||2,

615) 3 80w (0) < S a0l < GOl + 3ol (1),
2 ule)? < 2 s ()]

we deduce that

(:16)  Lu(®)> 510 @1 + SO + Fhea®l + @), + sl
80 (), (1)) + 60, (1), wa ()
>§wam€+§wxmﬁ+§MAMP+%w<n| 2 s

_1 / 2_1 2_1 / 2__ 2
501w O = 50lluz ()] = 50llue @) 25llux(t)||

_1—(5 ’ 9 1-96 ’ 2 al P
= 5 I OI" + —=lluw @)l +pIIU(t)IILp

1-25 by .
() I,
> BlE*(t)a

where we choose 81 = min{(1 — 26)/2,a1/p}, 6§ small enough, 0 < § < 2.
Similarly, we can prove that

.11 La(®) < G101 + SO + Sl + 2@, + e,

1 1 1
4—55nu%wn2+-§6num@nﬁ-+55nu;anﬁ-+§6nuxanﬁ
OA OA
+ 5 e (®)1° + =5 s (1)1
140 140 1
:—3—mmmﬁ+—g—wumﬁ+5u+6@+A+mnmamF

|| (OIIZ» || (7

B 1 +6(2 42_ A+ /\1)177*(,5) = B2E.(t),

where B3 = max{(1 + (2 + A+ A\1))/2,a1/p, b1/p}.
Lemma 5.4 is proved completely. O
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Lemma 5.5. The functional ¢ (t) defined by (5.6) satisfies

(5.18) ¥'(t) < IIU'(t)IIQJrIIu;(t)IIQ—%Hux(t)IIQ—al [u(®)[IZo—b1 IIUz(t)II’ier% [FOle

Proof of Lemma 5.5. Multiplying (5.1); by u(z,t) and integrating over [0, 1],
we obtain

(5.19) @' (t) = [l (0)||>+[[u ()1 = [lwa (D] —ar @) |]o =1 [lua (o +(f (), u(t).
Note that
(5.20) (f(&),u@) < [[fOlllua ()] < %Huae(t)ll2 + %Ilf(t)||2~

Combining (5.19) and (5.20) leads to (5.18). Lemma 5.5 is proved completely. O

Now we continue to prove Theorem 5.2.
It follows from (5.4), (5.7), and (5.18) that

(G21) L) < ~ SO ~ Ml + 52 F O]
Al O + SO — 3 ualt)

— danlfu)], — a0, + SO
= ( = 8) ' ()12 = (1 = )L, ()]
S e ) = B 0) 2, — Sbalwa ()2, + 5 (5 +6) 1O
( =) I (DI = (Aa = 8) | (1))
)

N

- —Hux(t I = dar|lu(®) 7, — dbr[|us(B)II, + Cre™"".
Choosing 0 < § < min{1/2,A/2, A1}, we deduce from (5.21) that

(5.22)  Li(t) < = Bulllw' O + [uz () + llua (O + @70 + llua (b))
+ Cye 20t
= — B.E.(t) + Cre” 20!
B

< = SHLa(t) + Cre N < Sy La(t) + Cre Y,
2

where 3, = min{\/2 — 6, \; — 3,0/2,da1,6b1}, 0 < v < min{B./B2,270}-
Combining (5.12), (5.13), and (5.22), we get (5.3). Theorem 5.2 is proved com-
pletely. O
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