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Abstract. An augmented Lagrangian method, based on boundary variational formula-
tions and fixed point method, is designed and analyzed for the Signorini problem of the
Laplacian. Using the equivalence between Signorini boundary conditions and a fixed-point
problem, we develop a new iterative algorithm that formulates the Signorini problem as
a sequence of corresponding variational equations with the Steklov-Poincaré operator. Both
theoretical results and numerical experiments show that the method presented is efficient.
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1. INTRODUCTION

As we know, Signorini problems are very important for a wide range of applications
in mechanics and engineering [1], [4], [7], and these problems are very complicated,
because their boundary conditions involve inequality constraints, which make them
strong nonlinear. On a part of the boundary, the zone of the classical Dirichlet
and Neumann boundary conditions is unknown in advance. Therefore, the main
challenge in such problems is how to identify the boundary conditions. Usually
Signorini problems have been transformed into variational inequalities, which can
be solved with the finite element method (FEM) [1], [3], [4], [6], [21], [24] or the
boundary element method (BEM) [2], [8], [12], [20]. The development of new fast
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convergent, accurate and efficient methods for the numerical simulation of Signorini
problems is still a very active field of research, and we mention selected contributions
5], [11], [14], [16], [18], [23], [25], [26].

Recently, the projection method has been successfully applied to constrained
problems such as complementary problems and variational inequalities in finite-
dimensional space [9], [17]. The main idea of this method is to transform the problem
into the fixed-point problem by using projection, which is very useful in developing
various iterative methods for solving the original problem. During the last twenty
years, a number of projection methods have been studied extensively [9], [17]. In
these methods, the problem has been formulated only by equality with a projection
operator, and no inequality constraint is needed. In comparison to other methods,
the projection method is much easier to implement in both theory and application.

BEM has turned out to be an accurate and effective method for many partial
differential equations, especially elliptic boundary value problems. The advantage of
BEM is the significant reduction of expense mesh generation because of discretization
only on the boundary of the domain. In the case of Signorini problems, the unknown
boundary values are the potential and its derivative on the boundary, which are
considered primary variables in BEM and can be obtained directly [10], [22]. There-
fore, BEM is more appropriate for Signorini problems [14], [25], [26]. However, little
research has been done on the Signorini problem using the fixed-point method and
BEM up to now.

The focus of this paper is to develop a boundary augmented Lagrangian method
(BALM) for the solution of Signorini problems, which is inspired by the classical
augmented Lagrangian methods (ALM). Although ALM needs to solve a nonlinear
problem in every iteration step, the semismooth Newton method can be applied
for the solution [11], [21]. For the Signorini problem of Laplace equation, we first
use the projection technique to deal with the Signorini boundary conditions by an
equality which is based on the fixed-point method. Next, we deduce a boundary
weak formulation with Steklov-Poincaré operator [13], [15], [19], [22]. Although
the new problem is still strong nonlinear on the boundary, this problem no longer
has the inequality constraint and is useful from a numerical point of view. Using
transformations, we then propose a BALM for the Signorini problem which needs
only the iteration for boundary values and the computing of the boundary variational
problem. We can use the properties of projection and boundary integral operators
to analyse the convergence of the method. Numerical results show that our method
is accurate and efficient.

The paper is organized as follows. In Section 2, we start with the classical Sig-
norini problem of the Laplacian and establish equivalent formulations of the nonlinear
boundary conditions and a fixed-point problem. We use the Steklov-Poincaré oper-
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ator to introduce the boundary variational formulation in Section 3. In Section 4
we propose a new ALM for the Signorini problem and obtain monotone convergence
of the method, which shows unconditional convergence for all positive parameters.
In Section 5, we present some numerical examples to investigate the performance of
our method, and finally a brief conclusion is given in Section 6.

2. THE SIGNORINI PROBLEM AND THE FIXED-POINT METHOD

For the sake of simplicity, we consider the Signorini problem for the Laplace equa-
tion in an open and bounded domain Q C R? with a Lipschitz boundary I' = 9.
This boundary I' consists of three disjoint parts I'p, I'y, and I's # ), where Dirich-
let, Neumann, and Signorini conditions are prescribed. For a given g € H'/2(I'\Ty),
feHY>I'\Tp), find u € H'(Q) and A € H'/?(I's) such that

(2.1) Au=0 1in Q,

(2.2) u=g onlp,

(2.3) A=f onTIy,

(24) u}g, >‘>f7 (U—g)(A—f):O OHFS,

where \ := g_Z' It can be proved in the theory of variational inequalities that this

problem has a unique solution if I's # @) or f(F\fp) fds <0, see [7], [8], [20].

Since the main difficulty of the problem arises from the nonlinear boundary con-
ditions (2.4), in this paper we transfer them to a fixed-point problem [9], [14], [17],
[26]. Let us introduce the projection notation for a € R

a if a>0,
la] =

0 otherwise.

As a result, we obtain the following result.
Lemma 2.1. For all p > 0, the boundary conditions (2.4) on I'g are equivalent to
(2.5) A—f-N=f—-ou=g)y =0 onTs.

Proof. Let u and A be such that (2.4) holds. From the condition A > f
we have either A > f or A\ = f. Suppose first that A > f. Then the condition
(u—g)(A — f) = 0 implies that v = g. In this case, it holds that

A=f-ou-gls=N-fl+ =2~ Ff
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Then, suppose that A = f. The condition u > g can also be expressed as
[—o(u—g)l+ =0,s0

A=f—o(u—g)+=[-0ou—-9g))+=A-Ff

On the other hand, let u and A be such that (2.5) holds. Note first that it implies
A= f. If A= f, then (2.5) can be rewritten as

[—o(u —g)]+ =0,

which is equivalent to the condition u > g. Since A = f, then the condition

(u=—g)A=f)=0

also holds. We now consider the case A > f. From (2.5), [\ — f — o(u — g)]+ > 0, so
in this case

A=f=—-f-olu—g)l+=A-f—-o(u—-yg),
which implies u = g, so all conditions (2.4) hold. O

3. BOUNDARY WEAK FORMULATION OF THE SIGNORINI PROBLEM

To develop a boundary variational formulation that is suitable for the Signorini
problem we start with the space of functions defined as

HL(Q):={ve H(Q), v=gonTp}.

From Green’s formula and (2.1) we obtain the following variational problem: find
u € H'(Q) and A € H~/2(I's) such that

(3.1) /Vquda: :/ Mds Yo € H(Q),
Q I'nyUl's

with boundary conditions (2.3) and (2.5).

As in [15], [19], [22], we introduce the single layer potential V, the double layer
potential K, the adjoint double layer potential K’ and the hypersingular integral
operator D by

(VM) = / U, y)A(y) s, V. HVAT) - HYA(T),
/a—nyU z, y)u(y) ds,, K: HY?() — HY2(),
(') () = / (2, )A () ds,. K': HOV(T) - HOVA(D),

(Du x = an /aTU €T y )dSy, D: H1/2(F)—)H71/2(F),
x Yy

218



where U(z,y) is the fundamental solution of the two-dimensional Laplace equation
Ulz,y) ~nfz—y|
z,y) =——1Inlz —y|.
Y on Y

Next, we introduce the Dirichlet-to-Neumann mapping on I"

S: HY*(I) - H-Y2(T),

u|1'* — )\|p.

Note that S(u|r) = Alr, so

/Vqudx:/S(u|p)vds Yo € HH(Q),
Q r

where the Steklov-Poincaré operator S, see [15], [22] is defined by
_ 1 N1/ 1

(3.2) (Su)(z) = [D+ (2I+K>V (21+K)}u(x).

Let us define

HgQ(P) ={ve H1/2(F), v=gonTlp},
Hé/Q(F I'p):={ve HY*T), v=0onTp},

(Su,v)r _/Su x) dsg,

A\ v)rg = g Az)v(x) dsg,

L(v) := f(@)v(x)ds,.
I'n

We then can obtain a pure boundary weak formulation of the original problem (2.1)-
(2.4) as follows: find u € H'/?(T'g) and A € H~/?(T'g) such that

(3.3) (Su,v)r — (A, v)rg = L(v) Vo € HY*(T),
with boundary condition (2.5). From the properties of the boundary integral oper-
ators it follows that the Steklov-Poincaré operator S is linear, bounded, symmetric,

and semielliptic on H'/ 2(T"). Moreover, the operator S has the following characteri-
zation [22].
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Lemma 3.1. The Steklov-Poincaré operator S defined by (3.2) is elliptic on
Hé/2(I‘, I'p), i.e., there exists a constant o > 0 such that for any v € Hé/2(I‘, I'p)

(3.4) (Sv,v)p2(r) 2 OéHUHip/z(ry

Now, we obtain the boundary weak formulation (3.3) for the problem (2.1)-(2.4)
via the Steklov-Poincaré operator S (3.2) and the fixed-point problem (2.5) for the
nonlinear boundary conditions (2.4), which has only boundary integral operators
and avoids inequality constraints. Both alternative equivalent formulations are also
convenient for the numerical and theoretical analysis.

4. BOUNDARY AUGMENTED LAGRANGIAN METHOD FOR THE
SIGNORINI PROBLEM

With the above preparations, we can now present our boundary augmented La-
grangian method (BALM) for the Signorini problem as follows.

Algorithm BALM
Step 0: Choose A(?) € L?(Ts), o € Rt and set k := 0.
Step 1: Solve

(4.1) (SutD pyp — AFHD )= Lv) Vo e HY(T),
with
(4.2) AEED — f— A — f — o(u*F) — g)l =0 onTsg,

for w1 and A+ on Ig.
Step 2: Update k := k+ 1 and go to Step 1.
Let w* and A\* denote the solution of the Signorini problem and the corresponding

derivative on the boundary I', respectively. In order to analyse the convergence of
the BALM, we define

By(u, A) := B(u, \; g, f,0) .= A= [ —o(u—g),

and introduce the following projection property on I's [9], [17], [21].
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Lemma 4.1. For all u®) \*) € L2(T's) generated by (4.2), we have
(43) <>‘(k+1) - >‘*a Bg(u(k+1)v )‘(k)) - BQ(U*a )‘*)>Fs > H)‘(k—i_l) - A" ”%Sv

where (-, -)rg stands for the extension of the usual scalar product.

Proof. Let us separate I'g into four subparts I's1, I's2, I's3, and I's4, where

B,(u ) AR >0 B,(u*,\*) >0 on g,
B,(u ) AR >0 B,(u*,\*) <0 on sy,
Bg(u(k“) /\(k)) <0, By(u*;A\*) >0 on g3,
B,(u* ) A®) <0 B,(u*,\*) <0 on gy

From (2.5) and (4.2) we then have

kD g Bg(u(kJrl)’ )\(k)) — B,(u*,\*) on gy,

ARFD 3% = By (u® ) ARy — 0 < B, (™), AM) — By(u*, \*)  on gy,
AEFD X = 0 — By(u*, %) > B,(u* D AR — B, (u*,\*) on I'gs,
AEFD A —0_0=0 on Tgs.

0<
0>

It follows that
<>‘(k+1) - )‘*7 B.Q(u(kJrl)a A(k)) - BQ(U*v )‘*)>Fs = ”)‘(kJrl) - >‘*H12"5
[l

Theorem 4.1. Let {(u®), \(*))} be the sequence generated by the BALM. Then
for all k, u®) converges to u* in HY?(T') and \*) converges to \* in L*(T's) as
k — oo.

Proof. Let 5&’6) = u® — y* and (55\“ ;= AR — A\* Then 5&’6) € Hé/2(F,FD)
and (55\“ € L%*(T's). Considering that (u*, \*) satisfies (3.3), we have

(4.4) (Su™, 68 e — (A7, 60 V)rg = L6IHY).
From (4.1) of BALM we get

(4.5) (SultHD 6 D) — (A 5+ D) p g = L(6HY).
Subtracting (4.4) from (4.5) results in

(4.6) <55£k+1)’51§k+1)>r _ <5E\k+1)7 5§k+1)>Fs
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Using Lemma 4.1 and Young’s inequality, we obtain

@D Ey e = o715 5Ty, — o 68T By (u D, AR - By(u*, A))rg
) ) S PR | P Sl

_ k — k+1
(20) 67|12, — (20) Y180V 2,

NN

From (4.6) and Lemma 3.1, we then have

(4.7) (56041 s+ < (20) Y1612, — (20) 10012,
and
(4.8) (SO0 DY = a6 |20 -

It follows from (4.7) and (4.8) that

_ k — k+1
(4.9) [+ 0y < (20) M IO 1R, — (20) 7105 TVIIR,
Consequently,
o0
— 0
S all sy < (2070 1E < oo,
k=0

which means that

klggo ||51§k+1)||§11/2(r) =0.

Thus u® converges to u* in H'/?(T') and from (4.2) of BALM, \*) converges to \*
in L?(T's) as k — oo. O

From (4.9), it is easy to verify that the sequence {\(*)} is bounded and the sequence
{||5E\k)||ps} is monotonically decreasing. Furthermore, larger values of parameter g
result in faster convergence of the algorithm. Therefore, we can use this method to
identify the boundary condition on I'g.
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5. NUMERICAL EXAMPLES

In order to demonstrate the efficiency and accuracy of the proposed method, we
present three numerical examples of Signorini problems in this section. An analytic
solution is available for the first example, and the analytic solution for the other
two examples is unknown. In order to simplify the numerical process, we apply the
constant BEM to the problem (4.1) with iteration (4.2) and solve the corresponding
linear systems [14], [26]. Let N and Ng denote the total number of boundary elements

on I' and I'g, respectively. We choose Hu(k'H) Uy, )Hoo re <107 1OHu(k"rl)Hoo Iy as
the stopping criterion, where ||uh loors == % |u( )(xl)| and UEL )( i) denotes

numerical solution for the mesh step h.
5.1. Dirichlet-Signorini problem. First we consider a Signorini problem for

the Laplacian Au = 0 in the annular domain Q = {(z,y): a < /2?2 +y? < b}
(a,b € RT) with a Dirichlet boundary condition on the boundary I'p = {(z,y):

Va2 +y? = b} U{(z,y): /2% + y? =a, y > 0} and the following Signorini boundary
conditions on the I's = {(z,y): 22 +y2? =a, y < 0}:

u>0, A>0, urh=0 onTlg.
For this problem, the analytic solution in the domain 2 is given by the function

u(z,y) = Imw3(x +iy),

with

. 1 a:Q—yQ 2 172 a2\2 1z22-—9y2/72 a2
wetiy) =3y (2 +1(—2‘r—2)+1 T (G5 ) sene
xQ—y 1 a? 122 —92 /72 a2
4(@‘7«—2)—1 7 (G + 52 s

where r = /22 + 92 > a. From the analytic solution, we can easily obtain the
Dirichlet boundary condition on I'p.

The analytic solution and its normal derivative on the Signorini boundary I'g are
_ x2 3
(5.1) max ) sgny,

)|w|y~

(5.2) Aa,y) = ——\/max
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This problem has been solved by the BEM with different methods, such as the
decomposition-coordination method [20], and the projection iterative algorithm
[25], [26].

For the case a = 0.1 and b = 0.25, we introduce the parameterizations ¢ —
(acosnt,—asinnt) and t — (bcosnt,bsinnt). First we apply our method to this
problem on a uniform grid for ¢ with ¢ = 10000 and N = 160. Here, the discretiza-
tion includes 40 boundary elements on I'g and 120 boundary elements on I'p. The
numerical and exact solutions for the potential u and the normal derivative A are
shown in Figures 1-2, respectively. It can be seen that our results are in a good
agreement with the exact solution (5.1) and (5.2).

+ Numerical solution||
— Analytical solution

0.8

0.6}

0.4

0.2

0

0 01 02 03 04 05 06 07 08 09 1

Figure 1. Analytic and approximate solutions for v on I'g.

120
18}

+ Numerical solution
164 — Analytical solution

201 02 03 04 05 06 07 08 09 ]

Figure 2. Analytic and approximate solutions for A on I'g.
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In order to investigate the convergence behavior of our method, we solve the prob-
lem by choosing different numbers of boundary elements N and various parameters g.
Table 1 gives the number of iterations for N = 40, 80, 160, 320, and 640 on I" and

N=40 N=80 N=160 N =320 N =640

o =10? 23 34 55 93 155
o =103 11 11 14 19 26
o=10% 7 7 8 9 10
0=10° 6 5 6 7 7
o= 10° 6 5 6 6 6

Table 1. Number of iterations for different values of N and p.

o =102, 103, 104, 10°, and 10%. We note that numerical results converge quickly as
the parameter p increases. In addition, the number of iterations increases slowly as
N increases. Besides, we define the error

Ns

(u(w;) — un(z:))?,
=1

1
6(“)‘4'}g;
where u(z;) denotes the exact solution. We draw the error in the logarithmic scale
depending on the step h. Figure 3 gives the change trend of the error for u. The

results for A\ are presented in Figure 4. It can be seen that our method yields very
accurate results and converges superlinearly.

1071

102} /

1073
L 1074}
2
R
107°¢
1076t
——e(u)
1077¢ order 1

1073 1072
h

Figure 3. Log-log plot of convergence for approximate solutions uj on I'g.

225



1071

1072}
8
21073}
[

1074}

—o—e(N)
order 1
1075 '
1073 1072

h

Figure 4. Log-log plot of convergence for approximate solutions A, on I'g.

5.2. Dirichlet-Neumann-Signorini problem. For the second numerical ex-
periment, we consider the following Signorini problem, known as the steady-state
shallow dam problem:

Au=0 in Q=(0,1) x (0,1),
=0 onI'y ={(z,y): 0<z <1, y=0},
u=G(l) onTp, ={(z,y): =1, 0 <y <1},
u=0 onI'p, ={(z,y):2=0, 0<y <1},

with the following Signorini boundary conditionsonT's = {(z,y): 0 <z < 1,y =1}:

Let v’ := —u and X := —9u/On = —A. Then the new problem for v’ and X\ is
same as (2.1)—(2.4). In this problem the function G(z), which describes the sur-
face profile, is known. The Signorini boundary conditions describe the location of
the saturated and unsaturated parts of the upper surface, and the solution of the
problem depends on the surface profile G(z). This problem has been solved by the
FEM [1], BEM [12], method of fundamental solutions [18], switching algorithm [2],
and projection iterative algorithm [25].

We now apply our method to this problem, and three cases with different surface
profiles are considered. We choose N = 160 and ¢ = 10000 again, and the numerical
results corresponding to the surface profile G1(z) = (3 —2)(1 — 2) — z, Ga(z) =

(3 —22)(1 = 22)(1 — ) — x and G3(x) = sin 12z — 2 are presented in Figures 5-7,
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—0.5}

00T 02 03 04 05 06 07 08 09 1
T

Figure 5. Approximate solution for the first profile on I'g.

—0.5}F

-1

0 01 02 03 04 05 06 0.7 08 09 1
T

Figure 6. Approximate solution for the second profile on I'g.

-1
Lot
—1.4}
_16.

—1.8}

0 01 02 03 04 05 06 07 0.8 0.0 1
x

Figure 7. Approximate solution for the third profile on I'g.
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respectively. Although it is difficult to identify accurately where u = G(x) or u <
G(z), it can be observed that our results are in a good agreement with the numerical
results of [2], [12], [18], [26].

We also investigate the convergence behavior of our method in this example. Ta-
bles 2—4 display the number of iterations for the three cases with different numbers
of boundary elements N and various values of p. As can be seen from our tests, our
method converges quickly when p is sufficiently large and the number of iterations
depends only weakly on V.

N=40 N =80 N =160 N =320 N =640
o=10% 11 15 19 26 37
0o=10° 7 8 8 9 11
o=10% 6 6 6 6 7
0=10° 5 5 5 5 6
o=10° 5 5 5 5 6

Table 2. Number of iterations for the first case.

N=40 N =80 N =160 N =320 N =640
0=102 14 16 22 31 49
0o=103 9 10 10 11 15
0=10* 7 8 7 8 9
0=10° 6 7 6 7 8
0 =106 6 6 6 6

Table 3. Number of iterations for the second case.

N=40 N=80 N=160 N =320 N =640
o =102 14 18 23 34 49
o =103 8 10 11 13 13
o= 10% 6 7 8 9 9
o=10° 6 7 6 7 8
o =10 5 6 6 7 6

Table 4. Number of iterations for the third case.

5.3. Dirichlet-Signorini problem. Finally, the presented algorithm is applied
to a Signorini problem in a domain defined by two ellipses [20]. Let E(a,b) denote
the ellipse {(z,y): (z/a)? + (y/b)? < 1}, and consider the Signorini problem

Au=0 inQ=FE(0.4,02)\E(0.1,0.15),
u=1 onI'p=0FE(04,0.2),
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with boundary conditions
w>=0, A>-125, u(A+125)=0 onlg=0F(0.1,0.15).

Following Spann [20], we use the same parameterizations ¢ — (0.1 cos2mnt,
—0.15sin2nt) and ¢t — (0.4 cos 2nt, 0.2sin 2nt). The numerical results with N = 160
and parameter o = 10000 are given in Figures 8-9. It can be seen that our results
are again in excellent agreement with those in [20]. Table 5 shows the number of
iterations for different p and various N. Similarly, we observe that the algorithm
converges quickly and the number of iterations depends only weakly on N as g

increases.

u

0.4

0.31

0.2f

0.1

-0.1

0 01 02 03 04 05 06 07 038 0'.9t 1

Figure 8. Approximate solutions for v on I'g.

—10F

—11t

—12}

“B3—051 02 03 04 05 06 07 08 0'.9t1

Figure 9. Approximate solutions for A on I'g.
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I

N=40 N=80 N=160 N=320 N=640

0o=10%2 17 28 41 66 98
o= 10° 8 12 12 15 20
o=10% 5 8 8 8 9
0=10° 4 7 6 6 6
o= 10° 3 7 5 6 6

Table 5. Number of iterations for different values of N and p.

6. CONCLUSION

n this paper, we have studied a BALM for the solution of Signorini problems

and its convergence analysis. The advantage of this method is that it only needs to

solve a simple elliptic variational problem for each iteration. For different boundary

elements, the method converges quickly when the parameter g is sufficiently large.

Moreover, this method can be easily applied to the Signorini problems defined in

domains of arbitrary shape. The numerical examples demonstrate the perfect con-

vergence and effectiveness of the method.
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