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Abstract. Recently there has been an increasing interest in studying p(t)-Laplacian equa-
tions, an example of which is given in the following form

(1 ()PP 72 (1)) + e(@)|u()| "D 2u(t) =0, t>0.

In particular, the first study of sufficient conditions for oscillatory solution of p(t)-Laplacian
equations was made by Zhang (2007), but to our knowledge, there has not been a paper
which gives the oscillatory conditions by utilizing Riccati inequality. Therefore, we establish
sufficient conditions for oscillatory solution of nonlinear differential equations with p(t)-
Laplacian via Riccati method. The results obtained are new and rare, except for a work of
Zhang (2007). We present more detailed results than Zhang (2007).
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1. INTRODUCTION

The purpose of this paper is to generalize p-Laplacian equations to the case of
p(t)-Laplacian equations of the form

(E) (Ju' (@)D~ (1)) + e() ()| 1O~ 2u(t) =0, >0,

where ¢(t) € C((0,00); (0, 00)).
We assume throughout this paper that: p(t),q(t) € C*(R;(1,00)) and satisfy

1 < infp(t), supp(t) <oo, 1< infgq(t), supgq(t) < co.
teR teR teR teR
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Definition 1.1. A function u € C'(0,00) with the property that |u/[P() =24/ €
C1(0,00) is said to be a solution of (E) if u satisfies (E) at every point in (0, c0).

Definition 1.2. A nontrivial solution of (E) is said to be oscillatory if it has
arbitrarily large zeros ((E) is an oscillatory equation if its solution is oscillatory),
otherwise it is nonoscillatory.

The first interest in p(-)-type Laplacian was in function spaces called variable
exponent spaces. Variable exponent space, which appeared in W. Orlicz’s article of
1931, was studied afterwards by many authors (see, e.g., [1]).

In 1999, Ruzicka studied equations with non-standard p(z)-growth in the modeling
of the so-called electrorheological fluids (see [2]). After this article, the importance
of p(+)-type Laplacian was recognized [3].

In recent years, Zhang in [9] investigated the oscillation problem for the p(t)-
Laplacian equation, and obtained the following:

Theorem A (Zhang [9]). Assume that c(t) = t=*®) and

(A1) t1i>m f(t) = foo, O =Fl < M (f(t) satifies the log-Hélder decay condition);
(o)
(A2) g(t,-) € C((0,00)xR) is increasing for any fixedt > 0 and 0 < liginfg(t, u)u <
o0
limsup g(¢, u)u < oo, u € R\ {0}.
t—o0
If p(t) possesses (Al) and limsup 6(t) < litm inf ¢(t), where
t — 00

— 00

1 < limsup ¢(t) < liminf p(?)
t—00 t—o0

or

lim ¢(t) = tliglop(t), q(t) is possesses (A1),

t—o0

then every solution of (E) is oscillatory.

Motivated by this article [9], Yoshida established oscillation theorems, Picone
identities and Sturmian comparison theorems for half-linear elliptic inequalities with
p(z)-Laplacians (see, for example, [7] and [8]). Recently, Sahiner and Zafer [4], [5]
also studied forced oscillation of half-linear elliptic inequlities with p(z)-Laplacians
under the condition ¢(t) > p(t) > 1. However, there is a few part having to study
the results of Zhang [9] in detail. Therefore, we provide new oscillation criteria for
the solution of (E).

2. MAIN RESULTS

In order to discuss our main results, we need the following lemma, which is due
to Usami [6].
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Lemma 2.1. If there exists a function ¢(t) € C'([Ty, 00); (0,000)) such that

> )¢’ ()7 \/E-D PN _
(2.1) /T (W) dt<oo | p(t)q(t) dt = oo,

and

o0 1
/; PO (p@)T =

for some Ty > Ty > 0, then the Riccati inequality

/ L1 _
(2.2) 70+ 5o EOF < —a(t).
where 8 > 1, p(t) € C([To,00);(0,00)) and ¢(t) € C([To,0); R), has no solution on

[T, 00) for all large T.

Theorem 2.1. Let

~ = inf p(t T = t ~ = inf ¢(t T = t
p tlng( ), P fggp(), q tlgTq(), q f;gq()

for some T > 0. If one of the following cases holds:

(i) p(t) is increasing, 1 < p(t) = q(t) or 1 < p(t) < q(t), there exists ¢(t) €
C1((0,00); (0,00)) such that

o P20 AR N T
(23) / {@@—1+p@wmw} Ao
O U
24) [ et mmm) <>
Tpt) —1+p' ()t Fp(t) —1+p/ ()t
| P ase [ R
(2.5) / o(t)e(t) dt = oo
(ii) g(t) is increasing, 1 < q(t) < p(t), there exists p(t) € C*((0,00);(0,00)) such
that
®{_lg@etay
(26) / {mm—1+¢@wmw} Ao
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I O U
27) / {(q<t> 1y qf(t)t)go(t)} dr <o
gty —1+4 ()t gty —1+¢ ()t
[ et [ =

(2.8) / o)) dt = oo,

then every solution u(t) of (E) is oscillatory.

Proof. Suppose that w is a nonoscillatory solution. We prove only the case
u > 0, t > tg for some tg > 0, as the proof of the case u < 0 is similar. It follows
that
(2.9) (Ju'|PO=20") = —e(®)|ul?@2u < 0, t>to.

Now we claim that «/(t) > 0, t > t; for some ¢; > tg. In fact, if «/(¢) > 0 does not
hold, then v'(¢) < 0, t > ¢1. Hence we show that

[/ (@) (2) < o (82) P72 () 0.
Thus we can find a 2 > 1 such that u/(t2) < 0. Integrating (2.9) over [t2,t] yields

[/ (0) P20 (1) < o (82) [P 72 (1) < 0
for t > to, and therefore,

—(=d/ (@)PO <~ (E) P >t
This shows that

u' (1) < —|u/ (tg)| P2 =D/(p(H)—1)
<—

min |u’(t2)|(p(t2)71)/(p(t)71) = —a <0.

=t2

Integrate the above inequality to obtain
u(t) < —a(t — t2) + u(te) = —oo

as t — oo. This contradicts the assumption. Hence, we have u/(t) > 0, ¢ > t3 for
some t3 > to.

74



(i) If p(t) = q(t) or 1 < p(t) < q(t), then we define the function wy (¢) such that

(2.10) wi(t) = (Z((;))p(t)_l >0,

which is led by

(2.11) u(t) = exp </Ot wi/(p(s)_l)(s) ds>.

This means that u(t) > 0, ¢ > 0. Making use of the above argument we easily see
that «'(¢) > 0. Differentiating both sides of (2.10), we see that

(2.12) wh(t) = —c(t)u(t) 1O =PO
—wr (O] (p() = Doy P70 (#) + /(1) log u(t)}
for ¢ > t3. In view of (2.10) and (2.11), we have logu > 0. Accordingly, we see that

u(t) > 1 and

for some t4 > t3. Therefore, we see that tlim w1 (t) := wi(00) exists, and we can
—00

separate the two case of 0 < wy(o0) < 1 and 1 < wy(o0) < co. First, we take the
case when 0 < wj(c0) < 1. Then it follows from (2.11) that

logu(t) = /Ot w}/(p(s)_l)(s) ds,
and consequently
(2.13) logu(t) = twl/® "), t>ts
for t5 > t4. Combining (2.12) with (2.13), we have
wi (1) < —e(t) = () = ) + P 0] VW), >0

Next, for the case when 1 < wq(00) < 00, it can be shown by using a similar method
that
+ (ot —
wi (1) < —e(t) = (p(t) = L+ p'Bpwf /P V@), >t

By applying Lemma 2.1, we see that (2.3)—(2.5) imply that the above Riccati in-
equalities cannot have a solution. This is a contradiction.
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(ii) If 1 < ¢(t) < p(¢), then we define the function ws (%) such that

_ PO WO
(2.14) ws(t) = *<u(t)) o/ (HPO=9® > g,

which is led by

(2.15) u(t) = exp (/Ot (W@M)l/(qm_l) ds>.

Differentiating both sides of (2.14), we see that

|u’ (1)[PD 2! (1))
u(t)q(t)*l

(ut) -y

) (
(2.16) w)(t) = OGN

— W2 (t)

This implies that

w'(t)
u(t)

which together with (2.14) and (2.15) ensures that logu > 0 and

(217)  wh(t) = —e(t) —wa(){ (a(t) ~ D + g (D logu(n)}, ¢ > ts,

for some tg > t3. At this point, it is clear that tlim wa(t) 1= wa(00) exists, and we
—00

can separate the two cases of 0 < wa(00) < 1 and 1 < wa(00) < oo. First, we take

the case when 0 < ws(c0) < 1. From (2.9) it follows that

u/(t)p(t)—l < u/(tQ)p(tQ)—l = ko
for some constant ko > 0. From (2.14) we see that

wa(t) < (“'(t))"“Hko(p(t)—q(t))/(p(t)—l) < (“'(t))q“)*lkh

u(t) u(t)
and so
/ 1/(a()-1) -
(2.18) 7:;((:)) > (wzit)> TS k), tx

for some t7 > tg. On the other hand, by (2.15), we also obtain

wa(s) )1/(q(8)*1) .

t
(2.19) logu(t)>/0 (kO@(s)fq(s))/(p(s)fl)

> kstws/ V@), t >t
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for some constant k; > 0, ¢ = 1,2,3, and some tg > t7. Combining (2.17), (2.18)
with (2.19), we have

wh(t) < —e(t) = K(q(t) = 1+ ¢ Oty " (1), >t
Finally, for the case when 1 < ws(00) < 00, it is easy to verify that
wh(t) < —eft) = K(a(®) = 1+a O] V@), >t

for some constant K > 0. By applying Lemma 2.1, we see that (2.6)—(2.8) imply that
the above Riccati inequalities cannot have a solution. This contradiction completes
the proof of the theorem. O

Corollary 2.1. Assume that c(t) = t=?®) where 6(t) € C((0,0); R), and that

1+ limsup6(t) < litm inf q(t).
—00

t—o0

If one of the following cases holds:
(i) p(t) is increasing, 1 < p(t) < q(t) or tlirglop(t) = tlgglo q(t);
(i) ¢(t) is increasing, 1 < q(t) < p(t),
then every solution u(t) of (E) is oscillatory.
Proof. If 1 < p(t) < q(t) or tlgglo p(t) = tlgglo q(t), then we can derive by applying
Theorem 2.1 with ¢(t) = t¢ ~* for some 1 + ¢~ — pT <k < ¢~ — 6 that

00 — _ gy —k=1yt /@t -1 Pt o0 _
/ {((q(p(t) _)1+p’(t))t)tq-—k } =< CO/ T d <o

® (((q= = k)ta —k=1)p~/p—1) p—1
/ { (p(t) — 1+ p/(t)t)te —k } dt < oo,

o0 / o0
p(t) —1+p/(t)t 1—(q~ k) /(pt=1) 34 _
/ (/e > [ T T L = co,

/°° p(t) —1+p'(t)t

(tp*—k)l/(p*—l)

dt > oo,
0 B o
(2.20) / t=0®+a —k dt>/ t1 0"k qg,
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On the other hand, if 1 < ¢(¢) < p(t), then we choose 1 + ¢~ —qt <k <q= — 0"
such that

0o — _ ) —k=1yat/(gT-1) ya -1 oo _
/ {((q(q(t) _)1 +q/(t))t)tq‘—k } dt < 02/ et —at k1) g4 < 00,

* (((g= —k)te —k=1ya /e =1 g -1
/ { (q(t) — 1+ ¢ (t)t)ta —* } dt < oo,

oo / [ee]
q(t) —1+4'(t)t 1—(¢ —k)/(qT—1) 74 _
/ (e At > e [ 8T TR TR = oo,

o /
q(t) -1+ p'(1)t
/ (te k)@ D) dt > oo,
0 _ o
(2.21) / =0 +a _kdt>/ t7 =0k qe

for some positive constants c¢;, i = 0,1,2,3. Now we assume that 1 + 07 < ¢~
holds, then integral calculus conditions (2.20) and (2.21) become infinite. Clearly,
we see that the conditions of Theorem 2.1 hold. Therefore the conclusion follows
from Theorem 2.1. O

Evidently, Theorem 2.1 does not apply to Theorem A. Hence we will improve the
Lemma 2.1 as follows.

Lemma 2.2. If there exists a function ¢(t) € C*([Tp, 00); (0,00)) such that (2.1)
holds for some T1 > Ty > 0, then the Riccati inequality (2.2) has no positive solution
on [T, o0) for all large T.

Proof. Let x(t) be a positive solution of (2.2). We assume that ¢(¢) is defined
for t > Tp. Multiplying (2.2) by ¢(t) and integrating over [Tp, t], we obtain

t

b o(s)z(s)? K
x(8)¢'(s) ds —|—/ Mds —|—/ w(s)q(s)ds.

To p(S) To

(2.22) x(To)p(To) = —/T

By using Young’s inequality we have

223 a(a)ld6)] = a(s) (2D) 7 (B)
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Combining (2.22) with (2.23) yields

o(Ty)e(To) > (1—1) / e as

p(s) o 1/(8-1) /t _
ds + s)q(s)ds,
(@ 1P er) [ es)als)

which contradicts the condition (2.1). The proof is complete. ]

Theorem 2.2. If one of the following cases holds:
(i) p(t) is increasing, 1 < p(t) = q(t) or 1 < p(t) < q(t), there exists ¢(t) €
C1((0,00); (0, 00)) satisfying (2.3)—(2.5);
(ii) q(t) is increasing, 1 < q(t) < p(t), there exists ¢(t) € C*((0,00);(0,00)) satis-
fying (2.6)—(2.8),

then every solution u(t) of (E) is oscillatory.

Example 2.1. We consider the equation

(2.24) (J/ (P~ O (1)) + =3 () u(t) =0, ¢ > 1,
where A 1
p) =4— 5. a)=3-—. <) _ 13t

Letting ¢(t) = t>/3, we see that
oo 24-1/3)3/2 2 oo 3
(5 ) dt = (2) 773 At < o0,
(1—1/t+1/t)t2/3 3

00 (§t71/3)2 B ) a3
/ -1/t + 1/ dt‘/ gt A=

oo
/ £2/34=1/3+1/t 44 — oo

Hence, it follows from (2.3)—(2.5) that all conditions of Theorem 2.2 (ii) are satisfied.
However, Theorem 2.1 (ii) is not applicable, since

L1t 1/t [

Sl R ViR V. SR Capn

Therefore, from Theorem 2.2 (ii), every solution of (2.24) oscillates.
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Corollary 2.2. Assume that c(t) = t=%®) where () € C((0,00); R), and that

limsup 6(t) < htrgggf q(t).

t— o0
If one of the following cases holds:

(i) p(t) is increasing, 1 < p(t) < q(t) or tli}m p(t) = lim q(t);
o0

t—o0

(i) ¢(t) is increasing, 1 < q(t) < p(t),
then every solution u(t) of (E) is oscillatory.
Example 2.2. Consider the equation

(2'25) (|u/(t)|172_1“g”u/(t))/ + t71/2+sint|u(t)|3+sintu(t) =0, t>1,

where
p(t) =328 q(t) =5 +sint, c(t)=t"1/>n

We choose ¢(t) = t'/2 to find that

00 (%t_l/Q)B/Q 2 B % 1.5 o
/ {(2—2_1°gt+2—10gt)t1/2 dt*/ (5) t dt < oo,

00 (lt*1/2)2 %0 1.3
2 — 1\, —3/2
/ (2 — 2 logt 4 2—logt)l/2 dt—/ (2> ¢ dt < oo,

/ t1/2t—1/2+s1nt dt = / £t 4t — 0o,

Furthermore, it is easy to check that

3
li 6(t) = 2 < 4 = liminf ().
ﬂf;}p() 5 < im inf ¢(?)

Since all conditions of Theorem 2.2 (i) and Corollary 2.2 (i) are satisfied, every
solution of (2.25) oscillates.
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