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Abstract. We study higher local integrability of a weak solution to the steady Stokes
problem. We consider the case of a pressure- and shear-rate-dependent viscosity, i.e., the
elliptic part of the Stokes problem is assumed to be nonlinear and it depends on p and
on the symmetric part of a gradient of u, namely, it is represented by a stress tensor
T(Du,p) := v(p,|D|*)D which satisfies r-growth condition with ~ € (1,2]. In order to get
the main result, we use Calderén-Zygmund theory and the method which was presented for
example in the paper Caffarelli, Peral (1998).
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1. INTRODUCTION

In the celebrated Navier-Stokes system, which deals with the flow of Newtonian
incompressible fluids, viscosity is assumed to be constant. However, the constant vis-
cosity cannot explain many interesting physical phenomena such as shear-thinning,
shear-thickening, die-swell, etc. Viscosity of non-Newtonian fluids is not generally
constant but depends on shear rate and, as many experimental works show, there
are fluids whose viscosity depends also on pressure. On the other hand, changes in
the density of these liquids are negligible as the pressure grows and thus these fluids
can be still treated as incompressible, see [2]. Also in some situations the pressure
grows tremendously and its influence on viscosity cannot be neglected. For example,
in works written by Knauf et al. and Lanzendorfer ([14], [15]) the authors provide
numerical simulation of the flow of a lubricant through a ball bearing (or, journal
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bearing). The governing equation for a steady flow of a fluid with a pressure- and
shear rate-dependent viscosity has the form

—divT(Du,p) + diviu @ u) + Vp = divT'(F,0) in €,
divu=0 1in Q,

where 0 C R? is a domain, 7' R x R — R? and F: Q — R? are given functions,
u: Q — R? and p: Q — R are unknowns and Du stands for the symmetric part of
a gradient of v, i.e., 2Du = Vu + (Vu)T.

A plenty of works studying this system have been published sofar. Regarding the
steady case, Gazzola and Secchi in [11] consider a viscosity depending only on the
pressure. The existence of a solution for more general viscosities is discussed by
Buli¢ek and FiSerové in [3], by Lanzendorfer and Stebel in [17] and also by Franta
et al. in [10]. C%“ interior regularity in two dimensions is solved by Buli¢ek and
Kaplicky in [4], Holder regularity in the three-dimensional case was announced by
Mingione, Mélek and Star4 in [21]. Further, C1'® regularity under Dirichlet boundary
conditions in three dimensions is provided in [18]. The unsteady case was investi-
gated, for example, by Buli¢ek, Mélek and Rajagopal in [5].

This article is devoted to the interior L? regularity for a simplified problem which
has the following form:

(P) —divT(Du,p) + Vp = divT(F,0) in Q,
divu=0 1in Q.

Since this article concerns only local properties of the solution, we do not care about
any boundary conditions.

The stress tensor T is considered to be in the form T(Du,p) = v(p,|Du|?)Du.
Moreover, we suppose that following growth conditions are fulfilled.

O(v(p, |DI?)Dij)

Al 1+ |D})=2/2|B|2 <
(A1) m((1+[D[) |B| 2Du

BijB < 72(1 + |D[?)("=2/2| B2,

ov(p,|DJ?)

(42) -

D| < 73(1_’_ |D|2)(T72)/4.

Furthermore, 3 is assumed to be small, specifically

it
A3 < —
(A3) s caiv(m + 72)

where the constant cg;, comes from Bogovskii inequality—see Lemma 4.
For physically relevant viscosities fulfilling (A1), (A2) and (A3) we refer the reader
to [15], [20] or [22].
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We point out that the form of the right-hand side of (P); is not restrictive since
for every G: Q — R? there exists F such that G = T(F,0). The chosen form of the
right-hand side allows us to write the main result in a clear way.

In what follows, usual Lebesque spaces of functions defined on a set 2 are denoted
by L*(Q2), Sobolev spaces are denoted by W*(€2). Lebesque (or, Sobolev) spaces
of vector-valued functions are denoted by L*(Q)? (or, W1*(Q)%). However, we will
use L*(Q) (or, W15(Q)) for vector-valued functions in cases where there is no risk
of misunderstanding. Norms in these spaces will be denoted by ||-||s (or, |||

115). In
case we want to emphasize the supporting set, we write ||-||s,o (or, ||-]1,5,2), i-€.,
[flls.o = (fo, | f)Y/*. Further, Lj () (or, W5(Q)) stands for a local version of

loc loc

Lebesque (or, Sobolev) space. A space of all functions from W1*(Q) with compact
support is denoted by W1#(Q2). We define also an integral average as

Lk

For o > 0 and a cube Q C R? centered at a € R? we define a cube aQ as

r—a

a@ = {a:E[Rd: EQ}.

o

A weak solution of (P) is a pair (u,p) € W' (Q) x LI

loc loc

(Q), divu = 0 fulfilling

/T(Du,p)WD—/pdiw:/T(F,O)Vso
Q Q Q

for every ¢ € WL(Q). The existence of a weak solution to (P) is solved by Theo-
rem 3.11 in [16]. We also refer to Theorem 2 in [15] and references given there. In
the rest of this paper we always assume that (Al), (A2) and (A3) hold.

The main result of this paper is summed up in the following theorem.

Theorem 1. Let r € (1,2], ¢ € (1,d/(d —2)) (or g € (1,00) in the case d = 2)
and let assumptions (A1)—-(A3) be fulfilled. Let F € L1 (), (u,p) be a weak solution
to (P) and let Q C 4Q C Q be a sufficiently small cube. Then'

(L1) ]{2 ((1+ |Dul?)" =272 Dy )

q
< c<1+]/ P+ (/ (1+|Du|2)(r2)/2|Du|2> >
4Q 4Q

! Hereinafter we use the letter ¢ for a constant which may vary from line to line, however,
it is always independent of the solution and right-hand side.
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and, moreover,

qr’ q
(1.2) /‘p— ][p <c<1+/ Far 4 (/ (1+|Du|2)(7"_2)/2|Du|2> )
Q Q 4Q 4Q

where c is a constant independent of f,u,p and Q.

The method of the proof is based on a local comparison with the solution to the
problem with zero right-hand side. Among lots of papers based on the comparison
technique we would like to mention [13], where Iwaniec showed a L9 theory result
for the linear problem, [6], where Caffarelli and Peral proved L? estimates for elliptic
equations in divergence form, and [8], where Diening and Kaplicky used the method
to derive LY estimates of Stokes system with general growth. Our approach is based
on [6], Theorem A. However, since our system is slightly more complicated than the
one in [6], we have to use a more general version which is presented here as Lemma 5.

2. PRELIMINARIES

We define a function V: RY — R% as V(D) := \/v(0,|D?)D and, for every
s > 0, a function ®'(s) = v/(0,|s|*)s. We emphasize that ®(z) := [, ®'(s)ds is an
N-function satisfying the Ay condition and, moreover, ®(s) ~ (14s2)("=2)/25 By &*
we denote an N-function which is complementary to ®. Hereinafter, we suppose that
r < 2.

Lemma 2. For all cubes Q, u,v € WY (Q) and p, 7 € L (Q) it holds that

®'(|Dul) ~ |T(Du, p)| uniformly in p;
[V(Du)]* ~ T(Du,p)Du ~ (1 + Du)""?/2|Duf* ~ &(|Dul) ~ &*(2'(|Dul)),

uniformly in p;
1
(2.1) L) = / (14 |Dv + s(Du — Dv)|?)"=2/2ds |Du — Dol
0

2 2
< (T (Du,p) = T(Dv,m))(Du = Do) + —}3 p— 7%
1 1

Lww,0) = Jo Luw ~ [o IV (Du) = V(Dv)|?;
for all ¢ € W12(Q') it holds that

/Q(T(Du,p) = T(Dv,m))(Dp) < 12/ Tuw.lIVoll2.q +13llp — 7ll2Vell2.
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Proof. Since T(0,p) =0, it holds that

1 1
1w p)|Dul = [ TP ds|Du] ~ [ (14 [sDuP)" 22 ds Dl
o 0s 0
~ (1 D)2\ Duf? ~ /(| Dud) | D,

where we use [7], Lemma 19. The first estimate follows easily.
The second estimate is an easy consequence of the first estimate and of the fol-
lowing sequence of inequalities (which can be found e.g. as [7], Lemma 3):

V(Du)[? ~ (| Dul) ~ (| Dul)| Du| ~ *(@'(| Dul)).

For the third inequality, we refer the reader to [10], Lemma 3.3.
In order to prove the fourth inequality it is enough to see that

Ty, ~ / / s(Du — Dv) + Dv),0) ds(Du — Dv)
- /(T(Du,o) — T(Dv,0))(Du — Dv) ~/ V(Du) — V(Do)
Q Q

where the last estimate comes from [7], Lemma 3.
It remains to prove the fifth estimate. It holds that

/Q (T(Du,p) -~ T(Dv, 7)) Dy
Lo
= /Q(/O aT(Dv—ks(Du—Dv) T+ s(p— ))dS)DSO
_/Q/ g—lT)(DHs(Du—Dv),ﬂJrS(P—?T))(Du—D’U)dSD<P
Lor
+/Q/O 8—p(Dv—|—s(Du—Dv),w—i—s(p—ﬁ))(p—ﬂ)dSDSO

1
<72/ / (14 |Dv + s(Du — Dv)[*)"=2/2| Dy — Dv|ds | Dy|
QJo

([ |p—w|2)1/2 (f |V¢|2)1/2

Further, since r < 2, Holder inequality yields

/ / (1+ |Dv + s(Du — Dv)|?)"2/2| Du — Du| ds| Dyl
QJo

1 1/2 1/2
< <// (1+|Dv+s(Du—Dv)|2)(T2)/2ds|Du—Dv|2> </ |w|2)
QJ0 Q

and the required estimate follows. O
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Lemma 3 ([9], Theorem 6.10). Let ¢ € Wy'?(Q). There exists a constant c
independent of () and ¢ such that

/Q (Vo) < ¢ /Q o(|Dyl).

Lemma 4 ([1], Lemma 3.3). Let s € (1,00). There is a constant ¢ such that for
a cube Q and for all f € L¥ (Q) there exists a function ¢ € W1*(Q) such that

divp = |f]°2f /Q 2 i,
¢log =0
and

1/(s—1)
s',Q '

el < €llf]

For the case s = 2 we write cg;y instead of c.

3. PROOF OF THE MAIN THEOREM
The proof of the main theorem relies on the following lemma.

Lemma 5 ([19], Lemma 2.7). Let O CR*, 1 < p < ¢ < s < o0, f € LY/?(0),
g € LY/?(0) and w € LP(O)". Further, let Q C O be a cube and Qy, be dyadic cubes
obtained from (). Then there exists € > 0 independent of () and O such that the
following implication holds:

If for every dyadic sub-cube Q) C @ there exists w, € Lp(4@k N O)" with the
following properties:

1/s C 1/p
N A I A
2QkNO 4QLNO
(3:2) foowp<cf wrecf g
4QrNO 4QNO 4QNO

(3.3) / |w—wa|p<e/ |w|p+0/ I
4C§kﬂo 4ékﬁo 4ékﬁo

then w € LI(Q)™. Positive constants C' and ¢ are independent of Qj, w, and w.
Furthermore, there exists a positive constant ¢ independent of f, g and w such that

a/p
g fwr<e( f e [ e (f up) ).
Q 4QNO 4QNO 4QNO
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Let Q’'/4 be an arbitrary dyadic cube obtained from ). We consider a reference

system
(R) —divT'(Dv,7)+Vr=0 in Q'
dive =0 in Q’,
U|5Ql =u,
where we assume that fQ’ T = fQ/ p. The existence of such solution is due to

monotone operator method, see [23], Chapter 2.

Lemma 6. Let v, ™ be a solution to (R) on a domain Q'. Let Q C Q C Q' be
a cube. Let a € (0,1) and & € C*°(Q) be such that £|oqg = 1, suppé C @ and
&(z) € [0,1] for every © € Q. Then there exists § < 1 such that for alli € {1,...,d}

1
Tto(a+hen v@),aQ) = 0 M o5 T thes) v().Q)-

/ ;T (Dv,w)(£20;Vv) > lim 1
Q

h—0 h?

Proof. We start with the term

Jp, = /Q(T(Dv(x + hey), p(x + he;)) — T(Dv(z), p(x)))(Dv(z + he;) — Du(x))E2.

Note that T is symmetric and thus fQ ;T (Dv,)(£20;Vv) = }llirr%) Jn/h?. We inte-
—
grate (2.1) with v = v(z + he;) over @ and we get

2 ,y?
(35) I(v(:c+he7¢),v(9c),on) < —Jh + —; / |7T({E + h@z) — 7T(£L')|2.
Y1 "1 JQ

For a general function f we define the operator 0_p; as d_p;f = f(z — he;) — f(x).
Furthermore, we define a test function ¢ as

divy = 7w(x + he;) — n(x) — ]{2(7'((11: + he;) —mw(z)) on @
=0 on0Q.

We test (R) by d_n,:¢ and, as far as §_p ;K = 0 for every constant K, we get
according to Lemma 2

/Q [m(z + hei) — m(2) > < vacaivy/L(o(athes) w(z),Q) IT(@ + hei) — 7(2)]2,0
[ [l +he) - w(a)
Q
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consequently,

2 . 2
3 / 2 ( Y2Y3Cdiv )
— w(x + he;) — w(x < Ivz ei),v(x .
22 ), ™ ) =@ < ST peany ) (eethen v@.9)

We would like to emphasize that due to (A3) it holds that

( Y27Y3Cdiv )2 <1
71 (1 = v3caiv)

In order to get the claim it suffices to put this estimate into (3.5), divide by h? and
let h — 0. O

Estimates (3.1) and (3.2) are verified in the following lemma.

Lemma 7. There exists a constant c¢ independent of v, 7, u, p and Q' such that

(3.6) ( /Q . |V<Dv>|q)1/q < ( : |v<m>|2)”2,

where g € (1,2d/(d — 2)] (or q € (1,00) in the case d = 2).
Furthermore,

(3.7) [V(Dv)|? <c{ |V(Du)]?
Q’ Q'

Proof. For simplicity we assume that d = 3. This assumption will be com-
mented later. Using the standard bootstrap argument one may also easily show that
ve W2EP(Q') and VV (Dv) € L2 (Q'). See [21].

Let ¢: R® — R3 be a linear function with Vg = (Vv)g,. Let a and o be
such that 3/8 < a < o < 3/4 and let £ € C°°(Q) be a smooth test func-
tion such that ¢|ag = 1, suppé C o/Q’, &(z) € [0,1] for € &/Q’ and |VI¢| <
C/((a/ — a)|diam Q']). We test (R) by ¢ = curl(&? curl(v — q)).

We would like to point out that curlv = (93vy — davs, O1v3 — D31, Dov1 — O1U2).
It follows that ¢ is not a suitable test function. Instead, one has to take ¥ =
curl(€? curl, (v — q)), where curly, is defined as curl,(v) = (8p,3v2 — Op,2v3, Op1v3 —
Oh,301, 00,201 — 0p,1v2). Note that divp = div ¢ = 0. For the sake of clarity we work
with ¢ instead of ¢. After some cumbersome manipulation we get

/ VT (Dv,7)e2V?0 = / T(Dv,7)(V(V(£?) x curl(v — q))
a’'Q’ a’'Q’

+div(V(€?) @ V(v — ) = V(V(E?)V (v — q))).
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In the same way as in the proof of [8], Lemma 3.5, we derive

T(D 2772, < c(e) / Dol / o
/a,Q,V (Do, m)&"V=v (@ —a2|diam Q' Jo o [V(Dv)|" +¢ o [VV(Dv)l|=,

where £ comes from Young’s inequality. Further, since

d

. 1
2 lim ﬁI(U(x-i-he,:),v(x),a/Q/) ~ /(,/Q/ [VV(Dv)|?,
Lemma 6 gives
4 1 4 1
}Lig}) ﬁf(v(wrhei),v(z),a@') < (6+¢) Z }ng% ﬁl(v(erhei),v(x),a’Q’)
=1 =1

c(e)
+ (a/ — a)2|diamQ’|2 /O(Q/ |V(DU)|2

As far as € could be chosen such that d +& < 1, we may use an algebraic lemma (for

example [12], Lemma 6.1) in order to get

d
im — c(e)

V(D 2 ~ 1 — 7 ) , g e V(D 2.

/3Q’/8 Ve = noy 2 lethed v 1200 S (qiam Qr)2 /3@/4| (Do)l

7

The estimate (3.6) follows due to the Poincaré inequality and a standard covering
argument.

The case of general dimension is just a matter of a suitable test function ¢. See [19],
Proof of Lemma 3.3, for more details.

To prove the second estimate we test (R) by ¢ = u —v. We get

/ T(Dv,m)(Du — Dv) = 0.
Consequently, due to Lemma 2

o |V (Dv)|? ~ //T(Dv,w)Dv :/ T(Dv, T)Du

’

<5 [ e (rwem)+e [ a(Du)
Q' Q'

<6 [ V(Do) +es | [V(Du)P,
Q Q

where ¢ comes from Young’s inequality. The estimate (3.7) follows immediately. O
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Proof of Theorem 1. In order to use Lemma 5 it remains to verify (3.3). We
subtract (R) from (P). Thus, for all ¢ € W' (Q'), it holds that

(3.8) //(T(Du,p) —T(Dv,7m))Dy — //(p —m)dive = o FVe.

Taking ¢ = u — v in (3.8), we get

2 2
3.9 Iwwoy<— [ (T(Du,p)—T(Dv,m))(Du—Dv)+ -3 [ |p—n|
Y1 Jor nJe

=cC u—v ’y_?% —7'('2
= [ TEOTE- )+ 5 [

where we use Lemma 2. Let ¢ be a solution to

divp=p—7 inQ,
plogr = 0.

We use this ¢ as a test function in (3.8). Lemma 2 yields

/

— 7|2 o < T(Du,p) — T(Dv,7))D¢ — | T(F,0)V
Ip=rlig < [ D) -TD0MDe - [ TV

<12/ Tumay IV@lla0 + 3l - 7z | Vellza + /Q T(F,0)Ve

and, due to Lemma 4 and Hélder inequality,

(1 = caivys)llp — 72,0 < caivyzy/Liuw.@y + IT(F,0)[|2,q-

Consequently

2 CdivY2 2 2
lp— 73, < T cana + &) L(uw,q) + )T (F,0)[|2,q-

We get, according to Lemma 3, Lemma 2, Young’s inequality and (3.7), that

/,T(F, 0)(V(u—v)) < c(al)/

Q/

®(@/(F])) + = | ®(|Du- Do)

"
X ClEr q) F 1 q) D’U, 1 (I> DU
<cen) [ @(F)+er | aDup+er [ a(Du)
<e) [ @+ [ vour
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We put all these estimates into (3.9) and we get

Y3CdivY2 2
Tuwan < (0222 4 ¢) Tuwa + /<I>F
(u,0,Q") 71(1 Cdiv'73) € ) d(u,0,Q") C(E) o (| |)

+c | |T(F0)?4+e |V (Du)|?.
Q’ Q’

Due to (A3) there exists ¢ such that it holds that ((yzcaivy2)/(71(1 — caivy3)))? +
€ < 1 and thus

Tuvan < e [ @UP)+TEOR) 21 [ VD

According to Lemma 2

’

[V(Du) = V(Dv)? <e1 V(Do) + 0]/ (@ F]) + T (F,0)f).
Q Q

Further, since ®(|F|) ~ (1+|F|?)"=2/2|F|? < |F|" and |T(F,0)|? ~ (1+|F|?)"~2 x
[FIP < A+ [FP)D2 < |F|” we get

WV (Du) — V(Do) < 5/ V(D) + c][ B
Q' Q' Q'

All assumptions of Lemma 5 are met and the estimate (1.1) follows directly
from (3.4).
Letp=p— fQ p. We consider a test function ¢ fulfilling

dive = ol 2p~ B e,
Q
plag =0,
where s is such that s’ = ¢r’. Lemma 4 yields
—_1/(s—1
(3.10) IVellse < clply/g™"-
We multiply (P); by this ¢ in order to get

12113, < T (Du, p)lls. + IT(F,0)[s,0) Vel

5,Q»

and, together with (3.10), we obtain

(3.11) Pl

5@ < ([T (Du,p)llsr.@ + 1T(F,0)[[s.Q)-
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Further, since t” < ¢®*(t), we have

IT(Du, p)|" < (@ (' (|Dul)))? ~ (1 + |Dul*)">/2|Duf*)?.

This together with (3.11) yields
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F i < f (@ 1DuP) 2Dy e f (@ PR R
Q Q Q
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