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Abstract. A vertex k-coloring of a graph G is a multiset k-coloring if M(u) 6= M(v)
for every edge uv ∈ E(G), where M(u) and M(v) denote the multisets of colors of the
neighbors of u and v, respectively. The minimum k for which G has a multiset k-coloring is
the multiset chromatic number χm(G) of G. For an integer l > 0, the l-corona of a graph G,

corl(G), is the graph obtained from G by adding, for each vertex v in G, l new neighbors
which are end-vertices. In this paper, the multiset chromatic numbers are determined
for l-coronas of all complete graphs, the regular complete multipartite graphs and the
Cartesian product Kr � K2 of Kr and K2. In addition, we show that the minimum l such
that χm(cor

l(G)) = 2 never exceeds χ(G)− 2, where G is a regular graph and χ(G) is the
chromatic number of G.

Keywords: multiset coloring; multiset chromatic number; generalized corona of a graph;
neighbor-distinguishing coloring
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1. Introduction

Proper vertex coloring of a graph G is a well-known method to distinguish ad-

jacent vertices of G. However, in the past decades, a large number of coloring

methods emerged for the purpose of distinguishing adjacent vertices or all the ver-

tices of a graph G. In [11], Zhang et al. presented the concept of adjacent vertex-

distinguishing edge coloring of graphs. Based on proper vertex coloring of a graph G,

Radcliffe and Zhang considered the multiset of colors of the neighboring vertices of

each vertex to distinguish all vertices of G, see [9] for details. Further, in [4], Char-

trand et al. studied the situation when the vertex coloring may not be proper. Please

refer to [1], [2], [3], [7], [10], [12] for more related literatures.

This work has been supported by the scientific research funding (No. 2014RZ21) of Wuhan
Polytechnic University.
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A coloring c of the vertices of a graph G (where adjacent vertices may be assigned

the same color) is called neighbor-distinguishing if every two adjacent vertices of G

are distinguished from each other in some manner by the coloring c. With no doubt,

a proper vertex coloring is neighbor-distinguishing and the minimum number of

colors needed for a proper vertex coloring of G is the chromatic number χ(G). In [5],

a new coloring, called the multiset coloring, was put forward and studied that never

requires more than χ(G) colors.

Given a graph G = (V,E), let c : V (G) → {1, 2, . . . , k} be a vertex coloring (which
need not be proper) of G. Consider such a coloring c; for each vertex v of G, letM(v)

be the multiset of colors in N(v), where N(v) denotes the set of vertices adjacent

to v. If M(u) 6= M(v) for every pair of adjacent vertices uv ∈ E(G), then c is called

a multiset k-coloring of G. The minimum number k such that G has a multiset

k-coloring is the multiset chromatic number χm(G) of G. For example, a multiset

2-coloring of C2
6 is depicted in Figure 1.
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Figure 1. A multiset 2-coloring of C26 .

It is obvious that every proper vertex coloring of G is a multiset coloring of G,

thus

(1.1) χm(G) 6 χ(G).

By the definition of the multiset coloring of a graph G, if u and v are two adjacent

vertices of G with dG(u) 6= dG(v), then necessarilyM(u) 6= M(v). Thus the following

observation is easily obtained.

O b s e r v a t i o n 1.1. For any graph G, χm(G) = 1 if and only if every two

adjacent vertices of G have different degrees.
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Since every nonempty bipartite graph has chromatic number 2, the following is

a natural consequence of (1.1) and Observation 1.1.

Proposition 1.1. If G is a bipartite graph, then

χm(G) =

{

1, if every two adjacent vertices of G have different degrees;

2, otherwise.

By Proposition 1.1, for the complete bipartite graph Ks,t we have

χm(Ks,t) =

{

1 if s 6= t;

2 if s = t.

For a vertex u of G, the multiset M(u) can be represented by the k-vector

code(u) = (a1, a2, . . . , ak) := a1a2 . . . ak,

where ai, 1 6 i 6 k denotes the number of neighbors of u colored i. The k-vector

code(u) is called the multiset color code of u, or color code of u for short. For

example, code(u) = (2, 3) means that the number of neighbors of u colored 1 is 2

and the number of neighbors of u colored 2 is 3.

The following observation is often useful.

O b s e r v a t i o n 1.2. If u and v are two adjacent vertices in a graph G such that

N(u)− v = N(v)− u, then c(u) 6= c(v) for every multiset coloring c of G.

It is a consequence of Observation 1.2 that χm(Kn) = n, where Kn is a complete

graph of order n, n > 2. The multiset chromatic number of every complete mul-

tipartite graph was determined in [5]. Besides, the multiset chromatic numbers for

cycles and their squares, cubes, and fourth powers were also determined in [5]. In

the meantime, a conjecture was proposed as follows.

Conjecture 1.1 ([5]). For every integer r > 3, there exists an integer f(r) such

that χm(Cr
n) = 3 for all n > f(r).

This conjecture was solved by Feng and Lin, please refer to [6] for details.

There are further studies concerning multiset colorings of graphs. In [8], it was

shown that for every positive integer N there is an r-regular graph G such that

χ(G)−χm(G) = N and for every pair k, r of integers with 2 6 k 6 r−1 there exists

an r-regular graph with multiset chromatic number k.

The corona cor(G) of a graph G is the graph obtained from G by adding, for each

vertex v in G, a new vertex v′ and the edge vv′. It is trivial that χm(cor(G)) 6 χm(G)
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for every connected graphG. In [8], the multiset chromatic numbers were determined

for the coronas of all complete graphs and regular complete multipartite graphs. We

list them below.

Theorem 1.1 ([8]). For every integer n > 2,

χm(cor(Kn)) =
⌈1 +

√
4n− 3

2

⌉

.

For k > 2 and n > 1, the regular complete k-partite graph, each partite set of

which contains n vertices, is denoted by Kk(n). Thus, Kk(1) = Kk. The following

theorem determines the multiset chromatic number of the corona of Kk(n). To this

end, for positive integers l and n, define

g(l, n) =

(
l + n− 2

n− 1

)

+ l

(
l + n− 2

n

)

.

Theorem 1.2 ([8]). For integers n, k > 2, the multiset chromatic number of

cor(Kk(n)) is the unique positive integer l such that

g(l − 1, n) < k 6 g(l, n).

In this paper, the concept of corona of a graph is generalized and the generalized

corona of a graph is naturally defined as follows.

Definition 1.1. For an integer l > 0, the l-corona of a graph G, denoted by

corl(G), is the graph obtained from G by adding, for each vertex v in G, l new

vertices v1, v2, . . . , vl and l new edges vv1, vv2, . . . , vvl. Let J
l(v) = {v1, v2, . . . , vl},

then each vertex vi, 1 6 i 6 l in J l(v) is called a leaf vertex, or an end-vertex of v.

If l = 0, then cor0(G) represents the graph G, i.e., cor0(G) = G. Obviously,

cor1(G) = cor(G). So in this sense, the l-corona of a graph G defined above is

viewed as the generalized corona of a graph. If no confusion occurs, sometimes we

simply use generalized corona graphs or generalized corona instead of generalized

corona of a graph.

The multiset chromatic numbers of generalized corona graphs are mainly discussed

in this paper. First, we present some properties of the multiset chromatic numbers of

generalized corona graphs. Next, the multiset chromatic numbers are determined for

the l-coronas of all complete graphs and the regular complete multipartite graphs.

These results are generalizations of Theorem 1.1 and Theorem 1.2. In addition, the

multiset chromatic number of the Cartesian product Kr � K2 is also determined
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in this work. We conclude the paper by showing that the minimum l such that

χm(corl(G)) = 2 never exceeds χ(G) − 2, where G is a regular graph.

The following notation will be used in the paper.

Given a graph G = (V,E), let X ⊆ V (G). For a not necessarily proper vertex

coloring c of G, letMc(X) (or simplyM(X)) be the multiset of colors of the vertices

in X . Please note that for v ∈ V (G), M(v) stands for the multiset of colors in N(v),

while M({v}) stands for the multiset of color of v.
For integers z1 and z2, z1 modulo z2 is denoted by [z1]z2 .

2. Properties for generalized corona graphs

According to the definition of generalized corona graphs, the following observations

are easily obtained.

O b s e r v a t i o n 2.1. For every graphG, let l1 and l2 be two non-negative integers

with l1 > l2, then

χm(corl1(G)) 6 χm(corl2(G)).

P r o o f. If l1 = l2, then the conclusion holds trivially. Now let l1 > l2, then the

graph corl1(G) can be obtained from corl2(G) by adding, for each vertex v in G,

l1− l2 new vertices v1, v2, . . . , vl1−l2 and l1− l2 new edges vv1, vv2, . . . , vvl1−l2 . Let c

be a multiset coloring of corl2(G). The coloring c can be extended to a multiset

coloring c′ of corl1(G) as follows:

c′(v) =

{

c(v), v ∈ corl2(G);

1, otherwise.

�

Ob s e r v a t i o n 2.2. For l > 0 and n > 2,

χm(corl(Kn)) > χm(corl(Kn−1)).

P r o o f. If l = 1 and n = 2, then χm(corl(Kn−1)) = χm(P2) = 2 while

χm(corl(Kn)) = χm(P4) = 2, and the conclusion holds. Otherwise, suppose that c

is a multiset coloring of χm(corl(Kn)). The graph corl(Kn−1) can be obtained

from corl(Kn) by deleting a vertex v of Kn and all its end-vertices. Obviously, the

coloring c restricted to the graph corl(Kn−1) is also a multiset coloring. �

Ob s e r v a t i o n 2.3. For n > 2,

χm(cor0(Kn)) > χm(cor1(Kn)) > . . . > χm(corn−1(Kn)).

P r o o f. It is a corollary of Observation 2.1. �
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R em a r k 2.1. What is the minimum l such that χm(corl(Kn)) = 2? We will

answer this question in the next section.

O b s e r v a t i o n 2.4. For l > 0, if H ⊆ G, then the following inequality may be

not right.

χm(corl(H)) 6 χm(corl(G)).

P r o o f. For example, C3 ⊆ C2
6 , but from [5] we know that χm(C3) = 3, while

χm(C2
6 ) = 2. �

3. Generalized coronas of complete graphs

A heuristic question is: how small the l is such that χm(corl(Kn)) = 2? We answer

this question by showing the following.

Theorem 3.1. For n > 2,

min
l>0

{l : χm(corl(Kn)) = 2} = n− 2.

P r o o f. First, we show that χm(corn−2(Kn)) = 2. It is a consequence of Observa-

tion 1.1 that χm(corn−2(Kn)) > 2, thus we only need to give a multiset 2-coloring of

corn−2(Kn). If n = 2, then the conclusion holds trivially. So we suppose that n > 3.

Let V (Kn) = {v1, v2, . . . , vn}. The graph corn−2(Kn) can be obtained from Kn by

adding, for each vertex vi, 1 6 i 6 n, n − 2 new vertices vi,1, vi,2, . . . , vi,n−2 and

n− 2 new edges vvi,1, vvi,2, . . . , vvi,n−2. Define a vertex 2-coloring c of cor
n−2(Kn)

as follows.

c(vi) =

{

1, 1 6 i 6 n− 1,

2, i = n;

c(vi,j) =







2, 1 6 i 6 n− 2, 1 6 j 6 n− i− 1,

1, 2 6 i 6 n− 1, n− i 6 j 6 n− 2,

1, i = n, 1 6 j 6 n− 2.

From the above coloring, it can be determined that for 1 6 i 6 n, code(vi) =

(n + i − 3, n − i). It then follows immediately that c is a multiset 2-coloring of

corn−2(Kn). Thus, χm(corn−2(Kn)) = 2.

Next, it only remains to show that χm(corn−3(Kn)) > 2 by Observation 2.3.

Suppose that there exists a multiset 2-coloring of corn−3(Kn). Since the number of

(n − 3)-element multisets of {1, 2} is n − 2, there are at most n − 2 vertices of Kn
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which can be colored the same color. For 2 6 t 6 n − 2, let t vertices of Kn be

colored by 1 and the remaining n − t vertices of Kn be colored by 2. It can be

inferred that the multiset of each vertex of Kn contains at least (t − 1) 1’s, and at

most (t + n − 3) 1’s. Therefore, the number of different multisets of the vertices

of Kn is at most (t+n− 3)− (t− 1)+ 1 = n− 1. Since n− 1 < n, by the pigeonhole

principle, there exist at least two vertices of Kn which have the same multisets. This

is a contradiction, thus χm(corn−3(Kn)) > 2. �

The multiset chromatic numbers of the generalized coronas of all complete graphs

are characterized as follows.

Theorem 3.2. For integers t and l with t > 2, l > 0, define

nl
t =

(
t+ l − 2

l

)

+ (t− 2)

(
t+ l − 3

l

)

+ 1.

If n ∈ [nl
t, n

l
t+1), then

χm(corl(Kn)) = t.

P r o o f. First we show that χm(corl(Knl
t
)) > t. Assume, to the contrary, that

there exists a multiset (t−1)-coloring of corl(Knl
t
). Let C be the set of (t−1) colors.

Since the number of l-element multisets of C is
(
t+l−2

l

)
, there are at most

(
t+l−2

l

)

vertices of Knl
t
which can be colored the same color.

Suppose that there are exactly s, 0 6 s 6 t − 2 colors, each of which is assigned

to at most
(
t+l−3

l

)
− 1 vertices of Knl

t
. So each of the remaining (t − 1 − s) colors

is assigned to at least
(
t+l−3

l

)
vertices of Knl

t
. Without loss of generality, let these

(t− 1− s) colors be 1, 2, . . . , t− 1− s. The simple calculation yields

nl
t − s

((
t+ l − 3

l

)

− 1

)

− (t− 1− s)

(
t+ l − 3

l

)

=

(
t+ l − 2

l

)

+ (t− 2)

(
t+ l − 3

l

)

+ 1− s

(
t+ l − 3

l

)

+ s

− (t− 1)

(
t+ l − 3

l

)

+ s

(
t+ l − 3

l

)

=

(
t+ l − 3

l − 1

)

+ s+ 1.

Let S be the set of these
(
t+l−3
l−1

)
+ s+1 vertices of Knl

t
. Suppose that n1 vertices

of S are colored by 1, n2 vertices of S are colored by 2, . . . , np vertices of S are
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colored by p, where







n1 > 1, n2 > 1, . . . , np > 1,

n1 + n2 + . . .+ np =
(
t+l−3
l−1

)
+ s+ 1,

1 6 p 6 t− 1− s.

For 1 6 r 6 p, there are
(
t+l−3

l

)
+ nr vertices of Knl

t
which are colored by r.

Observe that the number of l-element multisets of the (t − 2) colors is
(
t+l−3

l

)
,

therefore, the color r appears in the leaves of each of the remaining nr vertices

which are colored by r. Realize the fact that n1 + n2 + . . . + np =
(
t+l−3
l−1

)
+ s + 1,

and the number of (l − 1)-element multisets of the (t − 1) colors is
(
t+l−3
l−1

)
. Since

(
t+l−3
l−1

)
+ s+1 >

(
t+l−3
l−1

)
, there exist two vertices of Knl

t
, each of them being colored

as illustrated in Figure 2. It is clear that M(u) = M(v), which is a contradiction,

thus χm(corl(Knl
t
)) > t.

u v

c2c1

c1

c3 cl

c2

c3 cl

Figure 2. M(u) =M(v).

Now, by Observation 2.2, we only need to give a multiset t-coloring c of

corl(Knl
t+1−1). Obviously,

nl
t+1 − 1 = (t− 1)

(
t+ l − 2

l

)

+

(
t+ l − 1

l

)

= (t− 1)a+ b.

Let

V (Knl
t+1−1) = {v1,1, . . . , v1,a} ∪ . . . ∪ {vt−1,1, . . . , vt−1,a} ∪ {vt,1, . . . , vt,b} := V.

For each i, 1 6 i 6 t− 1, color vi,1, . . . , vi,a by i. Color vt,1, . . . , vt,b by t.

In order to color the remaining leaves of corl(Knl
t+1−1), we introduce some nota-

tion.
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For each i, 1 6 i 6 t− 1, let

Ri = {1, . . . , t} − {i}.

The number of l-multisets of Ri is
(
t+l−2

l

)
, let these a multisets be Si,1, . . . , Si,a.

The number of l-multisets of {1, . . . , t} is
(
t+l−1

l

)
, let these bmultisets be St,1, . . . , St,b.

Now we are ready to color the leaves. For 1 6 i 6 t − 1 and 1 6 j 6 a, color

the leaves corresponding to vi,j so that M(J l(vi,j)) = Si,j . For 1 6 k 6 b, color the

leaves corresponding to vt,k so that M(J l(vt,k)) = St,k.

We show that such coloring c is a multiset t-coloring of corl(Knl
t+1−1).

(1) For 1 6 i 6 t− 1, 1 6 j1 < j2 6 a, observe that

M(vi,j1) = M(V )− {c(vi,j1)}+ Si,j1 ,

M(vi,j2) = M(V )− {c(vi,j2)}+ Si,j2 .

Since c(vi,j1) = c(vi,j2 ) = i and Si,j1 6= Si,j2 , thus M(vi,j1) 6= M(vi,j2 ).

(2) For 1 6 i1 < i2 6 t− 1, 1 6 j1 6 j2 6 a, it is clear that

M(vi1,j1) = M(V )− {c(vi1,j1)}+ Si1,j1 ,

M(vi2,j2) = M(V )− {c(vi2,j2)}+ Si2,j2 .

Observe that c(vi1,j1) = i1, c(vi2,j2) = i2 and i1 /∈ Si1,j1 hence M(vi1,j1) contains

less i1’s than M(vi2,j2). Thus M(vi1,j1) 6= M(vi2,j2).

(3) For 1 6 i 6 t− 1, 1 6 j1 6 a, 1 6 j2 6 b, it is clear that

M(vi,j1) = M(V )− {c(vi,j1)}+ Si,j1 ,

M(vt,j2) = M(V )− {c(vt,j2)}+ St,j2 .

Observe that c(vi,j1) = i, c(vt,j2) = t and i /∈ Si,j1 hence M(vi,j1) contains less

i1’s than M(vt,j2). Thus M(vi,j1) 6= M(vt,j2). �

For example, let t = 3, l = 2, then

nl
t+1 − 1 =

(
4

2

)

+ 2

(
3

2

)

= 6 + 2× 3 = 12.

A multiset 3-coloring of cor2(K12) is depicted in Figure 3.

R em a r k 3.1. The above theorem implies Theorem 1.1 which also can be found

in [8]. Let l = 1, then n1
t = t2 − 3t+ 4, n1

t+1 = t2 − t+ 2. By the above theorem, if

n ∈ [t2 − 3t+ 4, t2 − t+ 2), then χm(cor(Kn)) = t. Since (t2 − t+ 1) ∈ [t2 − 3t+ 4,

t2 − t+2), t = ⌈(1 +
√
4n− 3)/2⌉ when taking n = t2 − t+ 1. Thus χm(cor(Kn)) =

⌈(1 +
√
4n− 3)/2⌉. Given l = 0, the above theorem also implies the well-known

result that χm(Kn) = n.
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Figure 3. A multiset 3-coloring of cor2(K12).

4. Generalized coronas of complete multipartite graphs

The multiset chromatic numbers of generalized coronas of Kk(n) are obtained in

this section. To this end, we first present a formula. For p > 0, l > 0, n > 1, define

g(p, l, n) =

(
l + n− p− 1

n− p

)

+

p−1
∑

i=0

p−i
∑

j=1

(
l

j

)(
p− i− 1

p− i− j

)(
n+ l − i− j − 1

n− i

)

.

Obviously, g(p, l, n) is strictly increasing with respect to l. Thus, for k > 1, there

exists a unique integer l > 1 such that

g(p, l − 1, n) < k 6 g(p, l, n).

Theorem 4.1. For integers k > 2, n > 1, p > 0, the multiset chromatic number

of corp(Kk(n)) is the unique positive integer l such that

g(p, l − 1, n) < k 6 g(p, l, n).

P r o o f. Obviously, such an integer l > 2 exists. Let G = Kk(n) with V (G) =

U = U1 ∪U2 ∪ . . .∪Uk, where Ui = {ui,1, ui,2, . . . , ui,n} is a partite set for 1 6 i 6 k.

We obtain the p-corona of G by adding, for each vertex ui,j, p end-vertices Wi,j =

{wi,j,1, wi,j,2, . . . , wi,j,p}, where 1 6 i 6 k, 1 6 j 6 n.
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We first show that χm(corp(G)) > l. Suppose to the contrary that there exists

a multiset (l − 1)-coloring of corp(G). Let these (l − 1) colors be 1, 2, . . . , l − 1. For

1 6 q 6 l − 1, let tq be the number of vertices in U that are colored by q. Then
l−1∑

q=1
tq = nk.

Consider an arbitrary vertex in U , say u1,1 ∈ U1. For 1 6 q 6 l − 1, let aq be

the number of vertices in U1 that are colored by q, bq the number of vertices in W1,1

that are colored by q. Then

l−1∑

q=1

aq = n,

l−1∑

q=1

bq = p,

and

code(u1,1) = (t1, t2, . . . , tl−1)− (a1, a2, . . . , al−1) + (b1, b2, . . . , bl−1).

We now determine all possible color codes for u1,1.

(1) bq 6 aq for 1 6 q 6 l − 1. Let cq = aq − bq for 1 6 q 6 l − 1, then cq > 0 and
l−1∑

q=1
cq = n− p. Therefore, the number of possible color codes for u1,1 is

(
(l − 1) + (n− p)− 1

n− p

)

=

(
l + n− p− 2

n− p

)

.

(2) There exists an integer q, 1 6 q 6 l − 1 such that bq > aq. To this end, the

coloring for the vertices in U1 and W1,1 should be like this: for 0 6 i 6 p − 1, U1

andW1,1 can be divided into two subsets, say U
i
1, U

n−i
1 andW i

1,1,W
p−i
1,1 , respectively,

such that

(4.1) |U i
1| = |W i

1,1| = i, M(U i
1) = M(W i

1,1),

and

(4.2) |Un−i
1 | = n− i, |W p−i

1,1 | = p− i, M(Un−i
1 ) ∩M(W p−i

1,1 ) = ∅.

In this case, we claim that the number of possible color codes for u1,1 is

p−1
∑

i=0

p−i
∑

j=1

(
l − 1

j

)(
p− i− 1

p− i− j

)(
n+ l − i− j − 2

n− i

)

.

In fact, the color code for u1,1 is only dependent on the different coloring ways

for Un−i
1 and W p−i

1,1 satisfying equation (4.2). Moreover, it can be realized as follows.
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Step 1, for 0 6 i 6 p− 1, 1 6 j 6 p− i, choose j colors from the set of l− 1 colors.

There are
(
l−1
j

)
different ways to do that.

Step 2, use these j colors to color W p−i
1,1 so that each of these j colors must

be assigned to the vertices of W p−i
1,1 . This can be done by coloring the j vertices

of W p−i
1,1 pairwise different using the given j colors, while the remaining p − i − j

vertices of W p−i
1,1 are colored using these colors arbitrarily. The number of different

ways to do such job is
(
p−i−1
p−i−j

)
.

Step 3, color the n− i vertices of Un−i
i using the remaining l − 1− j colors. The

number of different ways to do so is
(
n+l−i−j−2

n−i

)
.

Therefore, by (1) and (2), the number of distinct color codes for the vertices in U

is at most

(
l + n− p− 2

n− p

)

+

p−1
∑

i=0

p−i
∑

j=1

(
l − 1

j

)(
p− i− 1

p− i− j

)(
n+ l − i− j − 2

n− i

)

= g(p, l− 1, n).

Since corp(G) contains Kk as a subgraph, the number of distinct color codes for the

vertices in U is at least k. Thus k 6 g(p, l− 1, n), which is a contradiction.

We now show that χm(corp(G)) 6 l by providing a multiset l-coloring for corp(G).

For this purpose, we introduce some notation first.

Since the number of (n−p)-element multisets of the set of l colors is
(
l+n−p−1

n−p

)
:= a,

let these a multisets be A1, A2, . . . , Aa.

For r ∈ {1, 2, . . . , k}, color Ur and Wr,1,Wr,2, . . . ,Wr,n using l colors as follows.

For 0 6 i 6 p − 1, color ur,1, . . . , ur,i by 1; for 1 6 s 6 n, color wr,s,1, . . . , wr,s,i

by 1. Now color the rest n − i vertices in Ur and p − i vertices in each Wr,s as

described below.

Step 1, for 0 6 i 6 p − 1, 1 6 j 6 p − i, choose j colors from the set of l colors.

There are
(
l

j

)
different ways to do that.

Step 2, use these j colors to color the remaining p− i vertices in each Wr,s so that

each of these j colors must be assigned to these p − i vertices. This can be done

by coloring the j vertices of these p− i vertices pairwise different using the given j

colors, while the remaining p− i− j vertices of these p− i vertices are colored using

these colors arbitrarily. The number of different ways to do such job is
(
p−i−1
p−i−j

)
.

Step 3, color the remaining n − i vertices in Ur using the remaining l − j colors.

The number of different ways to do so is
(
n+l−i−j−1

n−i

)
.

The Addition and Multiplication Principle tells us that the number of different

such ways to color Ur and Wr,1,Wr,2, . . . ,Wr,n is

p−1
∑

i=0

p−i
∑

j=1

(
l

j

)(
p− i− 1

p− i− j

)(
n+ l − i− j − 1

n− i

)

:= b.
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Let B1, B2, . . . , Bb be these b different coloring ways for Ur and Wr,1,Wr,2, . . . ,Wr,n.

Please note that

a+ b = g(p, l, n).

We are now ready to give a multiset l-coloring for corp(G).

(1) 2 6 k 6 a. For 1 6 i 6 k, 1 6 j 6 n, 1 6 h 6 p, color wi,j,h by 1; color

ui,1, . . . , ui,p by 1; and color ui,p+1, . . . , ui,n so that M({ui,p+1, . . . , ui,n}) = Ai.

Let x ∈ Ui1 , y ∈ Ui2 , where 1 6 i1 < i2 6 k. Then

M(x) = M(U)− {1, . . . , 1
︸ ︷︷ ︸

p

} −Ai1 + {1, . . . , 1
︸ ︷︷ ︸

p

} = M(U)−Ai1 ,

M(y) = M(U)− {1, . . . , 1
︸ ︷︷ ︸

p

} −Ai2 + {1, . . . , 1
︸ ︷︷ ︸

p

} = M(U)−Ai2 .

Since Ai1 6= Ai2 , M(x) 6= M(y).

(2) a < k 6 a + b. For 1 6 i 6 a, 1 6 j 6 n, 1 6 h 6 p, color wi,j,h by 1; color

ui,1, . . . , ui,p by 1; and color ui,p+1, . . . , ui,n so that M({ui,p+1, . . . , ui,n}) = Ai. For

a+ 1 6 i 6 k, color Ui and Wi,1, . . . ,Wi,n by Bi−a.

Let ui1,j1 ∈ Ui1 , ui2,j2 ∈ Ui2 , where 1 6 i1 < i2 6 k, 1 6 j1 6 j2 6 n.

(I): 1 6 i1 < i2 6 a. Similarly to (1), it is obvious that M(ui1,j1) 6= M(ui2,j2).

(II): a < i1 < i2 6 k. It is clear that

M(ui1,j1) = M(U)−M(Ui1) +M(Wi1,j1),

M(ui2,j2) = M(U)−M(Ui2) +M(Wi2,j2).

Let 0 6 t1, t2 6 p− 1, denote

M(Ui1) = {1, . . . , 1
︸ ︷︷ ︸

t1

} ∪M(U ′

i1
),

M(Wi1,j1) = {1, . . . , 1
︸ ︷︷ ︸

t1

} ∪M(W ′

i1,j1
),

M(Ui2) = {1, . . . , 1
︸ ︷︷ ︸

t2

} ∪M(U ′

i2
),

M(Wi2,j2) = {1, . . . , 1
︸ ︷︷ ︸

t2

} ∪M(W ′

i2,j2
).

In addition, M(U ′

i1
) ∩M(W ′

i1,j1
) = ∅, M(U ′

i2
) ∩M(W ′

i2,j2
) = ∅. Therefore,

M(ui1,j1) = M(U)−M(U ′

i1
) +M(W ′

i1,j1
),

M(ui2,j2) = M(U)−M(U ′

i2
) +M(W ′

i2,j2
).
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If M(U ′

i1
) = M(U ′

i2
), then M(W ′

i1,j1
) 6= M(W ′

i2,j2
), so M(ui1,j1) 6= M(ui2,j2).

If M(U ′

i1
) 6= M(U ′

i2
) and M(W ′

i1,j1
) = M(W ′

i2,j2
), then obviously M(ui1,j1) 6=

M(ui2,j2). Suppose M(U ′

i1
) 6= M(U ′

i2
) and M(W ′

i1,j1
) 6= M(W ′

i2,j2
). Then there

exists a color α, 1 6 α 6 l such that the number of the color α in M(W ′

i1,j1
)

is different from that in M(W ′

i2,j2
). Observe that M(U ′

i1
) ∩ M(W ′

i1,j1
) = ∅ and

M(U ′

i2
) ∩ M(W ′

i2,j2
) = ∅, thus the number of the color α in M(ui1,j1) is different

from that in M(ui2,j2), so M(ui1,j1) 6= M(ui2,j2).

(III): 1 6 i1 6 a < i2 6 k.

M(ui1,j1) = M(U)−M(Ui1) +M(Wi1,j1),

M(ui2,j2) = M(U)−M(Ui2) +M(Wi2,j2).

Observe that there exists a color α, 1 6 α 6 l such that M(Wi2,j2) contains more

α’s thanM(Ui2). Besides,M(Wi1,j1) ⊆ M(Ui1). Therefore,M(ui2,j2) contains more

α’s than M(ui1,j1), so M(ui1,j1) 6= M(ui2,j2). �

R em a r k 4.1. If p = 1, then the above theorem implies Theorem 1.2 which

was earlier presented in [8]. The verification only requires noticing that g(0, l, n) =
(
l+n−2
n−1

)
+ l

(
l+n−2

n

)
. If n = 1, then we get the multiset of the generalized corona of all

the complete graph Kk. To verify that the previous Theorem 3.2 is coincident with

that of the above theorem when taking n = 1, one only needs to justify the equality

(4.3) g(p, l, 1) =

(
l + p− 1

p

)

+ (l − 1)

(
l + p− 2

p

)

.

In fact, since

(4.4) g(p, l, 1) =

(
l − p

1− p

)

+

p−1
∑

i=0

p−i
∑

j=1

(
l

j

)(
p− i− 1

p− i− j

)(
l − i− j

1− i

)

,

one only needs to justify the equality

(4.5)

(
l − p

1− p

)

+

p−1
∑

i=0

p−i
∑

j=1

(
l

j

)(
p− i− 1

p− i− j

)(
l− i − j

1− i

)

=

(
l+ p− 1

p

)

+ (l − 1)

(
l + p− 2

p

)

.

If p = 0, then (4.5) holds since both sides are equal to l. If p = 1, then both sides

of (4.5) are equal to l2 − l + 1. Now we suppose p > 2. Then (4.5) follows from the
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calculations

(
l − p

1− p

)

+

p−1
∑

i=0

p−i
∑

j=1

(
l

j

)(
p− i− 1

p− i− j

)(
l − i− j

1− i

)

=

p
∑

j=1

(
l

j

)(
p− 1

p− j

)(
l − j

1

)

+

p−1
∑

j=1

(
l

j

)(
p− 2

p− 1− j

)(
l− 1− j

0

)

= l

(
l + p− 2

p

)

+

(
l + p− 2

p− 1

)

=

(
l + p− 2

p

)

+

(
l + p− 2

p− 1

)

+ (l − 1)

(
l+ p− 2

p

)

=

(
l + p− 1

p

)

+ (l − 1)

(
l + p− 2

p

)

.

5. Generalized coronas of Kr � K2

We introduce some product graphs as follows.

Definition 5.1. The Cartesian product G � H of graphs G and H is the graph

with vertex set V (G) × V (H) and edge set {(a, x)(b, y) : ab ∈ E(G), x = y or xy ∈
E(H), a = b}. The tensor product G×H of graphs G and H is the graph with vertex

set V (G)×V (H) and edge set {(a, x)(b, y) : ab ∈ E(G) and xy ∈ E(H)}. The strong
product G ⊠H of graphs G and H is the graph with vertex set V (G) × V (H) and

edge set E(G � H) ∪E(G×H).

The following result can be found in [8].

Theorem 5.1. For each positive integer r,

χm(Kr � K2) =
⌈1 +

√
4r + 1

2

⌉

.

Since Kr ×K2 is a regular bipartite graph, by Proposition 1.1, χm(Kr ×K2) = 2.

In addition, Kr ⊠ K2 is a complete graph of order 2r, thus χm(Kr ⊠ K2) = 2r.

We now focus our attention on the discussion of the multiset chromatic number of

generalized corona of Kr � K2.

For l > 1, p > 1, define

h(l, p) =

(
l + p− 1

p

)

+ l

(
l + p− 1

p+ 1

)

.
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Theorem 5.2. For r > 2, p > 1, the multiset chromatic number of corp(Kr � K2)

is the unique positive integer l such that

h(l − 1, p) < r 6 h(l, p).

P r o o f. Since h(l, p) is strictly increasing with respect to l, such an integer l > 2

exists. Let H1 and H2 be two disjoint copies of Kr, where

V (H1) = {u1, u2, . . . , ur}, V (H2) = {v1, v2, . . . , vr}.

Then

V (Kr � K2) = V (H1) ∪ V (H2),

E(Kr � K2) = E(H1) ∪ E(H2) ∪ {uivi : 1 6 i 6 r}.

Construct corp(Kr � K2) from Kr � K2 by adding, for each vertex ui, 1 6 i 6 r,

p end-vertices Xi = {xi,1, xi,2, . . . , xi,p}, and for each vertex vi, 1 6 i 6 r, p end-

vertices Yi = {yi,1, yi,2, . . . , yi,p}. Let

X = X1 ∪X2 ∪ . . . ∪Xr,

Y = Y1 ∪ Y2 ∪ . . . ∪ Yr.

Then

V (corp(Kr � K2)) = V (H1) ∪ V (H2) ∪X ∪ Y,

E(corp(Kr � K2)) = E(H1) ∪E(H2) ∪ {uivi : 1 6 i 6 r}
∪ {uixi,j : 1 6 i 6 r, 1 6 j 6 p}
∪ {viyi,j : 1 6 i 6 r, 1 6 j 6 p}.

We first show that χm(corp(Kr � K2)) > l−1. Suppose that there exists a multiset

(l − 1)-coloring f of corp(Kr � K2). For each vertex ui ∈ V (H1), 1 6 i 6 r, it is

clear that

M(ui) = M(V (H1))− {f(ui)} + {f(vi)}+M(Xi).

We now determine the number of possible multisets for each vertex ui ∈ V (H1).

(1) f(ui) ∈ M(Xi) ∪ {f(vi)}. Let one vertex in Xi ∪ {vi} be colored the same
as ui. And then color the remaining p vertices in Xi ∪ {vi} using the (l − 1) colors

arbitrarily. Thus the number of possible multisets for ui is

(
l + p− 2

p

)

.
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(2) f(ui) /∈ M(Xi) ∪ {f(vi)}. Choose a color for ui from the set of the (l − 1)

colors; there are just (l − 1) different ways to do that. Then color the vertices in

Xi ∪ {vi} using the remaining (l − 2) colors; there are
(
l+p−2
p+1

)
different ways to do

that. So in this case, the number of possible multisets for ui is

(l − 1)

(
l + p− 2

p+ 1

)

.

Therefore, the number of distinct multisets for the vertices in V (H1) is at most

(
l + p− 2

p

)

+ (l − 1)

(
l + p− 2

p+ 1

)

= h(l − 1, p).

Since G[V (H1)] is a complete graph of order r which served as a subgraph of

corp(Kr � K2), the r vertices in V (H1) should have multisets pairwise distinct.

Thus h(l − 1, p) > r, which is a contradiction, so χm(corp(Kr � K2)) > l.

Next we show that χm(corp(Kr � K2)) 6 l by providing a multiset l-coloring for

corp(Kr � K2). To this end, we introduce some notation first.

Let the set of l colors be {0, 1, . . . , l − 1}.
Let A be the set of p-element multisets of {0, 1, . . . , l − 1}; obviously,

|A| =
(
l + p− 1

p

)

:= a > 2.

Let

A = {A0, A1, . . . , Aa−1}.

For 0 6 i 6 l − 1, 0 6 j 6 l − 2, let

Ri,j = {0, 1, . . . , l − 1} − {i, [i+ 1]l, . . . , [i+ j]l}.

Let Bi,j be the set of p-element multisets of Ri,j . It is clear that

|Bi,j | =
(
l − j − 1 + p− 1

p

)

=

(
l + p− j − 2

p

)

:= bj .

Let

Bi,j = {Bi,j,k : 0 6 k 6 bj − 1}.

For 0 6 t 6 l − 2, let

st =

t∑

j=0

bj.
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In particular,

s−1 = 0.

By the well-known Pascal’s formula

(
n

k

)

=

(
n− 1

k

)

+

(
n− 1

k − 1

)

we obtain

sl−2 =

l−2∑

j=0

bj =

l−2∑

j=0

(
l + p− j − 2

p

)

=

(
l + p− 1

p+ 1

)

:= b.

Thus
l−1∑

i=0

l−2∑

j=0

|Bi,j | =
l−1∑

i=0

l−2∑

j=0

bj = l

(
l + p− 1

p+ 1

)

= lb.

Then

a+ lb = h(l, p).

Let S1 and S2 be two disjoint copies of Kh(l,p), where

V (S1) = {u0, u1, . . . , ulb−1, w0, w1, . . . , wa−1} := U,

V (S2) = {v0, v1, . . . , vlb−1, z0, z1, . . . , za−1} := V.

Then

V (Kh(l,p) � K2) = U ∪ V,

E(Kh(l,p) � K2) = E(S1) ∪E(S2)

∪ {uivi : 0 6 i 6 lb− 1}
∪ {wjzj : 0 6 j 6 a− 1}.

Construct corp(Kh(l,p) � K2) from Kh(l,p) � K2 by adding,

(1) For each vertex ui, 0 6 i 6 lb− 1, p end-vertices Xi = {xi,0, xi,1, . . . , xi,p−1},
and for each vertex vi, 0 6 i 6 lb− 1, p end-vertices Yi = {yi,0, yi,1, . . . , yi,p−1}.
(2) For wj , 0 6 j 6 a − 1, p end-vertices Ej = {ej,0, ej,1, . . . , ej,p−1}, and for zj ,

0 6 j 6 a− 1, p end-vertices Fj = {fj,0, fj,1, . . . , fj,p−1}.
Let

X = X0 ∪X1 ∪ . . . ∪Xlb−1,

Y = Y0 ∪ Y1 ∪ . . . ∪ Ylb−1,

E = E0 ∪ E1 ∪ . . . ∪ Ea−1,

F = F0 ∪ F1 ∪ . . . ∪ Fa−1.
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Then

V (corp(Kh(l,p) � K2)) = U ∪ V ∪X ∪ Y ∪ E ∪ F,

E(corp(Kh(l,p) � K2)) = E(S1) ∪ E(S2)

∪ {uivi : 0 6 i 6 lb− 1}
∪ {wjzj : 0 6 j 6 a− 1}
∪ {uixi,q : 0 6 i 6 lb− 1, 0 6 q 6 p− 1}
∪ {viyi,q : 0 6 i 6 lb− 1, 0 6 q 6 p− 1}
∪ {wjej,q : 0 6 j 6 a− 1, 0 6 q 6 p− 1}
∪ {zjfj,q : 0 6 j 6 a− 1, 0 6 q 6 p− 1}.

Find a multiset l-coloring c of corp(Kh(l,p) � K2) such that for 0 6 i 6 l − 1,

0 6 j 6 l − 2, 0 6 k 6 bj − 1,

c(uib+s(j−1)+k) = i,

c(vib+s(j−1)+k) = [i + j + 1]l,

M(Xib+s(j−1)+k) = Bi,j,k,

M(Yib+s(j−1)+k) = B[i+1]l,j,k.

In addition, for 0 6 i 6 a− 1,

c(wi) = c(zi) = 0,

M(Ei) = Ai,

M(Fi) = A[i+1]a .

The above coloring implies that M(U) = M(V ) = M .

We verify that c is a multiset coloring of corp(Kh(l,p) � K2).

(1) For 0 6 i1, i2 6 l − 1, 0 6 j1, j2 6 l− 2, 0 6 k1 6 bj1 − 1, 0 6 k2 6 bj2 − 1,

M(ui1b+s(j1−1)+k1) = M(U)− {c(ui1b+s(j1−1)+k1)}+ {c(vi1b+s(j1−1)+k1)}
+M(Xi1b+s(j1−1)+k1)

= M − {i1}+ {[i1 + j1 + 1]l}+Bi1,j1,k1 ,

M(ui2b+s(j2−1)+k2) = M(U)− {c(ui2b+s(j2−1)+k2)}+ {c(vi2b+s(j2−1)+k2)}
+M(Xi2b+s(j2−1)+k2)

= M − {i2}+ {[i2 + j2 + 1]l}+Bi2,j2,k2 .
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If i1 6= i2, since i1 /∈ {[i1 + j1 + 1]l} ∪ Bi1,j1,k1 , M(ui1b+s(j1−1)+k1) contains less i1’s

than M(ui2b+s(j2−1)+k2), so M(ui1b+s(j1−1)+k1) 6= M(ui2b+s(j2−1)+k2). If i1 = i2 and

j1 6= j2, without loss of generality, let j1 < j2. Since

{i2, [i2 + 1]l, . . . , [i2 + j2]l} ∩Bi2,j2,k2 = ∅

and

[i1 + j1 + 1]l ∈ {i2, [i2 + 1]l, . . . , [i2 + j2]l},
we have [i1 + j1 + 1]l /∈ Bi2,j2,k2 . Observe that [i1 + j1 + 1]l 6= [i2 + j2 + 1]l, thus

M(ui1b+s(j1−1)+k1) contains more [i1 + j1 + 1]l’s thanM(ui2b+s(j2−1)+k1). Therefore,

M(ui1b+s(j1−1)+k1) 6= M(ui2b+s(j2−1)+k2). If i1 = i2, j1 = j2 and k1 6= k2, then

obviously, Bi1,j1,k1 6= Bi2,j2,k2 . Thus M(ui1b+s(j1−1)+k1) 6= M(ui2b+s(j2−1)+k2).

(2) For 0 6 i 6 l − 1, 0 6 j 6 l − 2, 0 6 k 6 bj − 1, 0 6 r 6 a− 1,

M(uib+s(j−1)+k) = M(U)− {c(uib+s(j−1)+k)}+ {c(vib+s(j−1)+k)}
+M(Xib+s(j−1)+k)

= M − {i}+ {[i+ j + 1]l}+Bi,j,k,

M(wr) = M(U)− {c(wr)}+ {c(zr)}+M(Er)

= M − {0}+ {0}+Ar = M +Ar.

Since i /∈ {[i+ j + 1]l} ∪Bi,j,k, M(uib+s(j−1)+k) contains less i’s than M(wr). Thus

M(uib+s(j−1)+k) 6= M(wr).

(3) For 0 6 r1 < r2 6 a− 1,

M(wr1) = M(U)− {c(wr1)} + {c(zr1)} +M(Er1)

= M − {0}+ {0}+Ar1 = M +Ar1 ,

M(wr2) = M(U)− {c(wr2)} + {c(zr2)} +M(Er2)

= M − {0}+ {0}+Ar2 = M +Ar2 .

Since Ar1 6= Ar2 , M(wr1) 6= M(wr2).

(4) For 0 6 i1, i2 6 l − 1, 0 6 j1, j2 6 l− 2, 0 6 k1 6 bj1 − 1, 0 6 k2 6 bj2 − 1,

M(vi1b+s(j1−1)+k1) = M(V )− {c(vi1b+s(j1−1)+k1)} + {c(ui1b+s(j1−1)+k1)}
+M(Yi1b+s(j1−1)+k1)

= M − {[i1 + j1 + 1]l}+ {i1}+B[i1+1]l,j1,k1
,

M(vi2b+s(j2−1)+k2) = M(V )− {c(vi2b+s(j2−1)+k2)} + {c(ui2b+s(j2−1)+k2)}
+M(Yi2b+s(j2−1)+k2)

= M − {[i2 + j2 + 1]l}+ {i2}+B[i2+1]l,j2,k2
.
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If [i1+ j1+1]l 6= [i2+ j2+1]l, thenM(vi1b+s(j1−1)+k1) contains less [i1 + j1 + 1]l’s

than M(vi2b+s(j2−1)+k2) since [i1 + j1 + 1]l /∈ {i1} ∪ B[i1+1]l,j1,k1
. Therefore,

M(vi1b+s(j1−1)+k1) 6= M(vi2b+s(j2−1)+k2).

If [i1 + j1 + 1]l = [i2 + j2 + 1]l and i1 = i2, then j1 = j2 and k1 6= k2. Since

B[i1+1]l,j1,k1
6= B[i2+1]l,j2,k2

, we have M(vi1b+s(j1−1)+k1) 6= M(vi2b+s(j2−1)+k2).

If [i1 + j1 + 1]l = [i2 + j2 + 1]l and i1 6= i2, say i1 < i2, then

i2 ∈ {[i1 + 1]l, [i1 + 2]l, . . . , [i1 + j1 + 1]l}.

Observe that

{[i1 + 1]l, [i1 + 2]l, . . . , [i1 + j1 + 1]l} ∩B[i1+1]l,j1,k1
= ∅.

Therefore,

i2 /∈ B[i1+1]l,j1,k1
.

Thus M(vi1b+s(j1−1)+k1) contains less i2’s than M(vi2b+s(j2−1)+k2), so

M(vi1b+s(j1−1)+k1) 6= M(vi2b+s(j2−1)+k2).

(5) For 0 6 i 6 l − 1, 0 6 j 6 l − 2, 0 6 k 6 bj − 1, 0 6 r 6 a− 1,

M(vib+s(j−1)+k) = M(V )− {c(vib+s(j−1)+k)}+ {c(uib+s(j−1)+k)}
+M(Yib+s(j−1)+k)

= M − {[i+ j + 1]l}+ {i}+B[i+1]l,j,k,

M(zr) = M(V )− {c(zr)}+ {c(wr)}+M(Fr)

= M − {0}+ {0}+A[r+1]a = M +A[r+1]a .

Since [i + j + 1]l /∈ {i} ∪ B[i+1]l,j,k, M(vib+s(j−1)+k) contains less [i + j + 1]l’s

than M(zr). Thus M(vib+s(j−1)+k) 6= M(zr).

(6) For 0 6 r1 < r2 6 a− 1,

M(zr1) = M(V )− {c(zr1)} + {c(wr1)}+M(Fr1)

= M − {0}+ {0}+A[r1+1]l = M +A[r1+1]l ,

M(zr2) = M(V )− {c(zr2)} + {c(wr2)}+M(Fr2)

= M − {0}+ {0}+A[r2+1]l = M +A[r2+1]l .

Since A[r1+1]l 6= A[r2+1]l , M(zr1) 6= M(zr2).
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(7) For 0 6 i 6 l − 1, 0 6 j 6 l − 2, 0 6 k 6 bj − 1,

M(uib+s(j−1)+k) = M(U)− {c(uib+s(j−1)+k)} + {c(vib+s(j−1)+k)}
+M(Xib+s(j−1)+k)

= M − {i}+ {[i+ j + 1]l}+Bi,j,k,

M(vib+s(j−1)+k) = M(V )− {c(vib+s(j−1)+k)} + {c(uib+s(j−1)+k)}
+M(Yib+s(j−1)+k)

= M − {[i+ j + 1]l}+ {i}+B[i+1]l,j,k.

Since i /∈ {[i+j+1]l}∪Bi,j,k,M(uib+s(j−1)+k) contains less i’s thanM(vib+s(j−1)+k),

we have M(uib+s(j−1)+k) 6= M(vib+s(j−1)+k).

(8) For 0 6 r 6 a− 1,

M(wr) = M(U)− {c(wr)}+ {c(zr)} +M(Er)

= M − {0}+ {0}+Ar = M +Ar,

M(zr) = M(V )− {c(zr)} + {c(wr)} +M(Fr)

= M − {0}+ {0}+A[r+1]a = M +A[r+1]a .

Since Ar 6= A[r+1]a, M(wr) 6= M(zr).

To obtain corp(Kr � K2), we need to delete some vertices of cor
p(Kh(l,p) � K2).

The following algorithm tells us how to do that.

Deletion Algorithm:

⊲ If lb 6 r < a+ lb, then delete wi, zi, Ei, Fi (i = 0, 1, . . . , a+ lb− r − 1);

⊲ If 2 6 r < lb, let I = ∅.
Step 1 : delete wi, zi, Ei, Fi (i = 0, 1, . . . , a− 1);

Step 2 :

(A): let h ∈ {0, 1, . . . , lb− 1} \ I;
(B): find unique i, j, k such that h = ib + sj−1 + k, where 0 6 i 6 l − 1,

0 6 j 6 l − 2, 0 6 k 6 bj − 1. Delete uh, vh, Eh, Fh, let I := I ∪ h.

(C): if |I| = lb− r, then stop;

else h := [h+ (j + 1)b]lb;

if h /∈ I, then go to (B);

else go to (A).

Let c∗ be the restriction of c to corp(Kr � K2). Denote by Ua+lb−r ⊆ U and

Va+lb−r ⊆ V two sets of vertices in Kh(l,p) � K2 which are deleted by the above

algorithm. Suppose

M(Ua+lb−r) = {c0, c1, . . . , ca+lb−r−1}.
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Then

M(Va+lb−r) = {c1, . . . , ca+lb−r−1, ca+lb−r}.

We now verify that c∗ is a multiset l-coloring of corp(Kr � K2).

Let

M(U)− {c1, . . . , ca+lb−r−1} = M(V )− {c1, . . . , ca+lb−r−1} = M ′.

Since

Mc∗(uib+s(j−1)+k) = M(U)−M(Ua+lb−r)− {c(uib+s(j−1)+k)}+ {c(vib+s(j−1)+k)}
+M(Xib+s(j−1)+k)

= M ′ − {i}+ {[i+ j + 1]l}+Bi,j,k − {c0},
Mc∗(vib+s(j−1)+k) = M(V )−M(Va+lb−r)− {c(vib+s(j−1)+k)}+ {c(uib+s(j−1)+k)}

+M(Yib+s(j−1)+k)

= M ′ − {[i+ j + 1]l}+ {i}+B[i+1]l,j,k − {ca+lb−r}.

As i /∈ {[i+j+1]l}∪Bi,j,k,Mc∗(uib+s(j−1)+k) contains less i’s thanMc∗(vib+s(j−1)+k),

we have Mc∗(uib+s(j−1)+k) 6= Mc∗(vib+s(j−1)+k). �

R em a r k 5.1. Please note that a =
(
l+p−1

p

)
> 2 when p > 1. If p = 0, then

a =
(
l+p−1

p

)
= 1, and we cannot distinguish w0 and z0. Therefore, if p = 0 is allowed

in the above theorem, then we must drop the first term of
(
l+0−1

0

)
+ l

(
l+0−1
0+1

)
, i.e.,

let h(l, 0) = l(l − 1). Hence, if p = 0 and h(l, 0) = l(l − 1), then Theorem 5.3 and

Theorem 5.2 are identical.

The Deletion Algorithm in the above proof implies the following corollary.

Corollary 5.1. For r > 2, p > 1, r1 6 r2,

χm(corp(Kr1 � K2)) 6 χm(corp(Kr2 � K2)).

6. Generalized coronas of regular graphs

We conclude the paper by discussing the multiset chromatic number of generalized

coronas of regular graphs. We obtain
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Theorem 6.1. Let G be a regular graph. Then

min
p>0

{p : χm(corp(G)) = 2} 6 χ(G) − 2.

P r o o f. Let χ(G)=k, then k> 2. We only need to show that χm(cork−2(G))=2.

V (G) can be partitioned into k independent sets, say V0, V1, . . . , Vk−1, such that

each vertex in V0∪V1∪. . .∪Vk−2 has neighbors in Vk−1. For 0 6 i 6 k−2, 1 6 j 6 r,

denote Ui,j = {v : v ∈ Vi, N(v) ∩ Vk−1 = j}. Then

Ui,1 ∪ Ui,2 ∪ . . . ∪ Ui,r = Vi.

Define a vertex 2-coloring of cork−2(G) as follows.

(1) For 0 6 i 6 k − 2, color each vertex in Vi by 1; and color each vertex in Vk−1

by 2.

(2) Color all end-vertices of each vertex in Vk−1 by 1. For 1 6 j 6 r, 1− j 6 i′ 6

k− 1− j, color all the (k− 2) end-vertices of each vertex in U[i′]k−1,j so that exactly

i′ + j − 1 end-vertices are colored by 1.

We now verify that the above coloring is a multiset 2-coloring of cork−2(G).

Let xy ∈ G, where x ∈ Vi, 0 6 i 6 k − 2, y ∈ Vk−1. Since 2 ∈ M(x), 2 /∈ M(y),

we have M(x) 6= M(y).

For 1 6 j 6 r, 1−j 6 i′ 6 k−1−j, the multiset of each vertex in U[i′]k−1,j contains

j + (k − 1− i′ − j) = (k − 1− i′) 2’s. Let xy ∈ G and x ∈ U[i1]k−1,j1 , y ∈ U[i2]k−1,j2 ,

where 1 6 j1, j2 6 r, 1 − j1 6 i1 6 k − 1 − j1, 1 − j2 6 i2 6 k − 1 − j2. From the

above coloring, M(x) contains (k− 1− i1) 2’s, M(y) contains (k− 1− i2) 2’s. Since

xy ∈ E(G), i1 6= i2, hence M(x) 6= M(y). �

R em a r k 6.1. The upper bound χ(G) − 2 in the above theorem is sharp since

G = Kn, n > 2 attains it by Theorem 3.1. However, it is not clear if there exist other

graphs which attain this upper bound. In Theorem 5.3, let l = 2, then h(l − 1, p) =

h(1, p) = 1, h(l, p) = h(2, p) = p + 3. Therefore, if 1 < r 6 p + 3, then we have

χm(corp(Kr � K2)) = 2. Observe that χ(corp(Kr � K2)) = r, so we get: if

p > χ(corp(Kr � K2))− 3, then χm(corp(Kr � K2)) = 2. Hence, if complete graphs

are excluded, then the upper bound χ(G) − 2 is almost sharp. One might also be

tempted to continue the research on establishing the sharpness of χ(G)− 2 when G

is a regular graph but not a complete graph.

A c k n ow l e d g em e n t. The authors thank the referees for very helpful com-

ments and suggestions.
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