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Abstract. This paper is devoted to the study of matrix elements of irreducible repre-
sentations of the enveloping deformed Heisenberg algebra with reflection, motivated by
recurrence relations satisfied by hypergeometric functions. It is shown that the matrix el-
ements of a suitable operator given as a product of exponential functions are expressed in
terms of d-orthogonal polynomials, which are reduced to the orthogonal Meixner polyno-
mials when d = 1. The underlying algebraic framework allowed a systematic derivation of
the recurrence relations, difference equation, lowering and rising operators and generating
functions which these polynomials satisfy.
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1. INTRODUCTION

Let (P,)n>0 be a polynomial sequence with complex coefficients of n-th degree
(i.e. deg P, = n) and (un)n>0 the corresponding dual sequence defined by

(Uny Pr) = 0pm, mn,m=0,1,...

where (u, f) is the effect of a linear functional u on a polynomial f and &y, is the
Kronecker symbol.

For a positive integer d, the polynomials P, (x) are called d-orthogonal with respect
to the linear d-dimensional functional vector U = *(ug, uy,...,uq—1) (see [10], [14])
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if they realize the vector orthogonality relations

(U, PmPn) =0, n=md+k+1,
<uk;PmPn> #0, n=md—|—k:,

for each integer k € {0,1,...,d — 1}.

When d = 1, we return to the well known notion of orthogonality.

Recall that the polynomials P, (z) are d-orthogonal if and only if they satisfy
a recurrence relation of order d + 1 of the type

d+1
(1.1) xPp(x) = Z'Vk,nPnJrlfk(x)a
k=0

where Yo nVd+1,n # 0, with the convention P_,, =0, n > 1. The result for d =1 is
reduced to the so-called Favard theorem.

During the last three decades, numerous explicit examples of d-orthogonal polyno-
mials and multiple orthogonal polynomials have been intensively studied and devel-
oped by many authors (see [1], [2], [4], [9], [13], [14]). However, only in the past few
years, some works dealing with the connection between d-orthogonal polynomials,
multiple orthogonal polynomials and Lie algebras appeared. Indeed, by means of
an algebraic approach, multivariate Charlier and Meixner polynomials, d-orthogonal
Charlier, Al-Salam Carlitz and Krawtchook polynomials appeared as matrix ele-
ments of operators in Lie algebras (see [5], [7], [6], [15]). In the present paper, we
shall identify and study some d-orthogonal polynomials generalizing the Meixner
polynomials, which are presented as matrix elements of a suitable operator of the
deformed Heisenberg algebra with reflection.

The paper is structured as follows. In Section 2, we recall basic facts about the
deformed Heisenberg algebra with reflection and define the associated coherent states
which we need below. Section 3 is devoted to introducing an operator S that shall
be studied along with the associated matrix elements which will be expressed in
terms of d-orthogonal polynomials. When d = 1, the results obtained are reduced
to the Meixner polynomials. An algebraic approach allows us to derive a generating
function and a recurrence relation. In Section 4, we focus our study on a family
of d-orthogonal polynomials of Meixner type that will be expressed in terms of hy-
pergeometric functions and we determine explicitly a linear d-dimensional functional
vector ensuring the d-orthogonality of the polynomials involved.

In the following, we need some definitions and results.

The hypergeometric function is denoted and defined by

Alyev.,Qp
T’F8<
bi,.... b

n
)

B = (a1)n .- (ar)n 2"
Z> B nzz:o (bl)n cee (bs)n n!
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where we have used the common notation for the Pochhammer symbol
(@), =ala+1)...(a+n—1), (a)=1.

The binomial theorem is

(1.2) (1—1)* i

s ().

For every non-negative integers m, r, i we have

r—1 .
(B)mrsi = (Bt TT (22 |
(1.3) T_Sfo _
(mr +14)l =dr™m" 1;[0 (Lr_‘_l)m

If we denote by A; the difference operator defined by A;f(z) = f(z + 1) — f(z),
we have for every polynomial f

n.
n=0 k=0

s =Y SlA0 ), ma apro) =Y () s,
with (%) = n!/k!(n — k).

2. THE DEFORMED HEISENBERG ALGEBRA WITH REFLECTION

The deformed Heisenberg algebra with reflection (see [11]) is defined as the asso-
ciative algebra R generated by the elements a, ay, R and 1 subject to the defining

relations
(2.1) [a,a1] =14+ 2uR, {a,R}={ay,R} =0, R?>=1,

where
[A,B]= AB — BA, {A,B}= AB+ BA,

and satisfying the involution relations

I
=

* *
ay =a_, R
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2.1. Fock representation. In a Hilbert space H with orthonormal basis |n), we
construct the Fock representation of R as follows:

a|n> =vn + 2M5n |7’l - 1>7
(2.2) ar|n) = vn+ 1+ 2uentq |n + 1),

Rln) = (=1)"|n),
where
0, if n=2p,
En =
1, if n=2p+1.
The action by powers on the basis |n) is given by
alln) = T n—z’>, 1< n,
n—i
(2.3) alln) =0, i>mn,
a’t|m) = Jmtn m+n>,
m
where 7, is the sequence defined by
n
(2.4) Y 1= H(k + 2uek), 7o = 1.
k=1
It is obvious to see that
a’t |0
(25) 20y,

VIn

By induction on n and involution we show according to (2.1) that
(2.6) [@®, ay] =2na®"", [a%",a] = —2na?""!, neN*.
Hence if f is an entire function then
(2.7) [f(a®),a4] = 2af'(a®), [f(a®),a4] = —2a4 f'(a2),
and if f is also invertible (i.e. f(0) # 0), then

(2.8) { fla*)arf(a®)™! = ay +2af'(a®) f(a®) 7",

fla})af(al)™ =a—2ay f'(a?)f(a?)"".

2.2. Coherent states. In our work, we introduce the notion of coherent states
associated with the algebra R as an algebraic tool which will be exploited in order to
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establish the basic properties of some d-orthogonal polynomials. Let z be a complex
number. By |z) we denote the coherent state defined as

n

(2.9) |2) = ;::O Ve

).

Its expansion coefficients are (n|z) = 2" /\/n.
From (2.5) we get

n

|Z> _ Z (Za’Jr)

o In

0) = eula:)[0),

where

© .n _
eu(z)_z__OFl(u+l
2

In

2'2 + z F — 22
4) T o1\ 2 )

Since the generalized Hermite polynomials H¥ (z) (see [12]) are generated by

oo

H~

§ : n(’z)tn _ e7t2/4eu(zt),
27!

n=0

|z) can be expressed as

2 = HH(z
(2.10) |2) = e®+/4 Z 2nn')ai|0>.
n=0 ’

In addition, it is easy to see that |z) is an eigenstate of the operator a,
alz) = z|z).

For any entire function f we have

(2.11) @)l = £2)l2).

For coherent states |z1) and |z2), the inner product is

(21]22) = ey(Z122).
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3. MATRIX ELEMENTS OF AN OPERATOR AND d-ORTHOGONAL POLYNOMIALS

Let 7, d be two positive integers such that d = 2r — 1 and let @) be a polynomial
with complex coefficients of degree r with Q(0) = 0. The operator S and its matrix
elements which will be the subject of our study in the rest of the paper are defined
by

(3.1) S =" /160 gy = (k[S|n).
It is clear that S is invertible and §~1 = e~@(a*)es% /4 According to (2.8)
(3.2) S7'ayS=ay —2aQ'(a®) and S7'aS =a- la; +aQ'(a?).

3.1. Generating function. In order to calculate the (formal) generating func-
&)

tion F(z,k) of the matrix elements ¢, , defined by F(z,k) :== > ¥ 12" /\/Yn, We
n=0

consider the expression of (k|S|z).
We have from (2.9)

iz

n=0

(3.3) (k|S|z) = <k|S

)L

On the other hand, taking into account (2.5), (2.10), (2.11) and (3.1), we get succes-
sively

(k] S2) = (kle*+/1e2()]2)
= QG (k= 4, (2a.)|0)
= %) Z St {]a'|0)

— QY Z Vm H" (2)(k|m)

2mm!

=€

2 \/_
Q(z )zkklﬂu( 2).

It follows by virtue of (3.3) that the matrix elements ¢, , are generated by

S Yk
(3.4) Z:Own,k\/v_nfe Y HE ).

62



Replacing in (3.4) k by 2k or 2k + 1 and n by 2n or 2n + 1, respectively, we get

Q(Z )_V 2k HIL
Z an Qk + Z ¢2n+1 2k \/m 22k (2]€) (Z)7
2n
_ WQ() vV 12k+1 w
Z V2n,2k+1 \/— +z Z V2n+1,2k+1 \/m =¢ 22k+1(2k + 1)!H2k+1( )

Since the generalized Hermite polynomials H} () are expressed as

Hy, () = (—1)k(2]:)!1F1< ok 22),

41
(3:5) 2k 1M'z : —k
Hngrl( )_ (‘Ukﬁlﬂ(u_’_% 22>7

Hgk(z) is an even function. Consequently oy, 2k+1 = Yan+t1,2k = 0. According to
the previous calculations and using the fact that v2, = 22"n!(u + 1/2)n, Yont1 =
227 nl (w4 1/2) (1 + 3/2),, we obtain

Proposition 3.1. The matrix elements 1o, o1 and ¥opn+1,2k+1 are generated by

= 2" —1)k +1/2 —k
Zan,Qk = ( k) (M |/ )keQ(z)1F1< 1 Z)v
27y /nl(pn+1/2), 2 k! Bt 5
- z" DR (e +3/2)k o0 —k
2:: Von+1,2k+1 SN TEET Y- i e 111 Lt % z ).

2. Recurrence relation. To establish a recurrence relation satisfied by the
matrix elements s, x = Yan 2k, We start from (2k|ayaS|2n).
We have according to (2.2)

(3.6) (2k|araS|2n) = (2k + 1 4+ 2pe2k41)Sn k-
On the other hand,

(3.7) (2k|asaS|2n) = (k|S(S™rayS) (S~ aS)|n).
By virtue of (3.2) we have

(S7'arS)(S"a8) = ara - 1ad +araQ'(@®) + Q' (a%)aay —22°Q (a*)(1 + Q' (a?)).
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Therefore (3.7) becomes
(3.8)  (2k|ataS|2n) = (2k|Sayal2n) — 3(2k[Sa% [2n) + (2k|SataQ'(a®)|2n)
T (24SQ'(a®)aas 2n) — 2(24Sa*Q' (a?)(1 + Q' (a®))[20).

From (2.2) we have
(2k|Sayal2n) = (2n + 2uean)sn.k

and

(2k[Sa?|2n) = /(20 + 1+ 2pe2011) (20 + 2 + 2piE2n42) Snt 1,k
In addition, after writing the polynomials Q'(¢) and tQ’(t)? in the form,

d d
Q)= &', QA +Q®) =) nt,
i=0 1=0

with ng # 0, §; = 0, i > r, we obtain successively according to (2.3)

d
(2k|SayaQ’ (a?)|2n) = Z(Qn — 20+ 2uean_2:)& J2n Sn—i ks
o Y2n—2i
d
<2k|SQ’(a2)aa+|2n> = (271 + 1+ 2M€2n+1) Z & ,)/32”2 Sni ke
. =0
(2K]Sa*Q'(@?)(1 + Q' (@))[2n) = 3 iy [ s i
i=0 nme

Combining (3.6) with the previous calculations, we obtain

Proposition 3.2. The matrix elements s, j satisfy the recurrence relation of
order d+1=2r

d
2(2n 4+ 2ueo, — 2k — 1 — 2ueoki1
( foon fookt ) Sn,k + 226n,isn—i,k;

(3.9)  spq1k=
" V4 1+ 2pE9011) (20 + 2 + 2iEan12) Pt

where [3,, ; are complex numbers, with /3, 4 # 0.

From this relation one can express s, recursively, starting from sg . Indeed,
putting n =0 or n =1 in (3.9), we get

2ueg — 2k — 1 — 2ue
1= 2< HEQ HE2k+1 +50,0> S0k
V(1 +2pe1)(2 + 2pe2)

Repeating this process we arrive
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Corollary 3.3. The matrix elements s, are expressed in the form
(3.10) s,k = S0,k Py (),

where P, ;1(k) is a polynomial of degree n in the argument k satisfying the recurrence
relation of order d + 1 given by

2(2n 4 2uea, — 2k — 1 — 2ueoky1)
V(20 + 14 2pue2,41)(2n + 2 + 2ue2n42)

d
Pl (k) = Pi(k) +2 Z Bn,iPy_i(k),
i=0

with the initial conditions P}'(k) =1, P (k) =0, n < 0.
According to (1.1), the polynomials P*(k) are d-orthogonal.

By virtue of Proposition 3.1, it is easy to see that 10,21 = (—1)*27%, /(1 + 3)i/kL
Then taking into account (3.10) we get

Corollary 3.4. The d-orthogonal polynomials P! (k) are generated by

> z" —k
3.11 PH(k =@ R ( z)
310 z::() TN ITES Yo RV

Remark 3.5. If we denote by ¢, the matrix elements defined by t,; =
Yan+1,2k+1 then due to Proposition 3.1 and (3.10) we get ¢ = t0,xQ"(k), where
QH (k) are d-orthogonal polynomials generated by

= Z" -k
Bk =@ ( . z)
nz:;)Qn( )2n n'(u+3/2)n 141 M—F%

Hence P! (k) and Q#(k) are related by Q" (k) = PLTL(k).

3.3. Link with the Meixner polynomials of the first kind. The Meixner
polynomials M, (z, 3, c) of the first kind are generated by (see [8])

1—(:)
Z’
¢

where § > 0 and 0 < ¢ < 1. M,(z;8,¢), n = 0,1,2,... satisfy the orthogonality
relations

—Z

B

> n
z
(3.12) X%Mn(a:;ﬁ,c)m = elel(

o0 k
(3.13) k;)(l _ c)B(,B)k%Mn(k:; B,¢)Mum(k; B,c) =0, n#m.
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It is clear from (3.11) and (3.12) that when d =1, Q(z) = cz/(1 —¢) and 8 = p+1,
the polynomials M, (z; 8, c) and P¥(z) are related by

<"/ (B)
Py(z) = mf_c;Mn(fU;ﬂad
4. d-ORTHOGONAL POLYNOMIALS OF MEIXNER TYPE

In this section, we assume that Q(z) = (cz/(1 — ¢))" and consider the d-orthogonal
polynomials M, (z; 8, ¢,d) = (2"(1 — ¢)"/c"\/(B)n) Pn(z) generated by

1—0)
2.
c

M, (z; 8,¢c,d) reduced to the Meixner polynomials when d = r = 1 are called d-

—X

B

= zZ" o
(41) ZMn(x;ﬂacvd)H:e 1F1(
n=0

orthogonal polynomials of Meixner type.
By A(a;r) we denote the array and defined by A(a;r) = (a/r,(a + 1)/r,...,
(a+r—=1)/r).

4.1. Explicit expression. To obtain the explicit expression of the polynomials
M, (z; B8, ¢,d), we can proceed directly by expanding the generating function (4.1).
Indeed, we have

0o n o~ k i
z (1—o)'(=k)i ;
> MalkiBred)r=> % 2.
! g sl
n=0 s=0 i=0 ¢ Z'(B)ZS'
Then we get
(=) (=k);
4.2 M, (k;B,c,d) =n! — A
(42) (k: B,c,d) ;czz! (B)i((n —13)/r)!
In (4.2) the discrete variable ¢ can take the values such that
n—e =s5=0,1,...
r
For any non-negative integer we can put n =mr+j, m=0,1,...and 5 =0,1,...,

r — 1. Then ¢ can take the values ¢ =rl+j5,1=0,1,...
Therefore (4.2) can be written in the form

(1 - C)Tl+j(_k)rl+j
(rl+ ) (B)rigj(m =1V

(4.3) M, (k; B,¢,d) =n! Y prre
=0
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which becomes after an easy calculation according to (1.3)

nl(—k 1 —o) & (=D (=m)(1 = )" Tﬁl ((_k +J+ 5)/r)l
Mn(k7 57 C, d) - m'] s=0 .
1=0

ertrrtl! lj: (B+i+9)/r),

Therefore, the polynomials M, (k; 3, ¢, d) have the following hypergeometric repre-

sentation:

n!(—k);(1 - c)f 1, —m, A(=k+ j;7)

Mn(k;ﬂvcad) = m'] (,8) ol r+2F2r<A(j+ 1;7’), A(ﬂ+],r)

_(1—0)7“
cr '
In the particular case d = 1 (then m = n and j = 0), we get

c—1 —n, —k|c—1

[ = F ’ .

Hence we meet again the hypergeometric representation of the Meixner polynomials

M, (k; B,c).

1, —n, —k
Mn§a7 =3I ’ ,
(k; 6, ) 32( o

4.2. d-orthogonality relations. Let us now express explicitly in terms of hyper-
geometric functions the linear d-dimensional functional vector U = *(ug, uy, ..., uq—1)
ensuring the d-orthogonality of the polynomials M, (x; 8, ¢,d). The adopted ap-
proach is based on obtaining the dual sequence of a polynomial set via inversion
coefficients (see [3]).

The main result of this section is the following theorem.

Theorem 4.1. The polynomials M, (x; 3, ¢, d) generated by (4.1) are d-orthogo-
nal with respect to the linear d-dimensional functional vector U = *(ug,uy, ..., ug—1)
given for every 0 < i< d—1 and a polynomial f by

r—1 oo

(4.4) (ui, f ZZ Wi rktsf(Tk+s)

5=0 k=0

where w; y,+4s is given by:
(1) for rk+s<i—1

(=)= (B)ic’ P (A(i+ Lr), A(B +1;7)
(rk+ s)(i—rk—s){(1—c) > "\ Ali—rk—s+1;r)

Wi, rk+s =



(2) forrk+s>iand1—r <s—i<0

(_1)(r+1)k+s(rk +i) (B)Tk?“r crk+i
(rk + s)lalk!((r — 1)k +9)!(1 — ¢)rk+?
‘s +1F+1<1 Alrk+i+1;7), A(B +rk + ;1)
e E4+1,A((r =Dk +i41;7)

Wi rk+s =

cro\"
B (1 - c) )’
(3) forrk+s>iand1 <s—i<r—1
(_1)(r+1)k+s+1(r(k + 1) + Z) (ﬂ)r(k—i-l)—i- Cr(k+1)+i

(rk + s)lil(r(k +1) +1i — k)!(1 — ¢)r(k+1)+i

" F LArk+1)+i+1Lr),AB+r(k+1)+i;r)) _( cr )"
et tr k+ 2, A((r(k+1)+i—k+1;7) 1—¢) )

Wi rk+s =

(4) forrk+s>iand2(1—7r)<d—i< —r

(=) AR (] — 1) 4+ 0)(B) (1) 4s¢” P
(rk + s)lil(r(k — 1) +4 — k)!I(1 —C)T(k D+

LA(r(k=1)+i+ 1), A(B+r(k - )+i;r))'_< cr )’“)

E,A((r(k—1)+i—k+1;7) 1—c/ )

Wi rk+s =

X 2r+1Fr+1 (

Example. Let d = 1 (then i = s = 0). We get from Theorem 4.1, Case (2), and
with help of the binomial theorem

_ Ck(ﬂ)k)k3F2<17k+1aﬁ+k‘_ c )

k(1 k+1,1 1—c
. *(B)k I B+ k o c B (1 —c)Pck(B)
TRA—F - 1—c) ] '

Then we obtain

o, 1) = (1 =) 3 Sy

k=0

Hence we conclude the orthogonality of Meixner polynomials M, (z; 3, ¢).

Proof of Theorem4.1. We have from (4.1)

—z|l—c I z"
1F1( Z) =e z ZMn(l‘,ﬁ,C,d)F
n=0

c
Then by equalizing the coefficients of 2", we get

T .
Al g e AR S P )
m=0m(

(45) (=2)n = '(n — mr)!
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(where [a] is the integer part of a). Applying the dual sequence (u;);>0 of M, (x; 3, ¢)
to each member of (4.5) we obtain
(=D"n!(B)nc" . .
{ (e () = RS =

(Ui, (—x)n) =0, otherwise.

With help of (1.4) and (4.6), we get successively for every polynomial f

00
uza E

=0
s (_1)mr+z

Zm

m=0

’ﬂ

0)(ui; (=)n)

3

AP F(0) (wis (=) marta)
o) mr+z m+k mr T Z) (/6)mr+icmr+i
- Z Z z'k"m' (mr +1i—k)!(1 —c¢)mr+i 1 (k)

m=0 k=0

oo i—1 m+k mr—l—i) (6)mr icmr-i-i
- Z Z Zlklml y - f (k)

_ | _ mr-+1
== (mr+i—K)!(1-c¢)

Ai(f)

. i i—1 ( m+k mr—i—i) (/B)mr-i—icmr—i_i )
o z'k'm' (mr 41 — k)1 — ¢)mr+i ’

0 k=0

Bi(f)

with Ao(f) = 0. Using the identities (1.3), we obtain

where

(=1)mpmr le: ((i+s+1)/r) ((B+i+s)/r) ¢

(1) (—1)*(B)c! i

w. =

kRN — k)1 =)t r—1
(=R =) T I1 (G—k+s+1)/r), (1—c)mrm!
s=0
_ (DBt (A ), A8+ ) _( cr )
BTG 1T R Ch Al —k+1;7) 1—c) )
By virtue of the transformation
oo mr—+i oo oo k i1
Z ZH(mak):ZZH(m+nzkak)7 nzk:1+|:fi|
m=0 k=i k=i m=0

69



and (1.3) we get

1—1
Bi(f) =Y wii f(k),
k=0

where
w(z) _ (_1)k+m’k(/B)rm,kﬂcrm’kﬂ
SR (i 0 — RN — )ikt
r—1
o (=1)™r™ ] ((rm,k +i+ s)/r)m((ﬁ + g i+ s)/r)mcmr
s=0
X Z r—1 )
m=0 sl;lo ((i—k+s+1)/r), (1—c)mrm!
B (_1)k+m,k(ﬁ)rmkﬁcrm,kﬂ
Rl (i 1 — KB)N(1 — )ikt
LA(ne+i+ 1), A8+ ik +i;7) cr o\"
X or41Fr 41 ) — (_> .
140k, Alrnig +i—k+1;7) 1-c
Then we get
(i, f) = > winf(k),
k=0
with

. ifi<k.

Since 0 < i < 2r —2and 0 < s <7 — 1, the result follows from the following three

cases: '
k, fl—-r<s—i<0,
Midits = k+1, fl1<s—i<r—1,

E—1, if2(l—-r)<s—i<<—r
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