Czechoslovak Mathematical Journal

Feng Liu; Suzhen Mao
On the regularity of the one-sided Hardy-Littlewood maximal functions
Czechoslovak Mathematical Journal, Vol. 67 (2017), No. 1, 219-234

Persistent URL: http://dml.cz/dmlcz/146050

Terms of use:

© Institute of Mathematics AS CR, 2017

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/146050
http://dml.cz

Czechoslovak Mathematical Journal, 67 (142) (2017), 219234

ON THE REGULARITY OF THE ONE-SIDED
HARDY-LITTLEWOOD MAXIMAL FUNCTIONS

FENG Livu, Qingdao, SUZHEN MAO, Nanchang

Received September 2, 2015. First published February 24, 2017.

Abstract. In this paper we study the regularity properties of the one-dimensional one-
sided Hardy-Littlewood maximal operators M™ and M ™. More precisely, we prove that
MT and M~ map WHP(R) — WHP(R) with 1 < p < oo, boundedly and continuously. In
addition, we show that the discrete versions M and M~ map BV(Z) — BV(Z) boundedly
and map ! (Z) — BV(Z) continuously. Specially, we obtain the sharp variation inequalities
of M and M, that is,

Var(M™T(f)) < Var(f) and Var(M~(f)) < Var(f)

if f € BV(Z), where Var(f) is the total variation of f on Z and BV(Z) is the set of all
functions f: Z — R satisfying Var(f) < oo.
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1. INTRODUCTION

Over the last years there has been considerable effort in understanding the behavior
of differentiability under a maximal operator. The first work in this direction is due

to Kinnunen [9] who showed that the centered Hardy-Littlewood maximal operator

defined by

M(f)(z) = sup o 1F()] dy

>0 [B(@,7)| /B
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is bounded on the Sobolev spaces W1P(R9) for all p > 1, where d > 1 and B(x,r)
is the ball in R? centered at x with radius » and |B(z,r)| denotes the volume of
B(z,7). Recall that the Sobolev spaces WP (R%), 1 < p < oo, are defined by

WHP(RY) := {f: R = R: |[fllip = I fllzeway + IV ()l orey < 00},

where V(f) is the weak gradient of f. Subsequently, Kinnunen and Lindqvist in [10]
gave a local version of the original boundedness on W1?(Q), where Q is an open set
in RY. This paradigm that an LP-bound implies a W !P-bound was later extended to
a fractional version in [11], to a bilinear version in [5] and to a multisublinear version
in [14]. Later on, the continuity of M: W1? — WP for p > 1 was established
by Luiro in [15] and in [16] for its local version (continuity is not immediate from
boundedness because of the lack of linearity).

The regularity at the endpoint case p = 1 seems to be a deeper issue. In this regard,
one of the main questions was posed by Hajtasz and Onninen in [7], Question 1: is the
operator f — |[V(M(f))| bounded from W11(R?) to L'(R4)? In 2002, Tanaka [19]
first gave the affirmative answer to this question for the one-dimensional non-centered
Hardy-Littlewood maximal function defined by

__ 4+t
M(f)(z) = sup — / £l dy.

s,t>0 S + t Tr—s

Precisely, Tanaka showed that if f € WL1(R), then M(f) has a weak derivative in
L'(R) and

(M) 2wy < 20 f[ 22wy,
where f’ is the distributional derivative of f. This result was later refined by Aldaz
and Pérez-Lézaro in [1] who obtained, under the assumption that f is of bounded
variation on R, M(f) is absolutely continuous and

Var(M(f)) < Var(f),
where Var(f) denotes the total variation of f. This implies that
(1.1) MY Ny < 1F Doy

provided f € W11(R). A simple proof of (1.1) was given by Liu et al. in [13] under
the condition that f € W1!(R). More recently, in the remarkable work [12], Kurka
showed that if f is of bounded variation on R, then

Var(M(f)) < C Var(f)
for a certain C > 1.
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In this paper we focus on the action of one-sided Hardy-Littlewood maximal op-
erator acting on W1P(R) functions. For a locally integrable function f on R, the
one-sided Hardy-Littlewood maximal functions are defined as

xz+s xT
MAP@) =sws [ @l awd M@ sy [ 1wl

s>0 S

One can easily check that

(1.2) M(f)(@) = max{M*(f)(@), M™(f)()},
(1.3) M (f)(@) = RM™(Rf)(2)

for € R, where R denotes the reflection operator, that is, R f(x) = f(—=x) for any
z € R.

The study of the operator M ™ started in the 1930s (see [8]). During the same years
the basic results about the ergodic maximal operator were obtained. The ergodic
maximal operator is defined by

M (f)(x) =sup — / |f(riz)| dt
h>0 h

for all measurable functions f: X — R, where (X,F,u) is a measure space and
{r!: t € R} is a flow of measure-preserving transformations on X. Note that M™ is
a particular case of the ergodic maximal operator when (X, p1) is R with the Lebesgue
measure and 7' (z) = z+t. It follows from (1.2) that both M™* and M~ are of weak
type (1,1) and of type (p,p) for p > 1 (also see [17] for the weighted boundedness).
By transference arguments, the boundedness for the general operator M, can be
obtained by using the corresponding results for the particular case M™ (see [18] for
a recent exposition in the discrete case).

The investigation of the regularity of M™ and M~ began with Tanaka, see [19],
who proved that if f € W11(R), then the distributional derivatives of MT(f) and
M~ (f) are integrable functions, and

M Nerwy < @y TMT)) i@y < o w)-

It is observed that M™(f) and M~ (f) are also absolutely continuous on R, which
follows from a combination of arguments in [13] and [19]. Based on the above, it is
natural to ask

Question A. Are the one-sided Hardy-Littlewood maximal operators M™ and
M~ bounded and continuous from W1?(R) to WP (R) for p > 17
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We will give some affirmative answers to the above question by the following

Theorem 1. Let 1 < p < co. Then both M+ and M~ map W1P(R) — WLP(R)
boundedly. Furthermore, if f € WP(R), then

(M) (@) < ME(f) (@), [(M™ () (@)] < M (f)(2)
for almost every x € R.
Theorem 2. Let 1 < p < co. Then both M+ and M~ map W1P(R) — W1P(R)

continuously.

Remark 1. We remark that the one-sided maximal operators M+ and M~ map
W1o°(R) into W1°°(R) boundedly, which follows from arguments similar to those
in [9], Remark (iii).

On the other hand, the investigation of the regularity of maximal operators in
discrete setting has attracted the attention of many authors (see [2], [4], [20] et al.).
Recall that the total variation of f is the £(Z)-norm of the difference of f, i.e.

(1.4) Var(f) = || f'lle@ = Y 1f(n+1) = f(n)].

ne’l

We denote by BV(Z) the set of all functions f: Z — R satisfying Var(f) < co. We
also write

b—1
Var(f; [a,b]) = > |f(n+1) — f(n)]

for the variation of f on the interval [a,b] C Z. In 2012, Bober et al. in [2] initially
studied the regularity of the discrete version of M defined by

1 S
M(f)(n) = SLIEPN Trerl k;r |f(n+ k),

and proved that if f € BV(Z), then
Var(M(f)) < Var(f).

Here, N = {0,1,2,...}. Recently, Temur in [20] extended Bober et al’s result to
the centered version of M denoted by M. For general dimension d > 1, Carneiro
and Hughes [4] established the endpoint regularity of the discrete Hardy-Littlewood
maximal operator.
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The second aim of this paper is to investigate the endpoint regularity of the discrete
one-sided Hardy-Littlewood maximal operators

1 _ - 1 ,
M*(f)(n)=]squ%N+1;|f(n+Z)l and M (f)(n)=jsvlé%N+1;|f(n—1)l

for n € Z. The operator M T arose first in Dunford and Schwartz’s work [6] and
was studied by Calderén in [3], who proved that M™ is of weak type (1,1) and of
type (p,p) for 1 < p < oco. From this and the fact that M~ (f) = RM T (Rf), one
can conclude that M~ is of weak type (1,1) and of type (p,p) for 1 < p < co. In
light of the aforementioned facts concerning the endpoint regularity of the discrete
maximal functions, a natural question is the following

Question B. Are the operators M+ and M~ bounded and continuous from
01(7) to BV(Z)?

This question will be addressed by the next results.

Theorem 3. Both M* and M~ map BV(Z) — BV(Z) boundedly. Moreover, if
f € BV(Z), then

Var(M™*(f)) < Var(f) and Var(M~(f)) < Var(f).

Theorem 4. Both M+ and M~ map ¢*(Z) — BV(Z) continuously.

Remark 2. We remark that our method applies to other maximal operators as
well. In particular, employing the method in the proof of Theorem 4, one can obtain
that both M and M map ¢*(Z) — BV(Z) continuously.

The rest of paper is organized as follows. In Section 2 we present the proof of
Theorems 1 and 2. The proofs of Theorems 3 and 4 will be given in Section 3. We
would like to remark that the main ideas employed in this paper follow from [2], [4],
[9], [15], but some new methods and techniques are necessary. Especially, the proof
of [4], Theorem 2, is highly dependent on two discrete versions of Luiro’s lemma
(see Lemmas 3 and 4 in [4]), but similar lemmas are unnecessary in the proof of
Theorem 4. Moreover, our method is very simple.
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2. PROOFS OF THEOREMS 1 AND 2

This section is devoted to the proofs of Theorems 1 and 2. Let us begin with the
proof of Theorem 1.

Proof of Theorem 1. We only prove Theorem 1 for the operator M™ since
the other case is analogous. One can easily check that M™ is a sub-linear operator
which commutes with translations and is bounded on LP(R) for 1 < p < co. From
this and Theorem 1 in [7] we obtain that M ™ maps W?(R) — WP(R) boundedly
with 1 < p < 0o. Let {sx}r>1 be an enumeration of positive rational numbers. We

can write
1 T+sk

M (f)(w) = sup — £ (y)| dy.

k>1 Sk Jg

Define the family of operators {T%}r>1 by

x+5;
Ty(f)(x) = max — / )] dy.

1<i<k S5

Obviously, Tx(f) converges to M™(f) pointwise. On the other hand, one can easily
check that

(2.1) (T () ()] < MT(f)(2)

for almost every € R. Combining this with the boundedness of M™ implies that
{T%(f)} is an increasing sequence of functions in W1?(R), and

ITe (Nl < IMFT Doy + IMT ) Loy < Cpllfll1p-
The weak compactness of Sobolev implies MT(f) € WHP(R), Ty (f) converges to

M*(f) in LP(R) and (Tx(f)) converges to (M™(f))" weakly in LP(R), which to-
gether with (2.1) leads to

(M) ()] < MF(f) (@)

for almost every = € R. This proves Theorem 1. (I

Before presenting the proof of Theorem 2, we shall give some notation and lemmas.
If AC R and r € R, we define

d(r,A) := irelg |r—a|l and A :={rcR: d(z,A) <A} for A>0.

224



Denote by || f|p,a the LP-norm of fx 4 for all measurable sets A C R. Fix f € LP(R)
with 1 < p < oo and = € R, define the sets A" (f)(x) and A~ (f)(x) by

AT (f)(z) == {r >0: MT(f)(z) = limsupi o |f(y)|dy for ri >0, 7 — r}

k—oo rk} x

and

A= (f)(x) = {7“ >0: M (f)(x) :hmsuptl/: |f(y)|dy for t) >0, tx —>r}.

k—oo Uk

We also define ug ¢: [0,00) — R by

x+r
e p(0) = |f(2)] and wp s(r) = = / F@)ldy for € (0,00).

r

We notice that the following facts are valid: (i) u,, s are continuous on (0, c0) for all
x € R and at » = 0 for almost every x € R; (ii) lim wu, f(r) = 0 since ug, f(r) <
r—00

| £l 2o ryr~/P; (iii) the set A(f)(z) is nonempty and closed for any x € R; (iv) almost
every point is a Lebesgue point. Thus we have

ME(f)(@) =ug p(r) if 0<re€A(f)(z), =z€R,
M (f)(x) = |f(z)] for almost every x € R such that 0 € A(f)(z).

We refer now to [15] for the ideas of the proofs for the next lemmata.

Lemma 1 ([15], Lemma 2.2). Let 1 < p < co. Suppose f; — f in LP(R) when
j — 00. Then for all R > 0 and A > 0 we have

lim [{z € (-R,R): A" (f;)(=) £ A" () }H =0,

j—o0o
Tim [z € (~R,B): A™(f;)(@) £ A~ (P} = 0.
The Hausdorff distance between two sets A and B is defined as
W(A,B) = 1nf{5 >0: AC B((;) and B C A((g)}

By Lemma 1 and an argument similar to that in the proof of [15], Corollary 2.3, we
have

Lemma 2. Let 1 < p < oo and f € LP(R). Then for all A > 0 and R > 0, we
have

lim {o € (=R, R): m(AT(f)(@), AT(f)(@+h)) > A} =0,
lim [{z € (=R, R): m(A~(f)(z), A (f)(z+h)) > A} =0.
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Below we present two formulas for the derivatives of the one-sided maximal oper-
ators MT and M ™, which will play key roles in the proof of Theorem 2.

Lemma 3. Let f € WYP(R) with 1 < p < oo. Then for almost all + € R, we
have
z+r

MA@ =1 [ W)y 0<re AT ()

x

(MT()) (@) =1f'(x) if 0 AT(f)(x);

M@ =3 [ U 0<rea (@),

(M=) (@) = [f'(x) if 0€ A™(f)(x).

Proof. We only prove Lemma 3 for the operator M™ since the other case is
analogous. Without loss of generality we may assume that f > 0, since | f| € W1P(R)
if f € WHP(R) with 1 < p < co. It follows from Theorem 1 that M*(f) € WP(R).
By Lemma 2 we can choose a sequence {sx}, sx > 0 such that khﬁn;j s = 0 and

kli_>m 7(AT(f)(z), AT (f)(z + sx)) = 0 for almost every x € (—R, R). Let

f‘r(sk)(x) - f(.l?)

Sk

fsk (J?) = with f‘r(sk)(x) = f(.l? + Sk)'

Then we have

Ilfr(se) = fllor@wy = 0 as k — oo,
I fse = ey = 0 as k — oo,
[MF(for, = f)lLe@wy = 0 as k — oo,
[ME(F))sp — MEEY lowy =0 as k — .

Furthermore, there exists a subsequence {hj}32, of {s;}7°, and a measurable set
A1 C (—R, R) satistying |(—R, R) \ A1] = 0 such that
() Frm) (@) = F2)s F (@) = (@), M (fig — F)(z) = 0 amd (M () () =
(MT(f)) () when k — oo for any = € Ay;
(i) hm 7(AT(f)(z), AT (f)(z + hi)) =0 for any = € A;.
Let

oo

Ay = ({z € R: MF(f)(@+hy) = flz+ h) if 0 € AT(f)(x + )},

k=1

Az = (V{z € R: M (f)(x+ hi) > f(a+ hi)},

k=1

Ay ={z € R: MT(f)(z) = f(z) if 0 € AT (f)(2)}.
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Note that |(—R,R)\ A;] =0 fori=2,3,4. Let x € Ay N AN A3 N Ay be a Lebesgue
point of f’. For any fixed r € A*(f)(z), there exist radii r, € AT (f)(z + hi) such
that hm rr = r. We consider the following two cases:

Case A r > 0. We may assume that r > 0 for all k.
(2:2) (MT()(@) = Jim 5 (MT(F)o o+ ) = MY (@)

1 1 +hi+ry 1 4T
Iim —( — dy — —/ d )
Jim hk<m /Hhk fy)dy o fy)dy

LTy 4 ) — ()
lim —/ I dy

N

k—oo Tk

= [T rwa

r

The last equation holds, because fi, X (z,04rs) = ' X(z,04r) iD LY(R) as k — oo. On
the other hand,

(23)  (MT(f) (=)

lim hi(/\ﬁ(f)(x + i) — ME(f) (@)
—o00 N

1 1 z+hi+r 1 x+r
lim — | - dy — — d
Jim hk(r /Hhk f(y)dy r/z f() y)

Ty + ) = fy)
k—oo T J. hk dy

WV

Combining (2.2) with (2.3) yields

x+r
(M) (z) = l/ f'(y)dy whenever 0 < r € AT (f)(x).

r

Case B: r = 0. First we estimate the lower bound of (M™(f))'(x). We can write

(2.4) (ME(F) (@) = Tim — (M (F) (@ + hi) = MF(F)(x)

k—o0 hk

Below we estimate the upper bound of (M™(f))'(z). If we have 7 = 0 for infinitely
many k, we can obtain that

(2.5) (M) (@) = Tim (M () (@ + i) — MF(F)(a)

k—o00 hk

— lim A (f( 4 he) — f(2) = [ ().

k—o0 Ny
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If there exists ko € N\ {0} such that 7, > 0 when k > ko, then
’ . 1
(ME) (@) = Jim (M (1) (o + i) = M (1))

T+hg+rE T+T
< Jim i(i / fwdy—~ [ rw) dy>

k—o0 hk Tk +hy Tk Jg
1 T+TE _
_ lim _/ Fy+he) = 10) o,
k—oo Tk J, hk

N

1 T+Tg
Jim M (= )a)+ Jim = [ )y
< fl(),
which together (2.4) with (2.5) implies that
(M (£))(x) = f'(x) whenever r =0 € AT (f)(x).

Now we have shown the claim in the interval (—R, R). Since R was arbitrary, this
completes the proof of Lemma 3. O

Now we are in the position of proving Theorem 2.

Proof of Theorem 2. We only prove Theorem 2 for M™ by employing the idea
in [15], since the other case is analogous. Let f; — f in WH?(R) when j — cc.
We shall prove |[M™*(f;) — MT(f)|ip, — 0 when j — oco. Since [|MT(f;) —
MFT(f)lLery — 0 when j — oo because of the sublinearity of M™, it suffices
to prove that ||[(M™(f;)) — (MT(f))||Lr(r)y — 0 when j — co. We may assume
that the functions f; and f satisfy f; > 0 and f > 0. For any fixed € > 0, there
exists jo € N\ {0} such that |f; — f'l[Lr(ry < € for any j > jo. Let us choose
R > 0 such that | M™(f")||,.5, <ée with By = (—o0, —R) U (R, cc). By the absolute
continuity, there exists 7 > 0 such that [|[M™(f')|,.5 < € for any measurable subset
B of (=R, R) satisfying |B| < 7. As already observed, for almost every = € R, the
function ug, ¢ is uniformly continuous on [0, c0) and we can find §(z) > 0 such that

g, (11) = Ug pr(12)| < R™YPe if |1y — 1| < 8(2).

We can write (—R, R) as

o0

(-R,R) = <U {x € (—R,R): d(z) > %}) UN,

k=1

where N is a zero set. From this we can choose § > 0 such that

{2 € (R, R): [uapr(r1) — g pr(r2)] > R~ Y/7e

for some ry,7a, |11 — 12| < 0} =: |Bz2| < g
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By Lemma 1 there exists j; € N\ {0} such that
i n ... .
{z € (=R, R): AT(fy)(@) £ AT (@)} = [B] <5 i j =i,
Invoking Lemma 3 we have for almost every z € R and fixed j > jo,

(M (£3)) () = (M) (@)] = [t 7 (r1) = ta, g (r2)]
<t 11 (r1) = wg, g (1) + [, g1 (r1) = g, pr (r2)]
SME(f5 = )(@) + |tz g (r1) = e, (r2)]

for any 1 € AT(f;)(z) and 72 € AT(f)(z). If x ¢ By U By U BJ, we can choose
r1 € AY(f;)(x) and 7o € AT(f)(x) such that [r; — ro| < d and

/(1) — o (r2)] < R™V/7e.
On the other hand, for any r; € A% (f;)(z) and ro € AT (f)(x), we have
(e, g (1) = ta,pr (r2)] < 2MF(f')(2).
Note that |Ba U BY| < n for all j > j;. Thus we have

IMT(F)) = (M 1lp < IMFFL = ey + 2M () p. 5y
+ 2[[MT(f)lp.Boums + IRPellp(—r.r) < Ce,

for any j > max{jo, j1}, which implies that (M*(f;)) = (M™T(f)) in LP(R) when
j — oo. This completes the proof of Theorem 2. O
3. PROOFS OF THEOREMS 3 AND 4

In this section we will prove Theorems 3 and 4. Let us begin with some notation.

Definition 1. We say that a point n is a local maximum of f: 7 — R if
fn=1)< f(n) and f(n) > f(n+1).

Lemma 4. Let f € BV(Z).

(i) If n is a local maximum of M*(f), then M (f)(n) =
(ii) If n is a local maximum of M~ (f), then M~ (f)(n) =
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Proof. We only prove the result for M since the argument for M~ is analo-
gous. We assume that M (f)(n) > |f(n)| and need to prove that n is not a local
maximum of M (f). Below we consider the following two cases:

Case 1. M™*(f)(n) is not attained for any N € N. Let {r;}?°, be an increasing
sequence of positive integer numbers satisfying klirlgo 7 = 00. By our assumption, we

can write
1 N
1 Mt = j >1
(3.1) (D) = sup NH;If(nH)I, k
NZTk

Then for any £ > 1 and N > r; we have

1 N 1 N
N+1;|f(n+i)|:N—H<;|f(”+1+i)|+|f(n)|—|f(n+1+N)|)

1

SMES)(n+ 1) + g Var(f),
which together with (3.1) implies that
(3.2 MH(P0) <MD+ 1)+ g Varlf), k1

Letting k — oo, (3.2) implies that M+ (f)(n) < M*(f)(n+1). Thus n is not a local
maximum of M T (f).

Case 2. M*(f)(n) is attained for some N € N. By our assumption, there exists
No € N\ {0} such that

M*(f)(n) = — §°j|f<n+z‘)|
7]\70—1—11:0 ’

It follows from our assumption |f(n)| < M*(f)(n) that

MF(f)(n) = <N0§_:1|f(n+1+i)l+|f(n)l)
- No+1 i=0
1

No+1
1

No+1

<

(NoM*(f)(n+1) +[f(n)])

< (NoMF(f)(n+1) + M (f)(n)),

which leads to M (f)(n) < M*(f)(n + 1). Thus n is not a local maximum of
M™(f). Lemma 4 is proved. O
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Applying Lemma 4, we will establish the variation inequalities of the discrete
one-sided Hardy-Littlewood maximal functions on an arbitrary interval [a,b] C Z.

Lemma 5. Let [a,b] be an interval with a, b being integers (or possibly co or —c0)
and f € BV(Z). Then

Var(M*(f); [a, b])
Var(M™(f); [a, b])

Var(f;[a, b]);
Var(f; [a, b]).

Proof. We only prove the result for M ™, since the result of M~ can be ob-
tained by the facts that Var(f;[a,b]) = Var(Rf;[—b, —a]) and M~ (f) = RM T (Rf).
We only consider the bounded interval [a, b], since the assertion of Lemma 5 for un-
bounded intervals [a,b] follows easily from this and the fact that Var(M™(f);[a,b])
is the supremum of Var(M™*(f);[a’,¥’]) over bounded subintervals [a’,b'] C [a,b].
Without loss of generality we may assume that f > 0. Let —oo < a < b < co. We
may assume without loss of generality that a; or a;, [ > 1, is respectively the first or
last local maximum of M T (f). It follows from Lemma 4 that M™(f)(ax) = f(ax).
Then

Var(M*(f); [a,b]) = Var(M*(f ) la, a1]) + Var(M*(f); [ar, b])
Z ar ]\4Jr ak,ak+1])
k=
M*(f)(a ) M*(f)(a) + MF(f)(ar) = MT(f)(b)
-1

+ ) (MF(f)(ar) = MT(f)(brir)

+ M*(f)(ars1) = MT(f)(bry1))
<f(a1)—f( )+ flar) — f(b)

+ Z f(bkt1) + flarsr) — fbr1))

Var(f [a, a1]) + Var(f; [a, b])

=~
Il
_

+ Z (Var(f; [ak, be41]) + Var(f; [bes1, ars1]))

< Var(f, [a,b]).

This completes the proof of Lemma 5. O

Proof of Theorem 3. Theorem 3 can be seen as a special case of Lemma 5. [
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Proof of Theorem 4. One can easily check that Var(f) = Var(Rf) and
Il fllerzy = IIRfllerz)- Thus we only prove Theorem 4 for M*. Let fr — f in
¢1(7) when k — oo. By (1.4), we need to prove that

(33) Jim ([ (7)) = (M) ey = 0.

Since ||fk| — |f|| < |fk — f|, we may assume without loss of generality that fi > 0
forallk € Z and f > 0. Since f, — f in £}(Z), hence for any fixed ¢ > 0 there exists
Ko = Ko(g) € N\ {0} such that [|fx — flle=z) < | fi — fllerz) < e for any k > K.
Thus for any fixed n € Z and k > Kj, we have

(3:4) M (fi)(n) = MT(H))| < MT(fu = [)(n) < | fi = flle=z) <&, nel,
which implies M (fx)(n) = M™T(f)(n) as k — oo for any n € Z. This leads to
(3.5) (M (fr))'(n) = (MT(f))'(n) ask — o0

for any n € Z. It follows from Theorem 3 that Var(M™(f)) < Var(f) < 2[/f[le(z)-
Observe that

(ML) ()] = (M (fr)) () = (M) ()| < [(MF(F)) ()], neZ.

By the dominated convergence theorem and (3.5),

UL ey = 1T (Fr)) = (M) erzy) = L)) er 2 -

lim
k— o0
Therefore, to prove (3.3), it suffices to prove
(36) Tim [ (F) ey = 1LY oo
It follows from (3.5) and Fatou’s lemma that
(3.7) (M) Nerzy < ﬁkminf I(MF(fx)) ller(2)-
—00
Thus, to prove (3.6), we want to show that

(3-8) fim sup M) Nler@y < 1) e 2)-

We now prove (3.8). Since || f|[,1(z) < oo, so for every € > 0 there exists a suffi-
ciently large integer radius R = R(¢e) such that

(3.9) Z f(n) <e.

In|>R
ne’z
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On the other hand, by (3.4), there exists K1 = K1(g, R) € N\ {0} such that

€
2R+1

(3.10) ((MF(f)) (n) = (MT(f)) (n)] <
for any k > Ky and n € [-R, R|N Z. Write then

GBI (M) ey = D (M) @)+ D (M (fe)) (n)] =: S1 + Sa.

In|>R In|<R
nez ne’z

Below we estimate Sp. It follows from (3.9) and Lemma 5 that

(3.12) Sy < Var(M*(fx); [R, 00)) + Var(M ™ (fx); (—oo, —R])
< Var(fg; [R, 00)) + Var(f; (—oo, —R])
< Var(fi — f;[R, 00)) + Var(fi — f; (=00, —R])

+ Var(f; (—oo, —R] U [R, 00))

<2 fi—fllo+2 Y f(n) <4e
[n|>R
nel’z

for any k > Ky. On the other hand, we get from (3.10) that

(3.13) < S MY )]+ < [ o +e

In|<R
ne’z

for any k > K. From (3.12) and (3.13) we have

1M (f)) Nler@y < N lerz) + Be

for any k > max{Kjy, K1}. This implies (3.8) and hence Theorem 4 is proved. =~ O
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