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CHARACTERIZATIONS OF z-LINDELOF SPACES

AHMAD AL-OMARI AND TAKASHI NOIRI

ABSTRACT. A topological space (X, 7) is said to be z-Lindelof [I] if every cover
of X by cozero sets of (X, 7) admits a countable subcover. In this paper, we
obtain new characterizations and preservation theorems of z-Lindel6f spaces.

1. INTRODUCTION

A subset H of a topological space (X, 7) is called a cozero set if there is a
continuous real-valued function g on X such that H = {z € X : g(x) # 0}. The
complement of a cozero set is called a zero set. Recently papers [2, [3] 4] [l [8, 9]
have introduced some new classes of functions via cozero sets. It is well known [6]
that the countable union of cozero sets is a cozero set and the intersection of two
cozero sets is a cozero set, so the collection of all cozero subsets of (X, 7) is a base
for a topology 7, on X, called the complete regularization of 7. It is clear that
7. C 7 in general. Furthermore, the space (X, 7) is completely regular if and only
if 7, = 7. In general for any topological space T, we note that (X, 7,) is completely
regular.

Throughout this paper, (X, 7) and (Y, o) stand for topological spaces on which
no separation axiom is assumed, unless otherwise stated. For a subset A of X, the
closure of A and the interior of A will be denoted by C1(A) and Int(A), respectively.
A point x € X is called a condensation point of A if for each U € 7 with z € U,
the set U N A is uncountable. A is said to be w-closed [7] if it contains all its
condensation points. The complement of an w-closed set is said to be w-open. It
is well known that a subset W of a space (X, 7) is w-open if and only if for each
x € W, there exists U € 7 such that x € U and U — W is countable.

2. w-COZERO SETS
In this section we introduce the following notion:

Definition 2.1. A subset A of (X, 7) is said to be w-cozero if for each z € A
there exists a cozero set U, containing x such that U, — A is a countable set. The
complement of an w-cozero is said to be w-zero.
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The family of all w-cozero (resp. cozero, zero) subsets of a space (X, 7) is denoted
by wZO(X) (resp. ZO(X), ZC(X)).

Lemma 2.1. For a subset of a topological space (X, T), every cozero set is w-cozero
and every w-cozero set is w-open.

Proof. (1) Let A be a cozero set. For each z € A, there exists a cozero set U, = A
such that x € U, and U, — A = ¢. Therefore, A is w-cozero.

(2) Assume A is an w-cozero set. Then for each x € A, there is a cozero set U,
containing x such that U, — A is a countable set. Since every cozero set is open, A
is w-open. (I

For a subset of a topological space, the following implications hold and none of
these implications is reversible.

COZero —— = W-CO0Zero

l l

open — - w-open
Diagram I.
Example 2.1. Let R be the set of all real numbers with the usual topology and

@Q the set of all rational numbers. Then A = R — Q is an w-cozero set but it is not
open.

Example 2.2. Let X be a set and A be a subset of X such that A and X — A are
uncountable. Let 7={¢, X, A}. Then {A} is an open set but it is not w-cozero set.

Theorem 2.1. Let (X, 7) be a topological space. Then (X,wZO(X)) is a topological
space.
Proof.

(1) We have ¢, X € wZO(X).

(2) Let U,V € wZO(X) and « € U NV. Then there exist cozero sets G, H of
X containing 2 such that G\ U and H \ V are countable. And (GNH) \
(UNV) = (GNH)N((X\U)U(X\V)) C(GNX\U))UHN(X\V)).
Thus (GN H) \ (UNYV) is countable. Since the intersection of two cozero
sets is cozero, UNV € wZO(X).

(3) Let {U; : i € I} be a family of w-cozero sets of X and x € ‘UI U;. Then
1€

x € U; for some j € I. This implies that there exists a cozero set V' of X
containing « such that V' \ U; is countable. Since V' \ YU U; €V \Uj, then
1€

VA o U; is countable. Thus u U, e wZO(X).
€ 1€
(I

Lemma 2.2. A subset A of a space X is w-cozero if and only if for every x € A,
there exist a cozero set U, containing x and a countable subset C such that
U,—CCA.
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Proof. Let A be w-cozero and x € A, then there exists a cozero set U, containing
x such that U, — A is countable. Let C = U, — A =U,N(X —A). Then U, —C C A.
Conversely, let x € A. Then there exist a cozero set U, containing z and a countable
subset C' such that U, — C C A. Thus U, — A C C and U, — A is a countable
set. U

Theorem 2.2. Let X be a space and F C X. If F is an w-zero set, then F C K UC
for some zero subset K and a countable subset C'.

Proof. If F' is an w-zero set, then X — F' is an w-cozero set and hence for each
x € X —F, there exist a cozero set U, containing x and a countable set C,, such that
U;—C, CX—F. Thus FCX—(U,—C,)=X—(U,NX-C,)) =(X-U,)uUC,.
Let K = X — U,. Then K is a zero set such that ' C KUC,. O

3. z-LINDELOF SPACES

Definition 3.1.

(1) A topological space X is said to be z-Lindelof [I] if every cover of X by
cozero sets admits a countable subcover.

(2) A subset A of a space X is said to be z-Lindeldf relative to X if every
cover of A by cozero sets of X admits a countable subcover.

Theorem 3.1. For any space X, the following properties are equivalent:

(1) X is z-Lindelof;

(2) Every cover of X by w-cozero sets of X admits a countable subcover.
Proof. (1) = (2): Let {U, : a € A} be any cover of X by w-cozero sets of X. For
each x € X, there exists a(x) € A such that x € U, (). Since Uy(y) is w-cozero,
there exists a cozero set V,,(,) such that € V() and Vi, (5)\Uq(s) is countable. The

family {V, () : © € X} is a cover of X by cozero sets of X. Since X is z-Lindeldf,
there exist {z; : i <w} C X such that X = U{V,(y,) : i < w}. Now, we have

X = U ((Vag@)\Va(en) Ulate)
(1L<Jw(va(zl)\Ua($z))) U (13140 Ua(xi)) '

For each a(w;), Vio(a,)\Ua(a,) is @ countable set and there exists a countable subset
Ag(e,y of A such that V) \Un(z,) € U{Ua : @ € Ay (a,)}- Therefore, we have

XC(UUUs:aeAuyh))U (iit Un(zy)) -

i<w

(2) = (1): Since every cozero set is w-cozero, the proof is obvious. O
We state the following proposition without proof.

Proposition 3.1. A topological space X is z-Lindeldf if and only if for every
family of w-zero sets {Fy : o € A} of X, NpeaFo = ¢ implies that there exists a
countable subset Ag C A such that Naen, Fo = ¢.
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Proposition 3.2. A topological space X is z-Lindelof if and only if for every family
{F, :a € A} of w-zero sets with countable intersection property, NocpFo # 6.

Proof. Necessity. Let X be a z-Lindelof space and suppose that {F, : o € A}
be a family of w-zero subsets of X with countable intersection property such
that NpepaFo = ¢. Let us consider the w-cozero sets U, = X \ F,, the family
{Us : a € A} is a cover of X by w-cozero sets of X. Since X is z-Lindelof,
the cover {U, : a € A} has a countable subcover {U,, : o; € N}. Therefore
X =W{U,, : a; e N} =U{(X\ Fy,) : o € N} = X\ N{F,, : a; € N} and hence
N{F,, : a; € N} = ¢. Thus, if the family {F, : a € A} of w-zero sets with countable
intersection property, then Nycp Fy # ¢.

Sufficiency. Let {U, : « € A} be a cover of X by w-cozero sets of X and suppose
that for every family {F, : @ € A} of w-zero sets with countable intersection
property, NpeaFo # ¢. Then X = U{U, : @ € A}. Therefore, ¢ = X \ X =
N{(X\Uy):a €A} and {X\U, : a € A} is a family of w-zero sets with an empty
intersection. By the hypothesis, there exists a countable subset {(X \ U,,) : i € N}
such that N{(X \Uy,) : i € N} = ¢; hence X \N{(X \Uy,) : i € N} = X = U{U,, :
i € N}. Thus, X is z-Lindelof. O

Theorem 3.2. Every w-zero set of a z-Lindeldf space X is z-Lindeldf relative
to X.

Proof. Let A be an w-zero set of X. Let {U, : @ € A} be a cover of A by cozero
sets of X. Now for each x € X — A, there is a cozero set V,, such that V, N A is
countable. Since X is z-Lindelof and the collection {U, : « € A} U{V, : 2 € X — A}
is a cover of X by cozero sets of X, there exists a countable subcover {U,, : i €
N} U{V,, : i € N}. Since Z_éJN(in N A) is countable, so for each z; € U(V,, N A),

there is Uy (z,) € {Ua : @ € A} such that 2; € Uy(,,) and j € N. Hence {U,, : i €
N} U{Uq(e;) : § € N} is a countable subcover of {U, : @ € A} and it covers A.
Therefore, A is z-Lindelof relative to X. ([

Corollary 3.1. FEvery zero set of a z-Lindeldf space X is z-Lindeldf relative to X.
The topology generated by the cozero sets of the space X is denoted by 7.

Definition 3.2. A topological space (X, 7) is said to be completely w-regular if
for each x € X and each open set U, containing z, there exists an w-cozero set H,,
such that x € H, C U,.

Proposition 3.3. A completely w-reqular is z-Lindeldf if and only if it is Lindeldf.

Proof. Let X be completely w-regular. Suppose that X is a z-Lindel6f space and
let Y = {U, : @ € A} be any open cover of X. For each x € X, there exists
a(z) € A such that o € Uy(y). Since X is completely w-regular, there exists an
w-cozero set Hy(y) such that 2 € Hy ) C Uy(y). Then {Hy ) @ ¢ € X} is a cover
of X by w-cozero sets of X. By Theorem there exists a countable subcover
{Hq(z,) = @ € N}. Therefore, {Uqy(s,) : i € N} is a countable subcover of ¢. Hence
X is Lindel6f. The converse is obvious. O
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Definition 3.3. A topological space (X, 7) is said to be almost w-regular if for
each z € X and each w-cozero set U, containing x, there exists a cozero set V,
such that x € V, C CI(V,,) C U,.

Theorem 3.3. Let X be an almost w-reqular and z-Lindelof space. Then for every
disjoint w-zero sets Cy and Cs, there exist two open sets U and V such that Cy C U,
CoCVandUNV = ¢.

Proof. Since X is an almost w-regular space, for each = € C; there exists a
cozero set U, containing x such that Cl(U,) N Cy = ¢. Then the family {U, : = €
C1}U{X — C4} is an w-cozero cover of X. Since X is z-Lindelof, by Theorem

there exists {x; : ¢ <w} C X such that X = <'U Umi> U(X — C1). Tt follows that
1<w

i

for each i < w, Cy C <»U Umi> and Cl(U,,) N Cy = ¢. Analogously there exists
1<w

i

a family of cozero sets V,,, such that Cy C (_U Vyi) and Cl(V,,) N Cy = ¢. Let
1<w

i<w

such that U and V are open, UNV =¢ and C; CU, Cy C V. ]

k k
Gr = Uy, \ (‘Ul Cl(Vyi)>, Hy, =V, \ (‘Ul Cl(Uwi)> and U= U G;, V= U H,
i= 1= <w

4. PRESERVATION THEOREMS

Definition 4.1. A function f: X — Y is said to be cozero-irresolute if for each
x € X and each cozero set V of Y containing f(x), there exists a cozero set U of
X containing x such that f(U) C V.

Definition 4.2. A function f: X — Y is said to be w-cozero-continuous if for
each = € X and each cozero set V of Y containing f(x), there exists an w-cozero
set U of X containing x such that f(U) C V.

It is clear that every cozero-irresolute function is w-cozero-continuous.

Theorem 4.1. Let f: X — Y be a w-cozero-continuous surjection. If X 1is
z-Lindeldf, then Y is z-Lindeldf.

Proof. Let {V, : a € A} be a cover of Y by cozero sets of Y. For each z € X,
there exists a(z) € A such that f(x) € V(). Since f is w-cozero—continuous, there
exists an w-cozero set Uy (,) of X containing z such that f(Uym)) € V(e So
{Ua(z) : © € X} is a cover of the z-Lindelof space X by w-cozero sets of X, by
Theorem there exists a countable subset {zy : k¥ < w} C X such that X =
kgw Ua(ay)- Therefore Y = f(X) = f(kgw Una(ar)) = kgwf (Ua(mk)) C kgw V()
This shows that Y is z-Lindelof. O

Corollary 4.1. Let f: X — Y be a cozero-irresolute surjection. If X is z-Lindeldf,
then Y is z-Lindelof.

Definition 4.3. A function f: X — Y is said to be almost cozero, if the image of
each cozero set U of X is an open set in Y.
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Proposition 4.1. If f: X — Y is almost cozero, then the image of an w-cozero
set of X is w-open inY.

Proof. Let f: X — Y be almost cozero and W an w-cozero set of X. Let y € f(W),
there exists © € W such that f(z) = y. Since W is an w-cozero set, there exists
a cozero set U such that x € U and U — W = C is countable. Since f is almost
cozero, f(U) is an open set in Y such that y = f(z) € f(U) and f(U) — f(W) C
f(U —=W) = f(C). Moreover, f(C) is countable. Therefore, f(WW) is w-open in
Y. O

Definition 4.4. A function f: X — Y is said to be w*-cozero-continuous if f~1(V)
is w-cozero in X for each open set V in Y.

Theorem 4.2. Let f: X — Y be an w*-cozero—continuous surjection. If X is
z-Lindeldf, then Y is Lindeldf.

Proof. Let {V, : a € A} be an open cover of Y. Then {f~1(V,) :a € A} is a
cover of X by w-cozero sets of X. Since X is z-Lindeldf, by Theorem 3.1} X has a
countable subcover, say {f~!(V,) : a € Ao}, where Ag is a countable subset of A.
Hence {V, : a € AO} is a countable subcover of Y. Hence Y is Lindel6f. O

Definition 4.5. A function f: X — Y is said to be w-zero if f(A) is w-zero in Y
for each zero set A of X.

Theorem 4.3. If f: X — Y is an w-zero surjection such that f~1(y) is z-Lindeldf
relative to X for each y € Y, and Y is z-Lindeldf, then X is z-Lindelof.

Proof. Let {U, : a € A} be any cover of X by cozero sets of X. For each y €Y,
f~Y(y) is z-Lindeldf relative to X and there exists a countable subset A(y) of A such
that f~1(y) C U{U, : @ € A(y)}. Now we put U(y) = U{U, : a € A(y)} which
is a cozero set and V(y) =Y — f(X — U(y)). Then, since f is w-zero, V(y) is an
w-cozero set in Y containing y such that f=1(V(y)) C U(y). Since {V(y) :y € Y}
is a cover of Y by w-cozero sets of Y, by Theorem [3.1] there exists a countable set
{yr : k <w} CY such that Y = U{V(yx) : k < w}. Therefore, X = f~1(Y) =
U{f ' (V(ye)) : k < w} CU{U(yk) : k < w} = U{Uy : @ € A(yx), k < w}. This
shows that X is z-Lindelof. O
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