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Abstract. We establish some Brunn-Minkowski type inequalities for radial Blaschke-
Minkowski homomorphisms with respect to Orlicz radial sums and differences of dual quer-
massintegrals.
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1. INTRODUCTION

During the last three decades, convex geometric analysis has achieved important
developments. The classical Brunn-Minkowski theory has been extended to the L,
Brunn-Minkowski theory (see e.g. [6], [21]), and more recently to the more general
Orlicz-Brunn-Minkowski theory, see [7], [8], [28], [29], [34].

Projection bodies and intersection bodies play a critical role in the solution of
Shephard’s problem, respectively the Busemann-Petty problem. We refer the reader

o [16], [17], [33], [5], [4], [9], [10], [12], [13], [14], [18], [19], [20], [23], [22]. The
projection body operator and intersection body operator are continuous and GL(n)
contravariant valuations, see [16], [17]. Schuster [25], [26] introduced the notion of
Blaschke-Minkowski homomorphisms, respectively radial Blaschke-Minkowski homo-
morphisms, which are more general than the well known projection body operator,
respectively the intersection body operator.

For n > 3, let K™ be the space of compact convex sets with nonempty interior in R™
endowed with the Hausdorff topology. A map ®: K" — K™ is called a Blaschke-
Minkowski homomorphism, see [25], if it satisfies the following conditions:
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(a) @ is continuous.
(b) For Ky, Ks € K™,
(K 1#K5) = DK + Ko,

where K1# K5 denotes the Blaschke sum of K; and K5, and ®K; + K is the
Minkowski sum of ®K; and PKs.
(c¢) For all K € K™ and every v € SO(n),

P(vK) = vdK,

where SO(n) is the group of rotations of R™.

A star body is a compact subset of R™ that is star-shaped with respect to the
origin and has a positive continuous radial function (see Section 2). For n > 3, we
denote by S™ the set of all star bodies of R™ endowed with the Hausdorff topology.
A map U: 8" — S is called a radial Blaschke-Minkowski homomorphism, see [25],
if it satisfies the following conditions:

(a) ¥ is continuous.
(b) For Ky, K, € §™,

(K, Ks) = WK, T UK,

where K1HK2 denotes the radial Blaschke sum of K7 and K, and VK FUK,
is the radial Minkowski sum of WK and VK.
(c¢) For all K € 8™ and every v € SO(n),

U(vK) =vPK,

where SO(n) is the group of rotations of R™.
Volume inequalities for convex body and star body valued valuations are an active
field of research (see [1], [2], [25], [26], [27], [30], [32], [11]). In particular, Schuster
in [25] established the following Brunn-Minkowski type inequalities.

Theorem A. Let ¥: 8" — S™ be a radial Blaschke-Minkowski homomorphism.
If K1,Ky € 8", then

V(U(K, + Kz))l/"(n_l) < V(\I/Kl)l/”("_l) + V(\I/K2)1/"(n—1),

with equality if and only if K, and K, are dilates.
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In fact, a more general form of the Brunn-Minkowski inequality for radial Blaschke-
Minkowski homomorphisms ¥ and dual quermassintegrals W; holds (see [25], The-
orem 7.6): If 1,01 € S",0<i<n—1and 0<j<n—2 then

(1.1) Wi (U (K, F Ky))Y/ (= n=i=1)
< ﬁv/i(q/j[(l)l/(n—i)(n—j—l) + I/T/i(\l,jKQ)l/(n—i)(n—j_n,

with equality if and only if K7 and K5 are dilates.
Wang in [27] established the following L, Brunn-Minkowski type inequalities for
mixed radial Blaschke-Minkowski homomorphisms.

Theorem B. Let U: 8" x ... x 8" — 8" be a mixed radial Blaschke-Minkowski
———

n—1

homomorphism. If K1,Ky € 8", then for 0 <i<n—-2,0<j<n—-2,0<p<
n—j—1,

1.2 Wi(0; (K Fp Ky))P/ (nD(=i=1)
J P
7

< W, (\ijl)p/(n—i)(n—j—l) + Wi(\I,jKQ)p/(n—i)(n—j—n7

with equality if and only if K, and K, are dilates.

Leng in [15] established the following Brunn-Minkowski type inequality for the
volume difference function.

Theorem C. If K,L, K, and L, are compact domains, K1 C K,L; C L and K;
is a homothetic copy of L1, then

(V(K + L) = V(K, + L)Y" > (V(K) = V(K)Y" + (V(L) = V(L))"

Equality holds if and only if K and L are homothetic and (V(K),V(K;)) =
R(V(L),V(Ly)), where R is a constant.

The aim of this paper is to establish Brunn-Minkowski type inequalities for radial
Blaschke-Minkowski homomorphisms. Let CT be the set of all Orlicz functions, that
is, strictly decreasing convex functions ¢: (0,00) — (0, 00) such that tlil(% o(t) = 00
and tlggo #(t) = 0. For ¢ € C" the associated radial Orlicz addition is denoted by —T—¢,
see (2.1). First we show the following Orlicz-Brunn-Minkowski type inequality for
radial Blaschke-Minkowski homomorphisms:
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Theorem 1.1. Let ¥: S" x...x 8" — 8™ be a mixed radial Blaschke-
—_——

n—1
Minkowski homomorphism. If K1, Ko € S",0<i<n—1,and 0 < j < n—2, while
¢ € CT, then

o= ¢<<’m7i(;ifj§;)f<2))>l/(ni)(nj1)>

+ qb((N Wi(¥; K) )1/(”—“(”—1'—1))7
Wi (U;(Ky +¢ K2))

with equality if and only if K1 and K are dilates.

In particular, for ¢(¢) = t?, p < 0, Theorem 1.1 implies

Wi(\llj (K, F, Ky))P/ (n=i)(n=i—1)
i

>W, (\I/jKl)P/(nfi)(n*jfl) + Wi(\l,sz)p/(nfi)(nqu)’
which complements Theorem B obtained by Wang.

Theorem 1.2. Let K, L, K;,L, € 8", K C K1, L C Ly and K, is a dilate of L.
Then for 0 <i<n,0<j<n—-2,0<p<n—j—1,

(W (5 (K Fp L)) = Wil (K F L)/ =00
> (Wi(W;Ky) — W (W K))P/ (===
+ (Wi(\I’le) — ﬁ/i(g,jL))p/(n—i)(n—j—l)7

with equality if and only if K and L are dilates and

Wi(W,K) / Wi(V,Kq) = Wi (W;L) / Wi(W,Ly).

2. NOTATION AND BACKGROUND MATERIAL

Let K™ denote the class of convex bodies (compact, convex subsets with nonempty
interiors) in the Euclidean space R™. For the class of convex bodies containing the
origin in their interior, we write Kf. V(K) and Wz(K), 0 < 7 < n, denote the n-
dimensional volume and the quermassintegrals of a convex body K. Let S?~! denote
the unit sphere in R™.

For K € K", its support function hg () := h(K,-): R™ — R is defined for u € R™
by h(K,u) = max{z - u: x € K}, where = - u denotes the standard inner product
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of u and z in R™. The support function determines a convex body uniquely. The
Minkowski sum oK + SL of K,L € K" with o, > 0 is determined by h(aK +
BL,u) = ah(K,u) + Bh(L,u).

For a set K C R™ that is star-shaped with respect to the origin, the radial func-
tion o () := o(K,-): R™\ {0} — R is defined for v € R™ \ {0} by o(K,u) =
max{A > 0:z € AK}. If pi is positive and continuous, then K is called a star
body about the origin. We write 8™ for the space of all star bodies in R™. A star
body is uniquely determined by its radial function, and the radial sum oK + SL of
K,L € 8" with o, 8 > 0 is determined by o(aK + BL,u) = ao(K,u) + Bo(L,u). If
o(K,u)/o(L,u) is independent of u € S"~! then K and L are dilates.

The Orlicz radial sum is defined by Zhu, Zhou and Xu in [34]: Let a,, f > 0 and
¢ € CT. The Orlicz radial sum « - K —T—¢ B - L is given for all u € R™\ {0} by

(2.1) Q(a-K—T—¢6-L,u)=sup{t>0: oz¢( oK, u))—l—ﬁqb( oL, )) < o1 )}

If ¢(t) = tP, p < 0, then the Orlicz radial sum reduces to the L, radial sum —T—p,
which is given by

o(a- K +4 B Lyu)’ = ao(K, )’ + fo(L,u)’
for all u € R™\ {0}.

2.1. Mixed volumes and mixed quermassintegrals. Zhao in [31] defines
dual Orlicz mixed quermassintegrals WQM(K ,L) of K, L with respect to a strictly
increasing convex function ¢: (0,00) — (0,00) with lim =0 and lim = oo, by

t—0+ t—o0

W a(K, L) = /S 1w(gg((fg”Z;)Q(K,u)"‘idS(u).

We use a slightly different definition: For K, L € 8™ and ¢ € C* we define WW(K, L)
by

Wy a(K, L) = ~ /S 1¢<§((II;:Z)))Q(K,1L)”idS(u).

If ¢ € C* is such that ¥(t) = ¢(1/t) is convex, then Wy, ;(K, L) = ,V[V/W(K, L).
For K,M,N € 8", 0<i<n—2and ¢ € CT, the dual mixed Orlicz quermassin-
tegral Wy ;1 (K, M, N) is defined by

n—1— W¢11(KMN)— lim Wi(K+¢€'M,N)—Wi(K,N),
¢T() 0+ €

(2.2)
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where ¢/.(1) is the right-derivative of ¢ at 1, which exists, since ¢ is convex (see,
g., [24], Theorem 1.5.4), and ¢.(1) < 0, since ¢ is strictly decreasing. For the
unit ball B in R™, by Lemma 3.3 (see Section 3) we have WW-J(K, M,B) =
W41 (K, M),
Lutwak in [19] showed that the volume of a radial Minkowski combination
ML F ... ¥ ALy, of star bodies Ly, ..., L, can be expressed as a homogeneous
polynomial of degree n:

"t

VL ¥ F AnLm) = Y V(Lo Li)hiy - A

01 yenyin =1

The coefficients V(L;, , ..., L; ) are called the dual mixed volumes of L;,,..., L; .
The definition of dual mixed volumes W;(L, N') and W;(L) are analogous to those for
the mixed volume. The dual mixed volume W;(L, N) has the integral representation

2:3) WAL = % [ ol oV dS ().

n
where dS(u) is the spherical Lebesgue measure of S™~1,

The Minkowski inequality for dual mixed quermassintegrals is stated by Wang
in [27] as follows: For Ly,Le € S" and 0 <i<n—1,
(2.4) Wi(L1, L)~ < Wi(Ly)" " Wi(La),
with equality if and only if L; and L9 are dilates. It is a direct consequence of Holder’s
inequality for integrals (see, e.g., [24], Lemma 9.3.1). A variant, which also follows
from Hoélder’s inequality, is the following: For L1, Lo, Q € 8™ and 0 < i < n — 2, set

WrlEn20,Q) = 1 [ o)™ 2o(lo.w)e(@.w)aS(w).

n

Then
i

(2.5) Wi,l(Lh Lo, Q)" "1 < Wi(La, Q)"_i_QWi(LQ, Q).

2.2. Mixed Blaschke-Minkowski homomorphisms and mixed radial
Blaschke-Minkowski homomorphisms. Let &: K" — K™ be a Blaschke-
Minkowski homomorphism. Schuster in [25], Theorem 1.2, showed that if K;,...,
K., € K™ and Ay, ..., A\, = 0, then there is a continuous operator

P: K" x...x K" = K",
— —

n—1
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symmetric in its arguments, such that

m
MK+ o+ A K) = > (K K )Ny N,

01 5eesin—1=1

where the ®(Kj,,..., K, _,) are called mixed Blaschke-Minkowski homomorphisms,
and the sum is with respect to Minkowski addition.

ItKy=..=K, ;1=Kand K,,_;=...= K,,_1 = M, then ®(Kq,...,K,_1)
will be written as ®;(K, M). In particular, ®; K = ®;(K, B) and K = PoK.

Let ¥: 8™ — S™ be a radial Blaschke-Minkowski homomorphism. Schuster in [25],
Theorem 1.24, showed that if Ki,...,K,, € 8" and A1,..., A, = 0, then there is
a continuous operator

U: §"x...x8" > 8",
n—1

symmetric in its arguments, such that

VMK F o F A En) = Y UKy, K )N N

11,00 0yin—1=1

where the U(K;,,..., K, _,) are called mixed radial Blaschke-Minkowski homomor-
phisms, and the sum is with respect to the radial sum.

IKi=..=K,;1=Kand K,_;,=...= K,_1 =M, then ¥(Ky,...,K,_1)
will be written as U;(K, M). In particular, ¥; K = U,(K,B) and VK = UK.

3. LEMMAS AND MAIN RESULTS

Lemma 3.1 (Jensen’s inequality [8]). Let u be a probability measure in a space X ,
let U be an open convex set in R™, and let ¢ be a convex real-valued function on U.
Assume that g: X — U is measurable and component-wise u-integrable, and that
@ o g is p-integrable. Let zy = [ g(x)dpu(z). Then zy € U and

/ @(g(fﬂ))du(m)%p( /. g(x)du(:c)).

Lemma 3.2 ([34]). If ¢ €C" and K,L € 8", then

li =
chor e (1)

Q(K :':¢€'Lau) B Q(Kau) o Q(Kvu)¢(Q(Lau)

. uniformly on S" 1.
o(K, U))
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Lemma 3.3. If ¢ € C* and K, L,Q € 8", then for eachi=0,1,...,n — 2,

o WilK Foe-1,Q) ~ Wi, Q)

e—0t £

n—t—1

=i o A i Q. a0

Proof. From Lemma 3.2 we derive

Wi(K Fge-L,Q)— Wi(K,Q)

lim
e—0t £
1 ~ )
= lim |— K Tye-Lyu) =
Jim [ [ U Fae L a@u
1 .
ne Jgn—1

1 KX . L n—i—-1 _ (K n—i—1
— lim = / Q( tg€ au) Q( au) Q(Q, u) dS(u)
gn—1

e—=0t N S
i . n—i—1 _ n—i—1
—L [y AR Fe Bl SR uas(w)
n Jgn-1e—=0t €
n—1t—1

=T fo (et @ as)

Lemma 3.4. If ¢ €CT and K, L,Q € 8", while 0 < i < n — 2, then

(3.1) Wi (K, L,Q) > ¢<<M>N(n—i—1)>.

Wi(K, Q) Wi(K,Q)

Proof. Since

1
n

Wi(K. Q) /S o) 0@ ) dS (),

and since o(K, ) and o(Q, -) are positive functions, we have Wi(K, Q@) > 0. Hence,
o(K,u)" " 1o(Q,u)dS(u)/nW;(K, Q) is a probability measure on S"~1. It follows
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from Lemma 3.1, Lemma 3.3 and (2.5) and the fact that ¢ is decreasing, that

W(l”l(K L Q) Q(L,U) n—i—1
Wi(K, Q) Wi(K ) /5 1¢(Q(K,u))Q(K’ w)" " 0(Q, u) dS(u)

WV
<

u u)" 2 U u
TG Jo e 0@ s )

WllKLQ>

Il
<

’L

WV
<

§

(I/VL K Q (n i—2)/(n—i— 1)W(L Q)l/(n i— 1))
(

Wi(K, Q)
(i

>1/(n i— 1))

§

Lemma 3.5. If ¢ € CT and K1, K>,Q € 8™, while 0 <i < n — 2, then

Wi (K, 1/(n—i—1 W; (Ko, 1/(n—i—1
Wi(K1,Q) Q)) ( ))+¢((W Wi(K2,Q) ))/( )).

32) ¢(1) 2 ¢( (== Wi(K, F
(32) ¢(1) ¢((Wi(K1 Ty Ko, i(K1 44 Ko, Q

Proof. For brevity, let K=K, —T—¢ K. The definition of K necessarily implies
for all u € S™~! that

From

W(R.Q) = [ ol o(@.uas(w).

and by Lemma 3.4, we derive

o =1 [ (o(57) + (S el e@ ) asw)

= W¢,i,1(f{, Kq,Q)+ mel(f{, K5,Q)
Wi(Kl, Q))l/(nfifl)) N ¢<<Wi(K2, Q))l/(nfifl))} .

>W(EQP((F 70 Wi(K,Q)

Thus, (3.2) is established. O
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Lemma 3.6 ([25]). Let U: 8" x...xS" — 8™ be a mixed radial Blaschke-
_,_/

Minkowski homomorphism. If K, M e S”, while0 <i<n—2and0<j<n—2,
then

(3.3) Wi(K, W5 M) = Wy (M, W,K).

Furthermore, the image of a ball B under a radial Blaschke-Minkowski homomor-
phism is again a ball. Let rg be such that VB = ryB. Then

(3.4) W1 (U K) = rg Wi (K).

We are now ready to prove Theorem 1.1:

Theorem 3.7. Let U: 8" x...x8" — 8" be a mixed radial Blaschke-
—_——

n—1

Minkowski homomorphism. If K1, Ko € 8", 0<i<n—2and0<j<n—2, while
¢ € CT, then

ot

At )

with equality if and only if Ky and K, are dilates.

Proof. By (2.4), (3.2), (3.3) and the fact that ¢ is decreasing, we have for
M € 8™ that

Kh\:[l M) )1/("71)> +¢<< W](Kg,\IQM) )1/("71)>
K1 T Ko, U, M) W, (K1 T K2, U; M)

((
: ¢<< Wi, WM; f;)&)))w_j_n) i ¢<(Wuvféﬁ}ijgm»jm_j_l))
("

(n i—1)/(n— z)W(\I, Kl)l/(n 7,))1/(” Jj— 1))
M U, (K —|—¢ K5))

5 ( < Wi (M) (== D/ (=037 (0 Ky )V (D) >1/(nj1)>
+ W T .
Wi(Mv \Ijj(Kl +¢ KQ))

Z ¢

s

Z ¢
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By the equality conditions of (2.4), equality holds if and only if M, ¥;K;, and
U, K, are dilates.

Set M = W;(K; +4 Ks) and note that Wi(M, M) = W;(M) to obtain (3.5). If
there is equality in (3.5), then there exist A1, A2 > 0 such that

(3.6) UKy = MUKy To Ka) and UKy = A5 (K) Fo Ko).
From equality (3.5), it follows that

oY) o ) = (1),
Moreover, (3.4) and (3.6) imply

(37) =)y, o Wl
W1 (K1 44 K2) Wit (K1 +4 Ko)

Hence, we have

o) ) ) )

and using the equality conditions of an Orlicz-Brunn-Minkowski inequality for the

dual mixed quermassintegral, see [31], we obtain K7 and K5 are dilates. O

The intersection body operator I: 8™ — S™ is a radial Blaschke-Minkowski ho-
momorphism and we derive the following corollary from Theorem 3.7:

Corollary 3.8. If K1,K, € 8" and ¢ € C*, then

1 /min—l e
(88) o) > ¢((V(I(‘;((1I§¢)K2)))/ ) +¢<<V(I(‘;((1I§z)f(2))) )

with equality if and only if Ky and K, are dilates.

Lemma 3.9 ([3]). Let ai,aq,...,a, and by,ba, ..., b, be two series of positive

real numbers. If p>1,a) — Y a? > 0 and b} — > b > 0, then
i=2 i=2

n 1/p n 1/p n 1/p
<G}1J — Zaf) + <b11J — be) < ((04 + bl)p — Z(az + bi)p> y
=2

=2 =2

with equality if and only if ay1/by = az/ba = ... = a,/by.

789



Lemma 3.10 ([27]). Let ®: K" x...x K" — K" be a mixed Blaschke-
—_———
n—1
Minkowski homomorphism. If Ki,Ks € K™ and p > 1, then for 0 < ¢ < n — 2,
(3.9) Wi(®; (K +, Ky))P/ (n=D(=i=1)
> Wi(q)jKl)p/(n*i)(n*jfl) + Wi(q)sz)p/(n*i)(n*jfl)’
with equality if and only if Ky and K, are dilates.

Theorem 3.11. Let K,L € K, Ky,L, € S", K1 C K, L1 C L and let K1, L4
be dilates of each other. Then for 0 < i<n,0<j<n—2,1<p<n—j—1,

[Wi(®; (K +p L)) = Wa(W (K +p L)/ =070
> (Wi(®;K) — W (W Ky))P/ (===
+ (Wi(®;L) — Wi(W; Ly )P/ (=0 n=i=1),
with equality if and only if K and L are dilates and
Wi(®;K) / Wi, K,) = Wi(®,L) / W; (¥, Ly).

Proof. By Theorem B and since K; and L; are dilates, we have
Wi(\l/j(Kl T, Ly))P/ (n=in=i=1)
= Wi (W, K )P/ (=D =i=1) 4 77, (3 Ly )P/ (=) (n=i=1)
It follows from Lemma 3.9 and Lemma 3.10 that
[Wi(®; (K +, L)) = Wi(W; (K1 F, L))/ (=071
> [(Wi(q)jK)p/(n*i)(n*jfl) + Wi(@jL)p/(n*i)(n*jfl))(n*i)(n*jfl)/p
_ (’in(\Ilel)p/("fi)("fjfl)
+ Wi(q/j[/l)p/(n*i)(n*jfl))(n*i)(n*jfl)/p]p/(n*i)(n*j*1)
> (Wi(®;K) — W;(W; L))/ (===
+ (Wi(@; Ky) — Wi (W Ly )P/ (===,
with equality if and only if K and L are dilates and
Wi(®;K) / Wi(¥,K1) = Wi(®;L) / Wi(¥;Ly).
O

Taking the mixed projection body II; and the mixed intersection operator I; as
the mixed Blaschke-Minkowski and the mixed radial Blaschke-Minkowski homomor-

phisms, we derive:
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Corollary 3.12. Let K,L € K", K1,L1 € §", K1 C K, Ly C L and let K1, L,
be dilates of each other. Then for 0 < i<n,0<j<n—-2,1<p<n—j—1,

(Wi (K L)) = Wil (K1 L)/ =070
> (Wil K) = Wi(I; Ky))P/ ===
+ (WillI; L) = Wi(I; L))/ (070,

with equality if and only if K and L are dilates and

Wi(ILK) / Wi(I; K1) = Wi(I;L) / Wi(I; Ly).

Taking i = 0, 7 = 0 in Corollary 3.12 yields

Corollary 3.13. Let K,L S IC", Kl,Ll S Sn, K C K, L1 C L and let Kl, L4
be dilates of each other. Then for 1 < p <n —1,

VAWK +, L)) — V(I(K, ¥, Ly))]P/""=1D
> (VIK) — V(IK))P/""=Y 4 (V(IIL) — V(I Ly))P/"(=b),

with equality if and only if K and L are dilates and
VIIK) /) V(IK,)=V{IL) / V(IL).
Theorem 3.14. Let K,L,K,,L1 € 8", K C Ky, L C Ly and let K, be a dilate
of 1. Then for 0 <i<n,0<j<n—-2,0<p<n—j—1,

[Wi (W (K1 Fp L)) — Wi (W5 (K F, L))]P/ =9 ==
> (Wi (W, 1) = Wi (W R/ =00
+ (Wi(W5 L) = Wy(0,L))P/ (=D n=i=1),

with equality if and only if K and L are dilates and

Wi(V,K) / Wi(W;Ky1) = Wi(U;L) / W;(W;Ly).

Proof. Weset ¢g=(n—1i)(n—j—1). Applying Theorem B, we obtain

W;(W,(K T, L)P/% < Wyi(U;K)P/9 + W,i(W,L)"/9,
Wi(\lfj(K1 -T—p L1))p/q = Wi(\I/jKﬂp/q + Wi(\I,le)p/q.
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It follows from Lemma 3.9, which we can use since ¢/p > 1, that

[Wi(W; (K1 Fp L)) — Wi(W;(K T, L))]P/

U
> (Wi, K1 )P+ Wi (W L)Y )P — (Wi (W, K)P/ 4 Wi (T, L))o/ eere
> (Wi(W;Ky) — Wi(W,K))P/9 + (W (W5 Ly) — Wi(W;L))P/.

Equality holds if and only if equality holds in Theorem B and Lemma 3.9, hence

equality holds if and only if K and L are dilates and

Wi(V,K) / Wi(V,Kq) = W;(W;L) / Wi(W,Ly).
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