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Some constructions of biharmonic

maps on the warped product manifolds

ABDELMADJID BENNOUAR, SEDDIK OUAKKAS

Abstract. In this paper, we characterize a class of biharmonic maps from and
between product manifolds in terms of the warping function. Examples are
constructed when one of the factors is either Euclidean space or sphere.

Keywords: harmonic map; biharmonic map; warped product
Classification: 31B30, 53C25, 5820, 58E30

1. Introduction

Let ¢ : (M™,g) — (N",h) be a smooth map between Riemannian manifolds.
Then ¢ is said to be harmonic if it is a critical point of the energy functional:

1
B(0) =5 [ ldof dv,

with respect to compactly supported variations. Equivalently, ¢ is harmonic if it
satisfies the associated Euler-Lagrange equations:

T(¢) =Tr,Vde =0,

T(¢) is called the tension field of ¢, one can refer to [7], [8] for background on
harmonic maps. As the generalizations of harmonic maps, biharmonic maps are
defined as follows. The map ¢ is said to be biharmonic if it is a critical point of
the bi-energy functional:

Ex(0) =3 [ @) dv,.

Equivalently, ¢ is biharmonic if it satisfies the associated Euler-Lagrange equa-
tions:

2
72(6) = =Ty (V*) " 7(9) = TryRY(7(9), dp)dg = 0,

where V is the connection in the pull-back bundle ¢~!(T'N) and, if (e;)1<;<m is

a local orthonormal frame field on M, then

Try (V9)' 7 (6) = (VEVE, = Vi, ) 7(9)
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where we sum over repeated indices. We will call the operator 72(¢) the bi-tension
field of the map ¢. We can refer the reader to [16], for a survey of biharmonic
maps.

Clearly any harmonic map is biharmonic, therefore it is interesting to construct
non-harmonic biharmonic maps (see [4]-[7] and [17]-[20] for some constructions
of non-harmonic biharmonic maps). Since we consider the identity map between
different warped products (Theorem 1), one could mention that in [4], Baird and
Kamissoko studied biharmonicity of the identity map with respect to conformal
deformations of the domain metric, and that Balmus in [6] did so with respect to
conformal deformations of the codomain metric. In [7], Balmus, Montaldo and
Oniciuc studied biharmonic maps between warped products where they gave the
condition for the biharmonicity of the inclusion of a Riemannian manifold N into
the warped product M x ; N and of the projection 7 : M x ; N — M (see Corol-
lary 5 and 6). Moreover, in [20] Perktas and Kilic gave some extensions of the re-
sults in [7] together with some further constructions of biharmonic maps, and some
characterizations for non-harmonic biharmonic maps are given by using product
of harmonic maps and warping metric. Lu in [16] studied the f-harmonicity of
some special maps from or into a doubly warped product manifold, he obtained
some similar results given in [20], such as the conditions for f-harmonicity of
projection maps and some characterizations for non-trivial f-harmonicity of the
special product maps, furthermore, he investigated non-trivial f-harmonicity of
the product of two harmonic maps. In this paper, we give other constructions of
biharmonic maps on the warped product. In the first instance, we characterize the
biharmonicity of the map ¢ : (M™ xo N, Go) — (M™ x5 N™,Gg) defined by
¢(z,y) = (x,y) (Theorem 1). With this setting, we obtain new examples of bihar-
monic non-harmonic maps. As a second result, we study the biharmonicity of the
map ¢ : (M™ x; N", Gy) — (P{" x P,*,G) defined by ¢(z,y) = (6(z),%(y)),
where ¢ : (M,g) — (PF', k1) and ¢ : (N,h) — (P¥?,k3) are two harmonic
maps (Theorem 2). In the last part, we study the biharmonicity of some maps
on the warped product (Theorem 2 and 3) where we give some special cases.

2. The main results

Let (M™, g) and (N™, h) be two Riemannian manifolds and let f € C*°(M) be
a positive function. The warped product M X ¢ N is the product manifold M x N
endowed with the Riemannian metric G defined, for X,Y € I'(T(M x N)), by

GH(X,Y) = g (dn(X),dn(Y)) + (f o m)* h(dn(X), dn(Y)),

where m: M X N — M and n: M x N — N are respectively the first and the
second projection. The function f is called the warping function of the warped
product. Let XY € I(T(M x N)), X = (X1,X3), Y = (Y1,Y2). Denote by V
the Levi-Civita connection on the Riemannian product M x N. The Levi-Civita
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connection V of the warped product M x; N is given by

(1) VxY = VxY + X; (Inf) (0,Y) + Yi (In f) (0, X5)
— f?h (X2,Y2) (gradln £,0).

The relation between the curvature tensor fields of Gy and G is

(2)

R(X,Y)-R(X,Y) = 2—]102 (Vylgrade — 2%25/1 (f?) grade,O) Ag, (0,X5)
- ZLfQ (Vxlgradf2 - 2—}2X1 (%) grade,O) Aa; (0,Y2)
- 4%4 leradf2[* (0, X2) Ag, (0,Y2),

where

(X Nay Y) Z =Gp(2,Y)X = Gy(Z, X)Y,
for all X,Y,Z € T'(T'(M x N)) (see [8] and [15]). At first, we can simplify the
formula given by (2), and we get the following proposition:

Proposition 1. Let (M™,g) and (N™, h) be two Riemannian manifolds and let
f € C°(M) be a positive function. The relation between the curvature tensor
fields of Gy and G is given by the following formula:

R(X,Y)—-R(X,Y) = (Vy,gradln f + Y1 (In f) gradln f,0) Ag, (0, X2)
(3) — (Vx,gradln f + X5 (In f) gradln f,0) NG, (0,Y3)
— |gradln f|2 (0, X2) Ag, (0,Y2),
for all X, Y e T'(T(M x N)), where X = (X1, X2) and Y = (Y1,Y3).

PROOF OF PROPOSITION 1: By equation (2), we have

(4)
R(X,)Y)-R(X,Y) = 2%2 (Vylgradf2 — 2%25/1 (%) grade,O) A, (0,X5)
- Q—JICQ <VX1gradf2 — 2LJ62X1 (%) gradf2,0> Aa; (0,Y2)

1 2
T 1 |lgradf?|” (0, X2) Ag, (0,Y2).
A simple calculation gives

Vy,gradf? = 2Vy, f2gradIn f
= 2f*Vy,gradln f +2Y7 (f*) gradIn f
= 2f?Vy, gradln f + 4£%Y (In f) gradIn f
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and Y; (f?) gradf? = 4f*Y; (In f) gradIn f, this gives us

(5) Vy,gradf? — 2—J1”2Y1 (f?) gradf? = 2f°Vy,gradIn f +2f?Y; (In f) gradIn f.

By a similar calculation, we get

(6) Vxlgradf2—2—}2X1 (f?) gradf? = 2f°Vx,gradln f+2f°X; (In f) gradIn f

and
(7) ‘grad 12
If we replace (5), (6) and (7) in (4), we obtain

* = [2f%gradIn f|* = 4f* |grad In f|*.

R(X,Y) - R(X,Y) = (Vy,gradln f + Y1(In f)gradIn f,0) Ag, (0, X2)
— (Vx,gradIn f + X; (In f) gradIn f,0) Ag, (0, Y2)
— [gradIn fI* (0,X2) Ac; (0,Y2).
This completes the proof of Proposition 1. (I

As a first result, we consider (M™,g) and (N™, h) two Riemannian manifolds
and o, € C°(M), the biharmonicity of the map ¢ : (M™ x, N",G,) —
(M™ x5 N™,Gg) defined by ¢(x,y) = (z,y) is given by the following theorem.

Theorem 1. Let ¢ : (M™ xo N",G,) — (M™ xg N™,Gg) be defined by
¢(z,y) = (x,y). The map ¢ is biharmonic if and only if

gradAf + 2Ricci (gradf) — 2 (A Ina+ (n—2) |grad1na|2) gradf

52
(8) + (n—4) (VM gmagradf) — QnEdf (gradln () gradIn 3
— nﬂ—2 (VM radlnﬁ) =0
o2 gradfg — Y
where f = o? — % and «, 3 € C°°(M) are positive functions.

PROOF OF THEOREM 1: Let us choose (€;);<;<,, to be an orthonormal frame on
M and (f;)1<j<n to be an orthonormal frame on N. An orthonormal frame on
M X4 N (respectively on M xg N) is given by {(e;,0), 2(0, f;)} (respectively by
{(es,0), %(O,fj)}). Note that in this case we have d¢(X,Y) = (X,Y) for any
X eT'(TM) and Y € I'(T'N). By definition of the tension field, we have

7(¢) = Tre, Vg
= V0,08 (e5,0) — o (VEDGN (e0,0)

1 ’Vd) 1 "’M aN
+ @v(o,fj)cw) (0, f5) — @d¢ (V(o;j) (vaj)) )
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where we sum over repeated indices. Using equation (2), we obtain

V. ~MxgN
v?eivo)d(’b (ei’ 0) - V(efjoﬁ) (eia 0) = (Vé\:jeza 0) ;

a6 (V5N (e6,0)) = do (V2 ei,0) = (Vei,0),

Vo149 0. £3) = V3o 32 (0. £3) = (0,99 ;) = nf? (grad1n 5,0),
and
a6 (Viass™ (0, 17)) = do ((0,V7 f;) = na? (gradIna,0))
- (o,vffjfj) — na? (gradlna, 0),
then

7(¢) =n(gradlna,0) — ng—z (gradln g,0) = %“2 (grad (o — 3%),0).

Note that the map ¢ is harmonic if and only if the function o? — 32 is constant.
By definition, the map ¢ is biharmonic if and only if

Tra, V37 (¢) + Tra, RM*eN (1 (), d¢) dp = 0.

Let f = o — 32, then ¢ is biharmonic if and only if
~. 1 1 -
(9) TTGQ V2¥ (gradfa 0) + ?TTGQRIVIXﬁN ((gra’dfa 0) ad(b) dd) = 0.

Let us start with the calculation of the first term Trq, V2 s (gradf,0) of (9), we
have
(10)

1 ~
2+ \Vo4 V¢
Tra, v (gradf, 0) = (e 10) Y (e,0) o2 (gradf, 0) — %é\ixoﬂ)N( 0o

—, 1 . 1
¢ ¢ v?
<V(0 V0.5 52 (gradf,0) Vi o a oz (gradf, )> '

L (gradf,0)

We will study term by term the right-hand of this expression. Using the equa-
tion (2), we have

~ 1 1~ 1
@ _ @
v(eqz,O) o (gradf’ 0) = o v(ei,O) (gradf’ ) + e (Oz ) (gradfa )

l& 1
= _2vé\e4ixoﬂ)N (gradf,0) + e; ( ) (gradf,0)

(VMgradf, 0) — %ei (In o) (gradf,0).

485
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It follows that
! \Vo4 M 2
v(w)v(eq 053 (gradf,0) = (6“0) (V gradf, ) 2t (In @) (gradf,0)

v(e,,o) ( (V¥ gradf, )) QVEZ 0) ( ! e; (Ina) (gradf, 0)) .

By (2), we have

Yy = 1 - 2
Vc(bei,o)vc(ﬁei,o)_z (gradf,0) = Ebe 0) ( (VMgradf, ) ¢ (In ) (gradf, 0)>

= 1
=Vie. 0)( (Velgradf, )) =2Vl <§ei (Ina) (gradf,O))

and

. 1
V‘feuo) ( e; (Ina) (gradf,0

1
? (Vgrad In agradf,

S (Vgr[ad n o gradf, ) ? (ei(e; (Ina)) — 2¢; (Ina) e; (Ina)) (gradf, 0)

)
:%ei(lna) (V¥ gradf,0) +e; ( (1na)) (gradf,0)
s

(e; (Ina)) + e; <$> €; (1na)> (gradf,0)

o?

1 1
== (Vévfadlnagradf, 0) + o) (ei (e; (Ina)) — 2 |gradIn a|2) (gradf,0).
We deduce that
(11)

= = 1 1
Vf(j)ei,o)vc(ﬁe,:,O) ? (gra’df’ 0) = ? ((vé\fvé\:jgra’df’ 0) —4 (vé\fad In agradfa 0))
2
- (ei (e;(In)) — 2 |grad1na|2) (gradf,0).

For the term V2 M xa N 21> (gradf,0) and using the equation (2), we have

Vien0) (€:,0)

Ve L (gradf,0) = V7., (gradf,0)
éuxa (e1,0) 2 gradp, (Vie10) o2 grady,
e;,0

_ MXﬂN

(Vi ec0) o2 ! 5 (gradf,0)

1 sMxgN

= @V(Vg{ei,o) (gradf, 0)

+ (Vé\fei) (%) (gradf,0),
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then
(12)

- 1 1 2
ve s, 0y (B1010) = o5 (V4. gradf,0) == (Ve;) (Ina) (gradf, 0).

Equations (11) and (12) give us
(13)

~ ~ 1 ~ 1
¢ ¢ _u?
V(ei,O)v(ei,O) a2 (gradf, 0) v%é\z;g)]\] (i,0) o2 (gradf,0)

= iz ((TrgVQgradf, 0) —4 (vé\fad In o8radf, 0))

2
-5 (A Ina — 2 |gradIn a|2) (gradf,0).
Similarly, we will calculate the term 6?0’ fj)ez)(), fj)é(grad f,0), and we get
~ 1 ~
¢ MxgN
ViounViosn 3z 5 (gradf,0) = ¥, (_2V<o,ff> (grad, 0))

= i (i (i) 0.5

—df (gradIn 5) V MX["N 0, f;)

= ?df (gradIn 3) ((O,V?jfj) —np? (gradlnﬁ’o)) .

It follows that

(14)
1 1
Vo) Vo) oz (eradf.0) = —df (gradin 5) ((0.934,) = n* (grad1n 5.0)) .
For the last term V~MX %(gradf, 0), we have
Vi (015«
Vd) M i (gradf 0)
(0 fa) (0,£5) Oé2 ’
_ ?0 - f]) — (gradf,0) — na2v2bgradlna,0)¥ (gradf,0)
1 =mxsN Mx N
- EV(O,Vﬁ}Wj) (gradf,0) — nV(graglna 0) (gradf,0)
J

—na? (gradlna) (%) (gradf,0)

1
= —df (gradIn §) (o, vy fj) — 0 (V241 wgradf, 0)
+ 2n|grad 1no¢|2 (gradf,0),
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then we obtain
(15)

1 1
Ve ean o —5 (gradf,0) = —df (gradIn B) 0,V fi) =1 (Vitadin agradf, 0)
V(U,fj) (vaJ)Oé (6%

+ 2n|gradIn a|® (gradf, 0) .

Equations (14) and (15) give
(16)

2 ~ 1 V.
6 o L ~- Ve
Vo V.5 52 (gradf, 0) v%(Aiwxff )

1
(0.1 a2 (&84S 0)

=n (Vé\fadlnagradf, 0) — 2n|gradIn a|? (gradf,0)
2
— nﬁ—Qdf (gradIng) (gradIn j3,0) .
e

If we replace (13) and (16) in (10), we arrive at the following formula

~5 1 1 n—4
Tra, VQJ (gradf,0) = = (TryV?gradf,0) + — (Vg{ad Inogradf, 0)

2 2
-5 (A Ina+ (n —2)|gradln o ) (gradf,0)
52
- ngdf (gradln g) (grad1In ,0) .
Finally, using the fact that (see [17])
Tr,V?gradf = gradAf + Ricci (gradf),

we conclude that

~o5 1 1 1
Tra, VQJ (gradf,0) = el (gradAf,0) + = (Ricci (gradf) ,0)

2 2
-5 (Alna + (n —2) |gradln o ) (gradf,0)

—4
na2 (vé;[ad In agradf, O)

- ni—jdf (gradln B) (grad1In 3,0) .

(17)

To complete the proof, it remains to investigate the term
Trg, RM>*sN ((gradf,0),d¢)d¢, we have
(18)
Tre, RM*#N ((gradf,0),de) dp = RM*#N ((gradf,0), (e;,0)) (e:,0)

RN (gradf,0), 0, £)) 0. ).
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By (3), a simple calculation gives

RM*oN ((gradf,0), (e;,0)) = RM*#N ((gradf,0), (e;,0)) = (R (gradf,e;),0)
then

(19) RM*#N ((gradf,0), (e;,0)) (e5,0) = (Ricci (gradf) ,0).

For the term RM*sN ((gradf,0), (0, f;))(0, f;) and by (3), we have

RM* ((grad . 0), (0, /7)) = = (Vsaaggradn 5,0) A, (0, ;)
—df (gradIn ) (gradIn 3,0) Ag, (0, f;) .

For this expression, we have

((Vgraapgradin 3,0) Ag; (0, f;)) (0, f;)
=G3((0,;),(0,f5)) (Vgraasgradln 3,0)

= Gp((0, f5), (VgraargradIn 3,0)) (0, f;)
= nf? (Vgraasgradln 3, 0)

and

((gradIn 3,0) A, (0, £;)) (0, f3) = G5 ((0. f;) 0, f;)) (gradIn 3, 0)
- Gﬁ ((07 f]) ) (gradlnﬁ, 0)) (07 f])
= n62 (gradlnﬂ, 0) )

then

RM*oN ((gradf,0), (0, f;)) (0, f;) = —np?df (gradln 3) (gradIn 3,0)

20
( ) 7”62( gradfgra’dlnﬁa )

If we replace (19) and (20) in (18), we obtain

Tre, BN ((gradf,0) o) do
(21) = (Ricci (gradf),0) — ni—zdf (gradIn ) (gradln 3, 0)
2
- n% (ngadfgrad In 3, O) .
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Finally, the equations (17) and (21) give us the following formula:
~. 1 1 ~
TrGaVQE (gradf,0) + ETTGQRM”N ((gradf,0),d¢) do

2
== (gradAf,0) + el (Ricci (gradf),0)

2
(A Ina+ (n—2)|gradln a|2) (gradf,0)

a2
n—4 32

7 (vg{ad In agra’dfa 0) - n? (vé\/{adfgra’d In ﬁa 0)

— 2n§—idf (gradln 8) (gradIn 3,0).

Then ¢ is biharmonic if and only if

gradAf + 2Ricci (gradf) — 2 (A Ina+ (n—2) |grad1na|2) gradf
ﬂ2
+(n—4) (Vévfad lnagradf) N3 (ngadfgrad In ﬁ)
52
— 2n—df (gradIn ) gradIn 8 = 0.
a
The proof of Theorem 1 is complete. O

As consequences, we obtain

Corollary 1. The map ¢ : (M x4 N,Go) — (M x N,G) defined by ¢(z,y) =
(x,y) is biharmonic if and only if

grad (Alna) + ggrad (|grad1n a|2) + 2Ricci (gradlna) = 0.

PRrOOF OF COROLLARY 1: By Theorem 1, if we replace f = o?, we deduce that
the map ¢ : (M xo N,Go) — (M x N,G) defined by ¢(z,y) = (z,y) is bihar-

monic if and only if
gradAa® + 2Ricci (grada®) — 2 (A Ina+ (n —2)|gradln a|2) grada?
+(n—4) (Vg{ad mograda®) = 0.
A simple calculation gives

grada? = 2a’gradIn o,

vé\fad In agradoﬁ =2v¥ a’gradln o

gradIn o

= 2042Vg{ad megradIna + 2gradIn o (a2) gradln o

= o’grad <|grad1na|2) + 4a? |grad In a|” grad In ov.
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It is known that
Ao? =20°Alna + 402 [gradlna)?
then
gradAa? = grad (2a2A Ina + 4a? |grad In a|2)
= 2grad (o’ Alna) + 4grad (a2 lgrad 1na|2)
= 2a%grad (Alna) + 4a? (Alna) gradIn o
+ 4a*grad (|grad In a|2) +8a? |grad In a)” grad (In ) .

Finally, we conclude that the map ¢ : (M x, N,G,) — (M x N,G) defined by
¢(z,y) = (x,y) is biharmonic if and only if

grad (Alna) + ggrad (|grad In a|2) + 2Ricci (gradIna) = 0.

O

In the following we shall present some examples of biharmonic non-harmonic
maps.

Example 1. Let ¢ : R™\ {0} xo, N — R™ \ {0} x N™ (m # 2) be defined by
¢(z,y) = (x,y) when we suppose that In « is radial (Ina = f(r)). Then by Corol-
lary 1, we deduce that the map ¢ is biharmonic if and only if the function f
satisfies the following differential equation

1

m — m—1
fl”+ . f”* T2 fl+nflfll :0.

Let 8 = f’, this equation becomes

m

-1 m—1
B+ B ———B+npp =0.
r r
Looking for particular solutions of type 5 = a/r (a € R*), then ¢ is biharmonic
if and only if
4—2m

a = .

n
4—2m

We obtain a(r) = Cr~ = (C > 0) and in this case the map ¢ : R™\{0} x(, N —
R™\ {0} x N™ defined by ¢(x,y) = (z,y) is biharmonic non-harmonic.

Example 2. Consider M = S™ provided parametrization z = (coss,sin s.z)
s €[0,7], z € S™1. An orthonormal basis for S™ is given by e; = %, e; = (0, fi)
for i = 2,...,m, where f; are tangent to the sphere S™~!. We have >/, V., e; =
—(m —1)cot s%. We consider the map ¢ : S™ x4 N — S™ x N™ defined by
o(z,y) = (z,y) = ((cos s,sin s.z),y) when we suppose that the function f = Ina

491
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depends only on s. Then by Corollary 1, we deduce that the map ¢ is biharmonic
if and only if the function f satisfies the following differential equation

" +nf' "+ (m—1) ((cot s) f” — (1 — cot®s) f') = 0.
Let v(s) = f'(s), then the last equation becomes
" +nyy" + (m —1) ((cot s) 7" — (1 — cot®s) v) = 0.

For example, if m = 1, the function v(s) = is a solution of this equation,

and we obtain

_1
ns+C

a(s)= {/(ns+C)%

In this case, the map ¢ : S x, N* — S x N™ defined by ¢(z,y) = (z,y) =
((cos s,sin s),y) is biharmonic non-harmonic.

A similar result is given by the following corollary:

Corollary 2. The map ¢ : (M x N,G) — (M xg N,Gpg) defined by ¢(x,y) =
(x,y) is biharmonic if and only if

gradAInf + 2 (Aln () gradln 8 + (4 — 2n52) |gradln ﬁ|2 gradln 8
+ (2 — 262) grad (|gradlnﬂ|2) + 2Ricci (gradln 8) = 0.

Equivalently, ¢ is biharmonic if and only if the function f = (2 satisfies the
following equation

gradAf + 2Ricci (gradf) — %grad (|gradf|2) =0.

As a second result, we will study the biharmonicity of the map qz (M™%

N™ Gy) — (PP* x PP?,G) defined by ¢(z,y) = (¢(z),¢(y)). We have the
following theorem:

Theorem 2. Let ¢ : (M™ Xy N™ Go) — (P x PY?,G) be defined by oz, y) =
(6(x). ¥y)) where 6+ (M.g) —» (Pooky) and v+ (N.h) — (Pa,ks) are two

harmonic maps. Then the map ¢ is biharmonic if and only if

(22) Try (V¢)2 d¢ (gradln f)
+ TryRP (d¢ (gradln f) , de) de + nV epqya dé (gradln f) = 0.

PROOF OF THEOREM 2: Let us choose (€;)1<i<m to be an orthonormal frame
on M and (f;)1<j<n to be an orthonormal frame on N. An orthonormal frame on

M x ¢ N is given by {(e;,0), %(0, fi)}. Note that in this case we have dp(X,Y) =
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(dp(X),dyp(Y)) for any X € I'(TM) and Y € I'(T'N). By definition of the tension
field, we have

r (g?) =Trg,Vdd
= V0 0y (i,0) + 5 vz’o 1890, f;)

o710 (Vo) 0.47).

7o
— 9 (Ve (€0)) = 7

Using equation (1), a direct calculation gives 6(61.,0) (e;,0) = (Ve,€;,0) and

%(o,fj) 0, f;) = (0, ijfj) —n (f2 ) 7T) (gradln f,0),

then

() = (V2.d6 (:),0) = (A6 (Veye:) ,0)

+ e (0950 (1) -

= (7(¢),0) +

Frer (000 (T, 1)) + 1 (d6 (gradn £),0)

1
on (0,7 (¥)) +n(d¢ (gradln f),0).
Since ¢ and 1 are harmonic, we deduce that

T (QZ) = n(d¢p(gradln f),0).

By definition, the map 5 is biharmonic if and only if
(23)

Tra, (W)Q (dé (gradIn f),0) + Trg, R P2 ((dgb(grad In £),0), qu) dé = 0.

Let us start with the simplification of the term TrGf(V‘g)Q(dqﬁ(grad In f),0), we
have

Trg, (v$)2 (do (gradIn £),0) = V(,, V(.. o) (do (gradIn £) ,0)

= Vs, (@0 (gradin ) 0)

( U) 17

1 P é
+ fQ—O’]T <V(O7fj)v(07fj) (d(,b (grad In f) ,0) - V%%;;)N(vaj) (d(,b (grad In f) y 0)) .
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Term by term for this expression, we have

¢ % L)
Vo0V 0 (Ao (gradln £),0) = (VeZVe,., d¢ (gradln f), o) :

o..0) (d¥(gradIn £),0) = Y (9.,e00) (46 (gradln £) 0)

= (V9. . (gradin £),0),

% %
V(Oafj)v(oafj) (d¢ (gradIn f),0) =0
and

é o 2 L4
Vensen oz, (@6 (gradin ), 0) = = (17 o ) (Viwadin 7 (gradIn £),0)

Then we have
(24) Trg, (V‘;)2 (d¢ (gradln f),0) = (Trg (V¢)2 d¢ (gradn f)

+ Vi pd0 (gradin f) 0) .
For the term Trq, RP*P2((dp(grad In f),0), dg)dp, we have
Tre, RP*P: ((d¢(grad In f),0) ,d(?s) o
= R ((dg(gradIn £),0) 5 (¢5,0) ) do (e:, 0)

PP ((dd(aradin £),0),d6 (0, £,)) dB (0, 1)

iy

It is very simple to see that

RPP: ((dg (gradln £),0) ,do (e:,0)) dd (e5,0)
= (TryR™ (dg(grad In f), d¢)do, 0)

and

RPXP: ((dg(grad In £),0),d6 (0, £,) ) d6 (0. £3) = 0,
then
(25) Tra, R ((do (gradin ) ,0) ,d5) dj

= (TryR™ (d¢ (gradIn f),d¢) d¢,0) .
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Both equations (24) and (25) give us

Tre, (v<75)2 (49 (gradIn ), 0) + Tra, R™*" ((d¢ (gradIn ) ,0) ,d6 ) do
_ (Trg (V%)* do (gradln f) + nViaqyn rdé (gradIn f)

+ TryR™ (dg(grad In f), do) do, o).

We conclude that the map 5 is biharmonic if and only if ¢ satisfies the following
equation
Tr, (v<f>)2 d¢ (gradIn f) + TryR™ (d¢ (gradln f) , d¢) dé
+ 1V 1n 440 (gradln f) = 0,
The proof of Theorem 2 is complete. (Il
As an application of this theorem, we have the following example:

Example 3. Let ¢ : R* — R? be the projection defined by ¢(t, z2,z3,24) =
(t,x2,23) and we consider the map q~5 : R xy N® — R? x N" defined by
o((t, x2,x3,24),y) = ((¢t, 22,23),y) when we suppose that the function o« = In f
depends only on t. By Theorem 2, 25 is biharmonic if and only if & = In f satisfies
the following differential equation of the third order

" +na’a” =0.

Let B(t) = &/(t), then the last equation becomes
3" 4B = 0.

For example, the function § = # is a solution of this equation, we obtain

f(t) = t/(nt + C)? and in this case, the map ¢ is biharmonic non-harmonic.
An immediate consequence of Theorem 2 is given by the following corollary:

Corollary 3. Let ¢ : (M™xyN™ Go) — (M™ x PP, Q) be defined by g(x,y) =
(z,v(y)) where ¢ : N — P is a harmonic map. Then ¢ is biharmonic if and
only if

gradAln f + 2Ricei™ (gradln f) + ggrad <|grad1n f|2) —0.

In particular, if ¢» = Idy, we obtain

Corollary 4. Let ¢ : (M™x;N" G,) — (M™xN",G) be defined by ¢(x,y) =
(x,y). Then ¢ is biharmonic if and only if

gradAln f + 2Ricci™ (gradln f) + ggrad (|grad1n f|2) =0.
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Now, we consider a harmonic map ¢ : (N™, h) — (N”,iNL) and we study the
biharmonicity of the map ¢ : N — (M x; N, Gy) defined by ¢(y) = (zo, d(y))-

Theorem 3. Let ¢ : (N",h) — (PP, k) be a harmonic map, then the map
¢: N — (M xy P,Gy) defined by ¢(y) = (0, ¢(y)) is biharmonic if and only if

2
{ (e (9))” grad (|gradf?|") — 2 (Ae (¢)) gradf? =0,
46 (grad (e (4))) = 0.

PRrROOF OF THEOREM 3: Let us choose (fj)i<j<n to be an orthonormal frame
on N. The tension field of ¢ is given by

r (5) — TryVdo
= V5,45 (f;) - dé (V1 1)
= V% (0,d6 (£) — (0.d0 (V5 1))
= (0.9% o (£)) — 2% (@) (gradn £,0) 0 ¢ — (0.ds (V1))
= (0,7 () — 2/%¢(@) (gradIn £,0) 0 6.
Since ¢ is harmonic, it follows that

™(9) = —2£% () (gradln £,0) 0 &,

Then q; is biharmonic if and only if
(26)

Try (v5)2 e (¢) (gradln £,0) 0 & + e(¢)Trn RM*1 P ((grad In f,0) 0 &, déﬁ) do = 0.
For the first term T'r,(V?)2e(¢)(grad In f,0) o ¢ of (26), we have by definition
27) Try (v$)2 ¢ (¢) (gradIn f,0) 0 &

= V9 V% ¢(0) (gradIn £,0) 0 & - %@Z .¢(0) (gradln £,0) 0 6.
(Here henceforth we sum over repeated indices.) Caleulate the first term
V% V$ e(¢)(gradIn £,0) 0 ¢ of (27). Using (1), we obtain

V9 e () (gradln £,0) 0 &

= ¢(¢) V% (gradln £,0)0 &+ f; (¢ (¢)) (eradn £,0) 0 &
¢ (¢) lgradIn f|* (0,do (f;)) 0 &+ f; (¢ (¢)) (gradIn f,0) o &,
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which gives us
V9 V% e (¢) (eradln £,0) 0
= V%, (e(@)lgradn f1* (0,6 (£,))) 0 6+ V5, (f; (e (¢)) (gradIn £,0) 0 3)
= ¢ (9) lgradIn f[* ¥, (0,d6 (f;)) 0 & + [gradin f7 f; (¢ (6)) (0.do (;)) 0
+ 45 ((6) V5, (gradln £,0) 0 &+ f; (f; (e(¢))) (grad In £,0) o 6.
We deduce that
Y} V9 e (6) (gradin £,0) 0 6 = gradln £ e (6) (0, V5, do (£;)) o &

(28) _
+2[gradIn f|* (0, d¢ (grade(¢))) o ¢

+ [ (fj (e(¢))) (gradIn f,0) o ¢.
Always using the equation (1), a simple calculation gives us
v@}vj ¢ () (gradln £,0) 0 &
= e(0)Vey , (eradin /,0) 05+ (VY £;) (e(9)) (gradIn ,0) 0 &
= lgradln /% ¢ (6) (0,d6 (VY 1;)) 0 &
+ (VI 15) (e(9)) (gradin ,0) o 6.

(29)

—2f2(e(¢))” |gradIn f|* (gradIn f,0) o ¢
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By replacing (28) and (29) in (27) and using the fact that ¢ is harmonic, we obtain

Try, (Va)Q e (o) (gradln f,0) o 5
(30) = —2f2(e(9))? lgradIn f|* (gradIn f,0) 0 ¢
+2|gradln f|? (0, d¢ (grad (e (4)))) o ¢

+ Ae(¢) (gradIn f,0) o ¢.

To cgmplete the proof, it remains to investigate the term
Trp, RM*:P ((gradln f,0) o ¢, dp)dep, we have

Trp, RM*sP ((grad Inf,0)o0 5, da) da
= RM*sP ((gradIn £,0), (0,d¢ () (0,dé (f;)) o ¢.
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By (3), a simple calculation gives

R (gradin £,0) (0,06 (15)) = = (sraa (fsadn %) 0) s, (0.5 1)

— |gradIn f|? (gradIn f,0) Aa, (0,do(f)) -

To simplify this expression, we have

((gvad (lsrad1n £17) ,0) Ac, (0,46 (1)) (0,46 (1))
=2f%(¢) (grad (|gradln f|2) ,0)

and

((gradIn f,0) A, (0,dé (f))) (0,d¢ (f;)) = 2fe (¢) (gradln f,0) .
Then
Try RM* 1P ((gradln £.0)0 0, déﬁ) do
(31) = —f%e(¢) (grad (|grad1n f|2) ,0) o
—2f? |gradIn f|” e() (gradIn f,0) o é.

Finally, we conclude that

Try (v5)2 ¢ (¢) (gradln £,0) 0 ¢ + e (¢) Tr RM* 17 ((grad In f,0) 0 &, déﬁ) do
= —4f2(e(¢))? [grad In f|? (gradIn f,0) 0 ¢ + Ae (¢) (gradln £,0) o ¢

— 12(e(¢))* (grad (JeradIn /%) ,0) 0

+2|gradln f|* (0,d¢ (grad (e(9)))) o 6.

We deduce that 5 is biharmonic if and only if

72 (e(4))? (4 lgradn f|? gradIn f + grad <|grad1nf|2)) :
— (Ae (@) gradln f = 0,
d¢ (grad (e (¢))) = 0.
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It is easy to see that
grad (‘gradf2‘2) = grad (|2f2gradlnf|2)
— 4grad ( 4 lgradln f|2)
= 4f*grad <|gradln f|2) +16f* |gradIn f|* gradIn f
=4f4 (4 lgrad In f|2 gradIn f + grad (|gradln f|2)> ,

which gives us

4|gradIn f|? gradIn f + grad <|grad1nf|2) - %ﬂgrad (|gradf2|2) .

Then q; is biharmonic if and only if

{<e (6))* grad (|grads?|”) — 2 (Ae (9)) grad/? =0,
d¢ (grad (e (¢))) = 0.
The proof of Theorem 3 is complete. (|

By application of Theorem 3, if the function e(¢) is constant, we get the fol-
lowing result.

Corollary 5. Let ¢ : (N™,h) — (PP, k) be a harmonic map when we suppose
that the function e(¢) is constant. Then the map ¢ : N — (M x; P,Gy) defined
by ¢(y) = (o, ¢(y)) is biharmonic if and only if

grad (}gradf2}2) = 0.
In particular, if ¢ = Idy, we obtain (see [7]):

Corollary 6. The inclusion map iz, : N — (M xy N,Gy) defined by i,(y) =
(xo,y) is biharmonic if and only if

grad (‘gradf2‘2) = 0.
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