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Abstract. We consider the inverse scattering of time-harmonic plane waves to reconstruct
the shape of a sound-soft crack from a knowledge of the given incident field and the phaseless
data, and we check the invariance of far field data with respect to translation of the crack.
We present a numerical method that is based on a system of nonlinear and ill-posed integral
equations, and our scheme is easy and simple to implement. The numerical implementation
is described and numerical examples are presented to illustrate the feasibility of the proposed
method.
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1. INTRODUCTION

The inverse scattering problem (ISP) for cracks has numerous applications such as
non-destructive testing, oil exploration, seismology and others. The inverse problem
is to recover the crack from a knowledge of the incident field and the scattered
time-harmonic wave at large distance, i.e., the far-field pattern. Many numerical
algorithms have been suggested for the phased reconstruction problems. However, in
practical applications, it is expensive and difficult to acquire the phased data of the
scattered field, while obtaining the phaseless data is much easier. This motivates the
phaseless inverse scattering problems and attracts more attention from both mathe-
matics and physics. Nonetheless, the phaseless reconstruction is much more ill-posed
than phased reconstruction, so it is more difficult to solve the phaseless problem. In
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this paper, we address the inverse scattering problem to recover a sound-soft crack
from the knowledge of the incident field and the modulus of the far field pattern.

The inverse scattering problem for cracks was investigated by Kress [12] for the first
time; in particular, Kress considered the inverse scattering problem for a sound-soft
crack and used Newton iterations to reconstruct the crack. The case of the sound-
hard crack was extended by Ménch [17]. The reconstructions acquired by this method
are usually very accurate, whereas, for every iteration step, one needs to compute the
solution of the forward scattering problem. Kirsch and Ritter suggested the linear
sampling method [10] with the advantage that they are able to reconstruct obstacles
without a priori information. A hybrid method [14] was proposed by Kress and
Serranho, and it can be considered as a hybrid between a regularized Newton method
and a decomposition method. In [6], Ivanyshyn and Kress extended a Newton-
type method and their approach was based on some nonlinear and ill-posed integral
equations for the unknown curve.

Some previous work has been done on the phaseless problems for inverse scat-
tering, Kress and Rundell [13] investigated the two-dimensional sound-soft obstacle
reconstruction from the modulus of the far-field data corresponding to a single in-
cident plane wave. Ivanyshyn and Kress proposed the nonlinear integral equation
method to reconstruct the two-dimensional sound-soft obstacles with the phaseless
data in [4] and the three-dimensional sound-soft obstacles in [7]; this method involves
full linearization of the integral equations system. Lee [15] presented a simple hybrid
method to reconstruct the shape of the obstacle with the modulus of the far field
data. Karageorghis and Johansson and Lesnic [9] proposed the method of funda-
mental solutions for the identification of a sound-soft obstacle with phaseless data.
Ammari, Tin and Zou [1] investigated the phased and phaseless reconstructions in
the inverse scattering problem via condition numbers and proved the validity of the
method by numerical experiments. Bao and Zhang [2] considered the problem of
reconstructing the shape of multi-scale rough surfaces from phaseless measurements.
Liu and Zhang [16] gave the uniqueness result for a sound-soft ball with phaseless
far field data. However, to our best knowledge, there is little study of the inverse
scattering problem for the crack with phaseless data. The purpose of this paper is
to reconstruct the shape of the crack with only the modulus of the far field pattern
as data.

The paper is organized as follows. In Section 2, we present the inverse scattering
problem with phaseless data and analyse its uniqueness with checking the invariance
of far field data under translation of the crack. In Section 3, we propose our method
to solve the inverse scattering problem for the sound-soft crack with phaseless data,
and present the contrast between our method and the Newton method with full
linearization. In Section 4, we describe the numerical implementation of the iterative
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scheme in detail and present some numerical examples to illustrate the feasibility of
our method.

2. INVERSE SCATTERING PROBLEM WITH PHASELESS DATA
AND ITS UNIQUENESS

Let us describe the inverse scattering problem for cracks in its mathematical for-
mulation. Assume that I'. C R? is a crack of class C3, i.e.

I.={z(s): se[-1,1]},

where z: [—1,1] — R? is injective and C? smooth, |2'(s)| # 0 for all s. Given an
incident plane wave u’(z) = e**'4, z € R? with wave number k > 0 and the direction
of propagation d, the direct scattering problem for a sound-soft crack is to find the
total field u = u® + u® as a solution to the Helmholtz equation

(2.1) Au+k*u=0 inR?\T,
with the Dirichlet boundary condition
(2.2) u=0 onl,,

such that the unknown scattered wave u® satisfies the Sommerfeld radiation condition

: ou®
(2.3) lim \/7_“( —iku ) =0, r=|z|,
r—00 or
uniformly with respect to all directions. The radiation condition (2.3) ensures an
asymptotic behaviour of the form

elk|x|

(x) = ﬁ{uo@(i) —l—O(%)}, |z] = o0

uniformly in all directions & = x/|z|, and the far-field pattern u., of the scattered
wave u® is defined on the unit circle 2 C R2.

(ISP). The corresponding inverse scattering problem we are concerned with is
to determine the shape of the sound-soft crack I'c with the given |uo| which is the
modulus of the far field pattern for one incident plane wave u’.

For the scattering problem, by the Huygens principle ([3], Theorem 3.14), we have

(2.4) u(x) = u'(z) - / B, y)o(y) ds(y), =€ R\ T,

c
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in terms of the fundamental solution to the Helmholtz equation
e
(b(xay): ZHO (k|$—y|), J??éy,
where Hél) denotes the Hankel function of the first kind and order zero. To take

care of the singularities at the end points of the crack, from [12] we know that the
density ¢ is assumed to be

p(x
o(z) = #(x) , x el \{z,z-1},
Ve —zlz — 2]
where ¢(x) € C(T¢), 21 := 2(1) and z_; := z(—1) are the end points of I'.. The far
field pattern of the scattered field * is in the form of

(2.5) Uoo (&) = 'y/ e R Yoy ds(y), €9,

where v = €™/4/\/8krn. We introduce the single-layer operator S.: LP(T.) — C(T.),
1<p<oo,

(Su0)(x) = / (. y)p(y) ds(y), =€ Te.

The operator S. is linear and bounded. The far field operator S o : LP(I'c) — L?(12)
is defined by
(Sep)@) =7 [ M Vpl)dsty), 7

From (2.4) and (2.5), we can observe that the unknown curve I'; and density ¢ satisfy
the equations

(2.6) Sep = u'lr,,
(27) |Sc,0050|2 = |u00|2

The equation (2.6) ensures that the boundary condition is u = 0 on I'c, and equa-
tion (2.7) implies that the scattered field u® given by (2.4) has the correct modulus
of the far field pattern.

The uniqueness of the inverse scattering problem for the sound-soft crack with
one incident plane wave was investigated in [11], it was proposed that the far field
pattern for one incident plane wave uniquely determines I'; if the unknown crack I
is contained in the disk of radius R such that kR < )\g, where A\g denotes the
smallest zero of the Bessel function Jy. For the problem of inverse obstacle scattering
with phaseless data, Kress and Rundell gave the translation invariance in [13]; it
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implies that the solution to the inverse scattering problem is not unique, therefore,
we cannot recover the location of the obstacle from the modulus of the far field
pattern. Analogously to [13], we present the following result.

Theorem 1. Assume that u..(%) is the far field pattern of scattering from
a sound-soft crack T'.. Then, for the cracks I'S := {x +eh: z € .} with h € R?, the
far field pattern uS, have the form

(2.8) us (z) = e*eh =2y (&), 2 eQ,

oo

that is, the inverse scattering problem for the sound-soft crack with the modulus of
the far field pattern has the translation invariance.

Proof. By using equations (2.6) and (2.7), we obtain

(29) [ @@ p)et)ds) = w'(@), wer
re

If ¢(y) is the solution of (2.6), then we obtain that ¢.(x) = e*"dp(x —eh), z € TE,

is the solution of (2.9). In fact, we substitute it to the left-hand side of equation (2.9),

/ B(z, y)p- (y) ds(y) = / B(z, y)e oy — ch) ds(y)
rs

1

- / B(z, §)eH M () ds(g) = M (F) = (),

c

where £ = x — eh and § = y — €h. Then the far field on I'¢ is

u (&) =~ /F e MY (y)ds(y) = /F e Wy d oy — ch) ds(y)

£
c

— 'Y/ efikiyeikeh-d(p(g) ds(g) — eikeh-(dfal’)uoo(i‘)7

c

so (2.8) is proved. Obviously, we obtain |uS_(Z)| = |uec(Z)|, so the modulus of the
far field pattern |uco| is invariant under translation. The proof is completed. (Il

Due to the translation invariance, we cannot recover the location of the sound-soft
crack for one incident plane wave with the modulus of the far field pattern as the
data.

3. ITERATIVE SCHEME

Let us consider the method of solving inverse scattering problem numerically. We
suggest an iterative method to solve the system of nonlinear integral equations (2.6),
(2.7) and make an approximation to I'c.
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To deal with the singularities of the density , we use the cosine transformation
as suggested by Yan and Sloan [18]. We substitute s = cost, t € [0, 7], into the
parametric representation of I, with x(t) := z(cost), y(7) := z(cosT), where 0 < ¢,
7 < 1, and transform the integral operator S, into the parameterized operator C,
given by

(3.1) C(z,¥)(t) = i/on Hé(k|z(cost) — z(cosT)|)(r)dr, te€][0,7],

where
p(t) == |sint| |2’ (cost)|¢(z(cost)), te€ [0,

Analogously, we introduce the parameterized the far field operator Cw:

(3.2) Coo(2,0)(t) = / i e Wz (2(My(r)dr,  t e (0,27,
0

where
200 (t) = (cost,sint), t e [0,2q].

In addition, we parameterize the incident field u’ and the far field pattern uoo by
the form of w. = u’ 0z and |We,00| = |Uoo| © 200. Using this notation, the parametric
form of equations (2.6)—(2.7) is given by

(33) C(va) = wc(z)a
Coo(zaw)coo(sz) = |°‘)C,00|2'

The Fréchet derivative of C(z,1) with respect to z has the representation
(3.5) Cllzdlg= —ik'v/ e kel 2()2 (t)g(r)yp(r) dT Vg € C2[0,7] x C2[0, 7.
0

Therefore, the derivative of Ci,Cs with respect to z is given by
(Coo(2,9)Coc (2,9)) ¢ = 2R(Coc (2,9)Cho[2,¥la) Vg € C?[0,7] x C?[0, 7).
The linearization of (3.4) leads to

(3.6) Blz,¢lg = f>*,

where B[va]q = 2§R(Coo(za 1/1)0&[271/)]@) and fz,z/; = |wc,oo|2 - |Coo(za 1/1)|2

The suggested iterative procedure is the following;:

(1) Make an initial guess for the curve I'c and find the density ¢ from (3.3).
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(2) The equation (3.6) needs to be solved for ¢ to obtain the update z + ¢ for the
curve approximation.

(3) The procedure continues by repeating the previous two steps until a suitable
stopping criterion is satisfied.

The stopping criterion for the iterative procedure is in the form of

lwe,ool? = |Coo (2, %) Pl 12
3.7 By = :
(3.7) e

<e

for some sufficiently small tolerance € > 0 which depends on the noise level of data.
Let us denote

9(Coo (2, ¥)Coo (2, ¢))
oY ’

and ¢ = 2zg4+1 — 2k, P = Yr4+1 — Y. The operator C(z, ) is linear on 1, so we denote

A[va] =

it as C(z)4. In the Newton method, we have to solve the following equations in each
iterative step:

o il B LR e

However, the iteration scheme of our method we suggested in this paper is to solve

(3.8)

equations

wo [P [ [ e ]

as in reference [8]. Our iterative procedure is little different from the Newton method
to solve equations (3.3) and (3.4). To solve (3.9), we need only to solve two indepen-
dent equations. It is easy to see that our scheme can be easily realized and reduces
the computational cost.

4. NUMERICAL IMPLEMENTATION AND NUMERICAL EXAMPLES

4.1. Numerical implementation. In this section, we describe how to numeri-
cally solve the equation (3.3) and (3.6) in our algorithm.
For equation (3.3), with fixed z, we solve an integral equation of the form

(4.1) i/ HSY (k|2(cost) — z(cosT)|)ib(r) dT = we(t), € (0,7,
0
for the unknown function (7) by using Nystrom method in [12], where

(4.2) P(t) :=|sint||z'(cost)|p(z(cost)).
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For the following analysis, it is more convenient to transform the integral equation to
an equation over the interval [0, 2n] than [0, t]. The solution ¢ € C|0, 1] in the form
of (4.2) for the integral equation (4.1) is equivalent to an even 2n-periodic solution
of the integral equation

1 2n

(4.3) =)

where the kernel is
K(t,7):= ;Hél)(kp(cost) — z(cosT)]), t#T,
1

and
f(t) == —2u’(z(cost)).
Noting that we can split the kernel K into the form

t— 4 t—
K(t, ) = {1 + sin? TKl(t,T)}ln<—sin2 T) + Ko (t,7),
e
by the quadrature rules, we obtain the linear system
2n—1 1
(44) Y e R, + P @K () + oK 6 ) = £,
§=0
k=0,....,n
where
1 = mj
R§-n) = %{60-1-2 Z cmcos—+( 1y n};
m=1
1 ke mj
Pj(") = %{%4—2 nymcos——l—( 1)/ n}
m=1
and
1
Cm = ———F 7 1 Tm= (26m — Cm+1 — Cm—l)-

4

It is easy to see that the linear system (4.4) has 2n unknown nodal values of 1,,,

max(L, [m])

but it only has n+1 equations. To solve (4.4), we make use of the symmetry property
wn(t ) wn(tgz ) for k=10,...,n, so we only need to solve a system with n + 1
unknowns and n + 1 equations.

Now, we discuss the discretization of the linearized equation (3.6). As a finite
dimensional subspace for the reconstruction z and its update ¢, we choose the space
spanned by the Chebyshev polynomials of the form

M
(45) QC(S) = Z ame(S)v s € [_L 1]
m=0

156



with the coefficients a,, € R?. Applying the cosine transformation, we take ¢(t) =
gc(cost), also T,,(cost) = cosmt, then we obtain the representation by the even
trigonometrical polynomials

(4.6) q(t) = Z am cosmt, te€ 0,7

Setting
M#¥ (2, 7) = 7o~ k5= 20y 7)
and
N#¥(t,7) = —ikye 2= =Cy(7),
we solve the linear system of the form

M

(4.7) S an(Blz vl cosmr)(ts) = £V (t), s=1,...,N,

m=0

to determine the real coeflicients a,, := (@, Bm ), where

(4.8) (Bkywx@ﬁﬂﬂ‘—2%{/mﬂl%w@ﬂﬁdT/mAV”KLTV«AﬂxﬁﬂdT}

0 0

By using (4.7) and (4.8), we obtain the linear system

T T M M
(4.9) 23?{/ M=%(t, 1) dT/ N=Y(t, 1) cosmt dT(Z oy, cOSt + Z Bm sint)}
0 0

m=0 m=0
= fz,w(ts).
We rewrite the linear system (4.9) to the form
M M
(4.10) > amL*Y(ts) costy + > B LV (ts)sint, = f2Y(t),
m=0 m=0
where

(411)  (L*Yx(n)(t) = 23%{ /0 "M, ) dr /0 " N1, 7) cos mrx () dT}.

To solve (4.10), regularization is necessary and we minimize the penalized defect

N M M 2
(412) DI amL*V(ts)costy + Y B LPY(t)sint, — f7V(t)
s=1'm=0 m=0 y
+ A(Qn(a% + 53) 4+ Z (1+ m2)(a,2n + 53,))

m=1
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with a positive regularization parameter A and an H! penalty term. We trans-
form (4.11) from [0, 1] to the interval [0,2n], and, due to the trapezoidal rule, we
obtain the approximation of LZ¥(t,) cost,

2 2n—12n—1

) Z Z R{M=¥(ts, 7)) N*¥(ts,7;) cosmr; costs}

j=0 1=0

1

L5,(t) = 5(=

n
and the approximation of LZ¥(t,)sint

2n—12n—1

1 2 -
L (ts) = 5(%) Z Z R{M=(ts, ) N*¥(ts,7;) cosmr;sint,}.
j=0 1=0

Then, the minimizer in (4.12) is observed as the unique solution of the equation

(4.13) M+ L*LE=L*f

with I = diag{2r, (1 + 1®)x, ..., (1 + M?*)x, 2, (1 4+ 1%)n, ..., (1 + M?)z},
f = (fz7w(t1)7"'af27w(tN))T7 § = (Oé(),...,Oé]\[,ﬁQ,...,ﬁM)T, L = (L(C)aaL?W7
Ls, ..., L))

As for the update &, we obtain it from a scaled Newton step with Tikhonov
regularization and H' penalty term,

=0\ +L*L)"'L*f
with the scaling factor ¢ > 0.

4.2. Numerical examples. Based on the above, we present some numerical
examples to illustrate the feasibility of the iterative reconstruction method for the
sound-soft cracks case. In order to avoid committing an inverse crime, we choose
different numbers of quadrature points for the forward and the inverse problem and
added noises to the data. The following examples are all obtained with n = 100
quadrature points for the forward problem and n = 50 for the inverse problem. The
%I

noisy data |u is constructed in the form

oo ||| 2

(4.14) [ul_|? = |uso|?® + o1
Il 2

)

where ¢ is the relative noise level and 7 is normally distributed random variable. As
presented in [5], the regularization parameter A in equation (4.13) can be chosen as

Ak = |||wc,oo|2 - |Coo(zk—1awk—l)|2||i27 M > 07 k= 1) 27 R

From Theorem 1, we have the translation invariance of the sound-soft crack with
phaseless data, so that the location of the cracks cannot be determined only with
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the modulus of the far field data. Based on this property, in the following numerical
examples, we determine the coeflicient ag in Chebyshev polynomials (4.6) in the
iteration procedure to fix the location of the reconstructed curve. If we set different
values of ag, this leads to a shifted curve (see Figure 1). When we set a( to be equal
to the correct value of the real curve, the reconstructed curve can be at the location
of the actual curve (see Figures 2-7), it helps us to compare the reconstructed curve
with the real curve in the numerical experiments.

In the numerical examples, we choose always g = 1 and use the stopping crite-
ria (3.7). In all the figures, we denote the initial guess by dash dot line, the actual
arc by solid line, the reconstructions arc by the dashed line. The arrow in the figures
shows the direction of the incoming wave.

Example 1. In the first example, we consider the reconstruction of the crack
with the representation

(4.15) 2(s) = (s,8%), se€[-1,1].

We set the wave number k = 2, p = 0.8, and M = 15. In Figure 1, we use a half
ellipse to be the initial curve and 1% noisy data; this figure shows the translation
invariance of the phaseless far field data. In the following figures of the crack (4.15),
we always use the 1% and 10% noisy data. For Figure 2, we use a half ellipse to be
the initial guess and choose different incoming directions to reconstruct the cracks
respectively. In Figure 3, we change the initial guess to be a line and also we choose
the initial guess far from the actual curve. We observe that the different incoming
directions can influence the effect of the reconstruction.

§=0.01; ¢ = 0.02 §=0.01; ¢ = 0.02

15 1.5
1 1+
0.5 0.5
0 \ i 0
i\ ‘7
LYY ’;
AV 7
—-0.5 AN P —-0.5
ol s
S =7
-1 ~--- -1
) W w—rr 0 0.5 1 1.5 Rl o a— p—r 0 0.5 1 1.5

(a) (b)

Figure 1. Reconstructions (dashed line) of crack (4.15) with d = (0,1), § = 1% and initial
guess (dash dot line): zo(s) = (s, —0.8V1 —s2), s € [-1,1].
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60 =0.01; e = 0.02 §=0.1;e=0.1

15

15

JRS U s w— - — 05 1 15 B U s 05 1 15
(e) d=(cosg,sin%), 0 =1% (f) d=(cos Z,sin%), 6 = 10%

Figure 2. Reconstructions (dashed line) of crack (4.15) with the initial guess (dash dot
line): 20(s) = (s,—0.8v1 — s2), s € [-1,1], different incoming directions d and
different noisy level 4.
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§=0.01; ¢ = 0.02 5=0.1;e=0.09

15 15
1t 1t
0.5 0.5
of ot i
—0.5}¢ —0.5
—1}F 4 —1F
s A I R B
215 -1 =05 0 05 1 15 275 -1 =05 0 05 1 15
(a) z0(s) = (5,0), 6 = 1% (b) 20(s) = (5,0), § = 10%
§=0.01; £ = 0.035 §=01;e=0.1
15 : i . 15 : i :
1t 1t
0.5 0.5
ot ot
—0.5} ~05
T O _ 1 _
-1.5 T ~15 T
275 -1 =05 0 05 1 15 275 -1 =05 0 05 1 15
(c) z0(s) = (s,—1), 6 = 1% (d) zo(s) = (s,—1), 6 = 10%

Figure 3. Reconstructions (dashed line) of crack (4.15) with d = (0,1), different noisy
level ¢, and different initial guesses (dash dot line) zo(s), s € [—1,1].

Example 2. For the second example, we choose a crack of the form

(4.16) z(s) = (3,0.5008%8 + O.QSin%s —0.1cos %), s € [-1,1].

We set o = 1.1, the wave number k& = 4, the incoming direction d = (1,0) and
M = 15. In the following figures of the crack (4.16), we always use the 1% and
10% noisy data to reconstruct the cracks. It can be seen from Figure 4 that we
can reconstruct the crack even with the initial guess far from the exact curve. For
Figure 5, we choose the initial guess of a different shape to reconstruct the curve.

Example 3. In the last example, we present the sound-soft crack with the

parametric representation

T 771}

(4.17) 2(s) = (2 sin%,sins)7 s b, i
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§=0.0L;¢=0.03

=15

0.5F

—0.5}

71'§

—_—
T =05 0 05 1 15
(a) 20(s) = (5,0), 5 = 1%
§=0.01; ¢ = 0.03
—_—
5 -1 =05 0 05 1 15

(©) 20(s) = (s,
Figure 4. Reconstructions (dashed line) of crack (4.16) with d = (1,
level §, and different initial guesses (dash dot line) zo(s), s

1), 6 =1%

0 =10.01; ¢ =0.02

........
e ~

15

T =05 0 05 1

(a) 6 =1%

15

1.5

§=0.1;e=0.1

°T5 -1 =05 0 05 1 15
(b) 20(s) = (5,0), 6 = 10%
§=0.1;e=0.1
°T5 -1 =05 0 05 1 15
(d) zo(s) = (s,—1), 6 = 10%

0.5F

—0.5F

—-1.5

) different noisy
e[ , 1.
6=01;e=0.1
-
215 -1 05 0 05 1 15
(b) 6 = 10%

Figure 5. Reconstructions (dashed line) of crack (4.16) with the initial guess (dash dot line):
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We set the wave number k = 3, M = 15, d = (—1,0). In the following figures of
the crack (4.17), we always use the 1% and 10% noisy data to reconstruct the cracks.
In Figure 6, ¢ = 0.8, we choose different locations of the initial guess to reconstruct
the curve with noisy data respectively. In Figure 7, o = 1.5, we change the shape of
the initial guess line to reconstruct the crack.

§=0.01; ¢ =0.02 §=0.1;¢=0.09

3 3
2 2
1t i
of of
—1t 1t
—af -2
23 [ R 0 I 2 3 33 ;R 0 i 2 3
(a) 6 = 1%, (b) 6 = 10%,
zo(s) = (2sin (3Ins + $7) — 1,sin (12ms + 7))
6=0.01; £ =0.02 5=01;2=0.09
3 ; , ; 3 . j :
2t ] af
1 J— 1t J— =
/-/ - \.\ g //_, \\ \
0 : — of’ : —
N i . i
N 7 N / /
1 S - 1 S - >
—af -2
EE— — 0 1 2 3 Ik — 0 1 2 3
(c) 6 =1%, (d) § = 10%,

z0(s) = (2sin (3Lns + 1n) — 3,sin (3Lns + 7))
Figure 6. Reconstructions (dashed line) of crack (4.17) with d = (—1,0), different noisy
level ¢, and different initial guesses (dash dot line) zo(s), s € [—1,1].
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Figure 7. Reconstructions (dashed line) of crack (4.17) with the initial guess (dash dot line):

zo(s) = (1,s), s € [-1,1], d = (—1,0), and different noisy level §.

5. CONCLUSIONS

We have proposed an iterative method to solve the inverse scattering problem for

the

sound-soft crack with phaseless data and check the invariance of far field data

under translation of the crack. Then, we point out the difference between our method

and the Newton method. Our method is easier to implement than the Newton

method and reduces the computational cost. Also the numerical implementation of

our
the

1]

2]
8]
[4]
[5]
[6]
(7]

8]
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iterative scheme is described, and numerical examples are presented to illustrate
feasibility of the iterative method.
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