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Abstract. We consider a certain class of unbounded nonhyperbolic Reinhardt domains
which is called the twisted Fock-Bargmann-Hartogs domains. By showing Cartan’s linearity
theorem for our unbounded nonhyperbolic domains, we give a complete description of the
automorphism groups of twisted Fock-Bargmann-Hartogs domains.
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1. INTRODUCTION

Let © be a domain in C" and let ® be a positive continuous function on 2. Let
us first observe that the Hartogs domain Q,, = {(z,¢) € @ x C™: ||¢]|2 < ®(2)} can
be rewritten as

Q= {(2,0) €QAxC™: ¢ € B(2)/*B"}.

Based on this observation, Roos introduced the following domain in [19]:
Op = {(2,¢) € 2 x C™: (€ @(2)"/*F},

where F' is an arbitrary circular domain in C™.

In recent years, the Hartogs domain ﬁm received lots of attention especially when
the base domain 2 is an irreducible bounded symmetric domain .# or C". More
precisely, the following two domains are investigated from many different aspects:

Qcn = {(2,0) € ZF x C™: ||¢||> < N(z, 2)"},
Qrpn == {(2,0) € C" x C™: ||¢||2 < e #I=I"Y,
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where N is the generic norm of .# and p > 0. These domains are called the
Cartan-Hartogs domain (2cy) and the Fock-Bargmann-Hartogs domain (Qppp),
respectively. A remarkable fact on these domains is that explicit descriptions of the
automorphism group and explicit forms of the Bergman kernels are known. These
two objects are important research objects in several complex variables and usually
hard to compute explicitly. The Bergman kernel of Q¢cy is firstly computed by Yin
n [29]. Another expression of the kernel in terms of the polylogarithm function is
given by the second author in [24]. In a paper by Ahn, Byun and Park [1], the au-
tomorphism group of ¢y is determined completely. The Bergman kernel of Qppy
is firstly computed by Springer, see [20], for m = n = 1. This is generalized by the
second author in [25] for general m and n. By using an explicit form of Bergman
kernel, the automorphism group of Qppy is determined in [9] by the authors of the
present paper and Ninh. For other works related to these domains, see [2], [10], [11],
[14], [22], [30] and references therein.

As a natural question, one may ask which kinds of properties of the Hartogs
domains remain true for Roos’ domain r or more general domains. For the Hartogs
domain ﬁm, a series representation formula of the Bergman kernel, which is the so-
called Forelli-Rudin construction, is known (see [13]). This formula is generalized for
Roos’ domain Q2 when F is an irreducible bounded symmetric space or the complex
ellipsoid

D, ={2€C™: |z1|*" + ...+ |z < 1},

where p1,...,pm € Z4 (see [4] and [27]). Another direction for a generalization of
the Hartogs domain has been also considered by several authors. Namely, we can
construct an analogue of the Hartogs domain by using the complex ellipsoid D, as
follows:

Uy = (2,0 €QXT™: G+ 4+ [Gnl™ <@(2)}, p1y-- b € Lo

The Forelli-Rudin construction is generalized for ﬁm,p in [27]. If Q is an irreducible
bounded symmetric domain .% and ® is the generic norm of .%, then this domain is
called the Hua domain. For works related to the Hua domain, see [17], [23]. In [28],
the Bergman kernel and the automorphism group of (AZm,p are studied when Q2 = C"
and ®(z) = e—nl=l?,

Let us consider the domain

Qro ={(2,0) € QxCF x ... x CFn: (U(2)7Y2¢, ..., U (2) %) € F},

where ¥y,...,¥,, are positive continuous functions on Q and ¢ = (¢1,...,(m) €
Chr x ... x CFm ) (kyy.. k) € 7. If Wy = ... = V¥, then this domain coincides
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with Roos’ domain ﬁp This domain (AZF,\I, is called the Hua construction when
F = {(&,...,&n) € CFox ... x Chms |l ||2Pr 4 .o 4 |[Em||?Pm < 1}, Q = F
and U, = N#/(?P) for 1 < i < m (cf. [31]). Although a complete description
of the automorphism group of the Hua domain is already known (cf. [17], [23]),
its generalization to the Hua construction, is still open. The main result of this
paper gives a complete description of the automorphism group of the twisted Fock-
Bargmann-Hartogs domain

2p1 2pm
(ST N

e—mllzl* 77T e—pmllZl?

DrP {(z,Cl,...,Cm) €CPxCh x ... x Chm.

nm,k

which is regarded as an unbounded counterpart of the Hua construction. Moreover,
we also give a complete description of the automorphism group of the domain

2 ={(2,0) € C*: "' |12 +|G? < 1}

Recently, this domain was considered by Huo and its Bergman kernel was computed
explicitly (see [5]). In contrast to the Fock-Bargmann-Hartogs domains, our argu-
ment here does not require an explicit form of the Bergman kernel.

The organization of the paper is described as follows: In Section 2, we recall basic
properties of the Bergman kernel and the representative domain. In Section 3, we
study Cartan’s linearity theorem in a Bergman kernel theoretic way. The result in
this section plays a substantial role in Section 4. We provide a description of the
automorphism group of the degenerate case ﬁi{m (see Section 4.1.1 for the definition)
in Theorem 4.9; Aut(2) is obtained as a corollary. Then we further give a description
of the automorphism group of Dzm & in Section 4.

2. BERGMAN KERNEL AND REPRESENTATIVE DOMAIN

Since the Bergman kernels play a substantial role in our argument, let us first
prepare some basic facts on this kernel function. Throughout this paper, we assume
that D is a complex domain in C" containing the origin.

2.1. Bergman kernel. Let A?(D) be the space of square integrable holomorphic
functions on D,

A2<D>={feO<D>: / |f<z>|2dv<z><oo},

where dV (z) is the standard Lebesgue measure on C". The space A?(D) is called
the Bergman space of D. We equip A?(D) with the inner product

(f.9) = /D F(@T@ V().
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The reproducing kernel of A?(D) is called the Bergman kernel and we denote it
by Kp. Let {ex}ren be a complete orthonormal basis of A%(D). Then the Bergman
kernel is given by

(1) Kp(z,w) = Zek(z)ek(w).

keN

Let ¢: D — D’ be a biholomorphism. A fundamental fact on the Bergman kernel
is the transformation formula

Kp(z,w) = det Jac(p, w)Kp/ (¢(z), p(w)) det Jac(yp, z),

where Jac(ip, 2) is the Jacobian matrix of ¢ = *(p1,...,¢,) at z:
dp1 dp1
971 (z) ... B (2)
Jac(yp, 2) = : . :
Opn, Opn,
971 (z) ... D (2)

Except some special cases, it is hard to compute the Bergman kernel for a given
domain. Some examples of domains with explicit Bergman kernels can be found
in [8], Chapter 12, and references therein.

2.2. Representative domain. Define an n x n matrix Tp(z,w) by

0?2 1ogKD(z,w))
8@(1825 (y,B:l,...,n,

Tp(z,w) = (

for Kp(z,w) # 0. We denote

0?log Kp(z,w)

Kan(zw0) = 5 o2

Remark 2.1. For many purposes such as the study of the Bergman metric, it
is sufficient to consider Kzg(z, w) only on the diagonal points (i.e. z = w). On the
other hand, there is also a property which requires consideration of Kzg(z,w) with
off-diagonal points.

In this paper, we use Kzp(z, w) to prove Cartan’s linearity theorem in a Bergman
kernel theoretic way. Instead of posing the circularity for a domain, we pose the
following condition on T for our revised Cartan’s theorem:

Tp(z,0) =Tp(0,0) for any z € D.
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Obviously, we need T at the off-diagonal points to describe this condition. In our
argument, we always consider a domain D such that Kp(0,0) > 0 and Kp(z,0) =
Kp(0,0). These conditions give us the well-definedness of Tr(z,0) for any z € D.
We note that Kp is not necessarily zero-free in general. For details of the zero set
of the Bergman kernel, see [8], Chapter 12, and references therein.

Let ¢ be a biholomorphism ¢: D — D’. It is well-known that Tp and T satisfy
the following transformation formula (cf. [6], equation (2.2), and [21], Lemma 1.1):

(2) Tp(z,w) = *Jac(p, w) T (¢(2), p(w)) Jac(p, 2).

Recall that a domain D C C"™ is called circular with its center at the origin (or
simply, circular) if €2 € D for any § € R and z € D. A circular domain D is
called complete if A\z € D whenever z € D and A € D. Using the transformation
formula (2), we obtain the following lemma (for details of the proof, see [6]).

Lemma 2.2. Let D be a bounded complete circular domain. Then we have
Tp(z,0) = Tp(0,0) for any z € D.

Before proceeding further, let us give a definition (see also [15]).

Definition 2.3. A bounded domain D in C" is called a representative domain
if there exists a point zg € D such that Th(z, z0) is a constant matrix for all z € D.
The point zq is called the center of D.

The above lemma tells us that every bounded complete circular domain is a rep-
resentative domain with its center at the origin. We note that the notion of repre-
sentative domain can be considered for any domains (possibly unbounded) whenever
Tp(z, zp) is well-defined.

3. CARTAN’S THEOREM
Let us first recall a classical theorem due to Cartan:

Theorem 3.1. Let D be a bounded complete circular domain and f an automor-
phism fixing the origin. Then f is linear.

In our previous paper [9], by an observation from [6], we showed that this theorem
remains true even for unbounded circular cases under certain conditions on Kp
and Tp. In [9], the notion of the Bergman mapping played the key role in the
proof. After publishing the paper [9], we noticed that there is an alternative proof
by avoiding to use the Bergman mapping. The reader will see that Cartan’s linearity
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theorem is quickly derived from the transformation formula (2) of Tp. The proof of
the next proposition is essentially due to Lu, see [15]. However, we give a proof for
the convenience of the reader.

Proposition 3.2. Let D be a domain (not necessarily bounded) in C™ such that
Kp #0. We suppose two conditions:
(i) Kp(%,0)#0 for all z € D,
(ii) Tp(z,0) = Tp(0,0) and Tp(0,0) is positive definite.
If f is an automorphism of D such that f(0) =0 then f is linear.

Proof. Let us first observe that Tp(z,w) is well-defined if K (z,w) # 0. By (i),
we see that Tp(z,0) is well-defined for any z € D. Let f be as above. Applying (2)
and (ii), we obtain

Tp(0,0) =t Jac(f,0) Tp(0,0) Jac(f, z),

which implies that Jac(f, z) is constant. Thus f(z) = Az +c with A € GL(n,C) and
¢ € C", whereas ¢ = 0 since f(0) = 0. O

Note that if D is a representative domain with its center at the origin, then we
always have Tp(z,0) = Tp(0,0). Moreover, if it is circular, then we have Kp(z,0) =
Kp(0,0). Let us recall that a domain D C C" is called Reinhardt if D is invariant
under (21,...,2,) > (e%21,...,e%2,) for 6;,...,0, € R. For Reinhardt domains,

the following theorem is known.

Theorem 3.3. Let D C C" be a Reinhardt domain (possibly unbounded nonhy-
perbolic). Suppose that Vol(D) < oo and z; € A%(D) for any 1 < i < n. Then all
automorphisms f with f(0) = 0 are linear.

This theorem follows from Proposition 3.2 after checking that Kp(0,0) > 0 and
that Tp(0,0) is positive definite as in [28].

Remark 3.4. As we mentioned in Lemma 2.2, all bounded complete circular do-
mains are representative domains with their center at the origin. In [26], it is proved
that there is a certain class of quasi-circular domains in C2? which is representative
with their center at the origin. For instance, due to the main result in [26], one can
see that Cartan’s linearity theorem remains true for the following domain {2, even
though it is not circular:

Q= {(z1,2) € B%: |23 +22 <1}

For Cartan’s linearity theorem and related results, see also [16], [18] and references
therein.
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4. TwiISTED FOCK-BARGMANN-HARTOGS DOMAINS

4.1. Twisted Fock-Bargmann-Hartogs domains: special cases. Before con-
sidering the general cases, let us first study special ones. We believe that this section
will help the readers to grasp the key ideas of our paper. In this section, we investigate
the automorphism groups of the following cases of twisted Fock-Bargmann-Hartogs
domains:

2 2
o — n m ., |C1| |Cm| }
Diy = {0 ecmxem: ommleP o e <1y
where p1 = (p1, ..., i) € R} with p; # pj for i # 5. f m =2, n =1 and pg — 0,
then this domain degenerates to the domain

[S1§

e*l‘«‘z‘

9:{(z,oe@x¢:2: 2+|§2|2<1}.

We note that an explicit form of the Bergman kernel of 2 is obtained by Huo in [5].
If 1 = po = ... = i, then D¥ is a Hartogs type domain, which is the so-called

n,m
Fock-Bargmann-Hartogs domain:

Dy = {(2,¢) € T ¢]]* < o717},
As is proved in [9], the automorphism group of D,, ,,, is generated by the mappings

eu,: (2,¢) = (Uh2,0),
PU, * (Z,C) g (Z,UQC),
ot (2,C) = (2 + v, e mE0—nlvl®/20),

where U; € U(n), Uy € U(m) and v € C". The aim of this section is to give a com-
plete description of the automorphism group of D} ,,,. We also include a description
of the automorphism group for & as a degenerate case of D}, ..

4.1.1. Cartan’s linearity theorem for D/ , . Our domain D}, is unbounded
nonhyperbolic and thus we cannot apply the classical Cartan’s theorem (The-
orem 3.1). Therefore we start our study with origin-preserving automorphisms
of Df .. Since our domain is a Reinhardt domain, we use Theorem 3.3 as a main
tool.

To apply the theorem to our case, let us estimate the L?-norm of z%¢# :=

n m
IT z2* I1 ¢"- By |2k| < ||z and 1G] < e—ullz1? for any l<k<nand1l<Il<m,
k=1 =1

we first observe the estimate

HZQCBH%Q(DZ ) S/u ||ZH2(a1+~“+OZ7L)67(Blyfl"r""‘rﬂ?ny'?n)”ZHQ dV(Z7C)
’ D

n,m
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For an arbitrary fixed z € C™, let us define

Q;’L:{CEC’”’: ﬂ+...+M<1}.

ezl e—hmllzl?

Then, by Fubini’s theorem, we have

3) /D G0 = / . G(z)< /Q s dV(g)) av(z)

yinkid 2
= / G(Z)e—(ul+...+um)l\z|\ dv(z),
zeCn

m!

where we put G(z) = ||z||2(@1++om) o= (Bt tBmpum) 217 for simplicity of notation.

By using the polar coordinates, (3) can be computed as follows:

T[m

— sz)e—0n4ﬂ~+umﬂknzdqu)
m: J,ecn
2n/2
_ Tcm(22n)n2"/ /Oo 7A2(0z1Jr...Jrozn)ef(ﬁlmJr...Jrﬁmmn)r27,27171 dr
m!Z2(5) Jo
(o + . 4, = 1)!

m!(n— DB+ Dps + ..+ (B + D)y porttomtn’

Thus we have HZQQBH%Q(D;L’)M) < oo, for any (ai,...,a,) € 7%, and (B1,...,8m) €
L%,. In particular, it implies that our domain satisfies the assumption of Theo-
rem 3.3. In conclusion, we obtain Cartan’s linearity theorem for our domain.

Theorem 4.1. Let f be an automorphism of D! .~ with f(0) = 0. Then f is

n,m
linear.

We note that the above argument works for any pu = (u1,..., ttm) # (0,...,0) €
RY, and thus this theorem is also true for 7.

4.1.2. Isotropy group. As we proved in the previous section, all automorphisms
of Dy, with f(0) = 0 are linear. This implies that the study of the isotropy
subgroup Isog (DY ,,,) = {f € Aut(D} ,,): f(0) = 0} C Aut(D},,,) is reduced to
that of the linear automorphism group. We begin our study with the invariance of
U ={(z,0) € C"*™} C Dk . One can prove the next lemma along the same lines

as for the Fock-Bargmann-Hartogs domain case (see [9], Lemma 8).

Lemma 4.2. Let ¢ be an arbitrary automorphism of D} .. Then the space %
is invariant under .
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Let us next consider the case when psi1 = ... = py = 0 for some s > 1.
Before doing so, let us maintain the notation. Put ¢ = ((1,...,(s) € C* and ( =
(Cs+1,---,Gm) € C"%. Define D}, by

= |G

n — |<s|2
n o n s m—s.
Dt i={(2,6,0) €€ x " x €™ —

+ ...+
e_HSHZ”2

+ 112 < 1}
Throughout what follows, we denote by U, and V the sets defined by
U, :={(2,0,a) e C" xC* xC™*: 2€C", ac C" %},
V:={(2,0,{) eC" xC* xC"*: zeC", (eC"*}= || U
fecm=s
Moreover, it immediately follows from the definition of % that % = Uj.
Lemma 4.3. Let ¢ be an automorphism of ﬁﬁm Then

(1) ¢Up) C U, for a point a € B™ %,
(i) (V) C V.

Proof. For each ¢ € Aut(f)ﬁm), we let ¢(2,0) = (¢1(2),p2(2)) € C* x C™

and p2(2) = (p21(2),...,p2m(z)). In the same way as in [9], Lemma 8, one can
see that a1, ..., @2, are constant functions. However, since pis41 = ... = fty, = 0,
the argument of [9], Lemma 8, can be applied only to a1, ...,¢2s. Thus we have

©21,- .., p2s = 0. This completes the proof of (i).
Let us next show (ii). For Z € BY and a fixed point p € BY, define h,(Z) by

1 V1-1plPdlpl*Z - (Z.p)p) — |IplI*p + (2, p)p
IplI® 1—{(Z,p)

Here we set hg := id. It is well-known that h,, is an automorphism of BY and this

(4) hp(Z) =

mapping satisfies the relation (cf. [7], Chapter 2)

(A= llpl*) A = [1Z]*)
1-(zpP

Using this fact, one can check that the following mapping is an automorphism of E%m

1= |[hy(Z)|* =

for any a € B™~*:

_ _ lal2)1/2 _
Pa: (Za<7C) = (%%Ca ha(C))

By definition, one can see that this mapping sends (z,0,a) to (z,0,0) for all a €
B™~°. Then ¢(z0,0,{p) can be rewritten as @o (@EO)’l (20, 0,0) for any fixed element

(20,0, zo). Since <p0(<p50)_1 € Aut(f)ﬁm), our desired conclusion now follows from (i).
0
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Before giving a description of the linear automorphisms of D}, ,, we prepare one

more lemma.

Lemma 4.4. Let X and Y be elements of Mat,,x,(C). Then:

(i) If X €U(n), thenY = X*Y X if and only if XY =Y X.
(ii) If Y is a diagonal matrix with pairwise distinct entries, then XY =Y X implies
that X is a diagonal matrix.
(iii) If X is a diagonal unitary matrix, then X is diag(e!’' ...e'") where are
01,...,0, € R.

The proof is an exercise in elementary linear algebra and we omit it. We are now
ready to study the linear automorphisms of D} .

Proposition 4.5. Let f be a linear automorphism of D} ,,. Then f is given by

fo (b 0
0 diag(el ... elm)

for some Uy € U(n) and (01,...,0,) € R™.

Proof. Let A € Mat,xn(C), B € Mat,xm(C), C € Mat,,xn(C) and D €
Mat,, m (C). Put
A B z
(2 2)0)
By Lemma 4.2, we see that

A B z Az
= ew
(e p) ()= (&)
for any z € C". Thus we have C = 0. We next show that A € U(n) and B = 0.
Since our domain is a Reinhardt domain containing the origin, the set S defined by

k! k!
S = {Zfl - Zﬁ" 11 . Cmf”}kezgwklezgto N AQ(Diim/)

k kn k1 ki,
= {le e 2y Cll N Cm }kezgo’klezgo

forms a complete orthogonal basis of A*(D¥ ) (see Section 4.1.1). Thus the nor-
malized monomials form a complete orthonormal basis of A%(D¥ ). Therefore, the
Bergman kernel has the following form by (1):

k! k!
Kpr ((20,(2,¢) =D arwait .. abrit . yn,
kK’
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- _ KK
where we put x; = 2;%;, yi = (¢} and ap p = Hzi€1 cozkn G

this form, we see that Tpr  (0,0) has the form

A, O
5,00 = (" g):

where A > 0 and @ is a diagonal matrix with nonzero positive real entries. A direct

-2
L2(Dym

) Using

computation shows that all diagonal entries of () are pairwise distinct. For the
convenience of the reader, we put the details of the computation of () in Appendix
separately. Then, by (2), we obtain

) (AIn 0>:<A* 0>(>\In 0>(A B)
0 Q B* D o Q)\o D
AA*A AA*B
_(/\B*A )\B*B+D*QD>'

Comparing both sides of this equality, we have A € U(n) and B = 0. We next show
that D € U(m). To this end let us observe that {(0,() € D} ,,} = {0} x B™ and

A 0 0y (0
(o p) ()= (o)
This implies that f induces a linear automorphism g: ¢ — D¢ of B™. Thus we see
that D € U(m). To complete the proof, it is enough to show that D is a diagonal
matrix. By (5), we have @ = D*@QD. Since D € U(m) and @ is a diagonal matrix
with pairwise distinct entries, our desired conclusion follows from Lemma 4.4. (Il

Before proceeding, we give a remark on Tpr _(0,0).

Remark 4.6. In the proof of this proposition, a form of Tpe (0,0) played
a substantial role. Forms of the (1,1)-block entry and the (2, 2)-block entry can be
determined by direct computation of integrals on D}, ,,,. We note that the form of the
(1,1)-block entry can also be derived quickly from the transformation formula (2).
An outline of the argument is described as follows:

Step 1. Show that The (0,0) is a diagonal matrix by using the form of Ky in
the above proof. ' '

Step 2. Apply (2) to Tpe  (0,0) with the mapping F12 defined by

F12: (Zlsza"'vzn;C)’_>(227zla"'72n;<)7

which is a unitary automorphism of Df .
Step 3. By Step 2, one can see that K71;(0,0) = K3,(0,0). In a similar way, one can
define a unitary automorphism F;; for ¢ # j and obtain K1,(0,0) = ... = K3,(0,0).
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The proof of the above proposition does not work if psy1 = ... = py, = 0 and
hence we shall consider this case separately.

Lemma 4.7. Let g be a linear automorphism of ﬁﬁ,m- Then g is given as

U, 0 0
g=| 0 diag(el®...el%) 0 |,
0 0 U,

where Uy € U(n), Uy € U(m — s) and 64,...,05 € R.
Proof. Put
X X X3
g=1 Xo1 X Xo3
X311 X3z X33

As we proved in Lemma 4.3, the subspace defined by Uy := {(z,0,0) € Crts+(m=s)
is not invariant under actions of the automorphism group. Instead of the invariance,
we have

©(Uy) CU, = {(2,0,a) € C"* x B™ 5},

where ¢ is an arbitrary fixed automorphism and a is a fixed point in the complex
unit ball B™~*. It follows that

z X112
g 0 = X212§ El/{a.
0 X312:

Thus we have X312 =a € B™ ® and X212 = 0 for any z € C™. Putting z = 0, we see
that the fixed element a equals the zero vector in C™~°. Therefore we immediately
have X31; = 0. It is clear that Xo; = 0 if X972 = 0 for all z € C™. Moreover, we also
obtain X33 = 0 by the invariance of V which is proved in Lemma 4.3.

Let us consider Thu (0,0). By using the idea mentioned in Remark 4.6, one can
deduce that T, (0, O’) is a diagonal matrix and the (1, 1)-block entry and the (3, 3)-
block entry are scalar matrices. Furthermore, we can verify by direct computation
that the (2, 2)-block entry is a diagonal matrix with pairwise distinct entries. Namely,

Tze  (0,0) has the form

M1, O 0
Ty (0,0) = 0 @ 0 ,
0 0 Xoly_s

where A1, A2 > 0 and @ is a diagonal matrix with pairwise distinct positive entries.
Then, by using an argument similar to that in the previous proposition, we see that
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X190, X13 and X3o are zero matrices. The rest of the proof also proceeds along the
same lines as that of the previous proposition. Indeed, the transformation formula (2)
and Lemma 4.4 ensure that X1, € U(n), X33 € U(m—s) and X = diag(el?s ...e!%)
for 61,...,05 € R. O

4.1.3. Automorphism group. In Section 4.1.2, we provided a description of the
linear automorphism group. In this section, we give a complete description of the
holomorphic automorphism group of D}, ..

Theorem 4.8. The automorphism group of D*  is generated by the following

n,m

mappings:

wU: (Z,C) = (UZaC)v
(K (Z7C) = (ZaRQC)v

boi (2,0) = (z+v,e (Zw>—u1|\v||2/2g17 . 7e—um(z,v>—um|\v||2/2gm),

where U € U(n), Ry = diag(e'®r...e!%) 0= (0,...,0,,) € R™ and v € C".

Proof. One can readily check that ¢y, vy and 1, are automorphisms of D}, .
Let F' be an arbitrary automorphism of DJ . By the invariance of % (see
Lemma 4.2), we put F(0,0) = (vg,0) for some vy € C"™. Then we see that ¢)_,, o F’
preserves the origin. Therefore, we can conclude that ¢_,, o F' = 1y o ¢yy. Since
(t)—4y) "t = 1y, our mapping F' can be written as 1, o 1 o Yys. O

The next theorem gives a description of the automorphism group of ﬁﬁ’m.

Theorem 4.9. The automorphism group of ﬁﬁm is generated by the mappings

wU,U’: (Z,(:76) = (UZ7Ca Ulg)a Ue U(’I’L), U/ € U(m - S)a
Yo: (2,6,0) = (2, RpC.C), Rp =diag(el” ...e'%), 0= (01,....0,) € R,

Yot (2,60 = (2 +v,e 0 =mllol® 20 ey
emtsE—usloI®/2 (B¢, ha(O)),

where v € C", a € B"*, F,(¢) = (1 — ||al|?)*/2/(1 — ((,a)) and hg is the mapping
defined in (4).

The proof of this theorem proceeds along the same lines as that of the previous one
and we omit details of the proof. Note that we use Lemma 4.3 and Lemma 4.7 for the
proof. As a special case of this theorem, we have a description of the automorphism
group of 2.
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Corollary 4.10. The automorphism group of
7={(zQ) € Cx C*: PGP + 16 <1
is generated by the mappings

06 (27C17C2) = (eialzaei‘%claeie:}g?)) 0= (91762’93) € R3’

L—[a®)?  G—a
1—acs 1’1—5@)’

wv,a: (%C) — (Z —+ U,e_HZE—H‘UF/Q

where v € C and a € D.

4.2. Twisted Fock-Bargmann-Hartogs domains: general cases. The re-
maining part of this paper is devoted to the study of the domain

wp . n .~k P (e [[Gon [P
D (2,C1y- oy Cm) ECP X CM x ... x CY¥™: +...+ <1},

nim,k “ o=l o mlzI?

where fi1,..., ltm, D1,.-.,Pm are positive real numbers and ky,...,k,, are positive
integers. For simplicity of notation, we denote this domain by 7. Without loss of
generality, in what follows we always assume that

(6) pi=p;j =1, onlyif u; # p;.

Indeed, if p; = p; = 1 and p; = p; for some ¢ and j, then we have

[ e e 114

e—rillzll? 7 e—msllzl? e pallzll?

for z € C", (; € CF, (; € C% and ¢’ := ((;,¢;) € CFFki. This means that we
can merge two factors C* and C*i into C**%i in the description of Dy After
all the possible mergers, we always have (6). Since the arguments for this domain
are almost identical to that of the previous section except some points, we will only
explain the key points of the arguments here.

We first observe that Cartan’s theorem remains true for .7. For the proof, we
can use an argument similar to that in Theorem 4.1. Indeed, we have |z;| < ||z]|,
Gl? < e—llzI?/p and wi/pr > 0foralll < k<nandl <! < m. Although we
need to modify the definition of Q2 for this case, the final conclusion is the same
(e 1277|225, < o0).

Theorem 4.11. Let f be an automorphism of 7 with f(0) = 0. Then f is linear.
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We next observe that Lemma 4.2 is also true for 7

Lemma 4.12. Let ¢ be an arbitrary automorphism of 7. Then the space
{(2,0) € Cnthittka} € 7 s invariant under .

In fact, using again ||| < e~rl=I?/pe and wi/pi > 0, we can conclude that
w1 = 0 € CM for each 1 < I < m as in [9], Lemma 8. We next consider how
Proposition 4.5 can be generalized to 7. For the convenience of the exposition, our
study in this section will be divided into the following two cases.

Case I: (p1,...,pm) = (1,...,1),

Case II: (p1,...,pm) # (1,...,1).

The first case will be studied in the next subsection and the other in Section 4.2.2.

4.2.1. Case I: (p1,...,pm) = (1,...,1). Thanks to (6), we can always assume
that p; # pj, © # 7, in this case. We prepare the following lemma as a generalization
of Proposition 4.5.

Lemma 4.13. Every linear automorphism g: (2,(1,...,Cn) — (2, G, yCm)
of 7 is given as
i=Uz G=UQ,
where U € U(n), U, € U(k), 1 <1< m.

Proof. Let us use the same notation as in Proposition 4.5. Since the arguments
for proving A € U(n), B =0, C = 0 are the same as before, we discuss only D. In
this case, T'» has the following form (see also Remark 4.6):

NI, 0
T#(0,0) = ,
700 ( 0 Q’)
where X' > 0. Here, by using a computation similar to that in Appendix, we see
that @’ is a block diagonal matrix such that

lekl 0 e 0
, 0 CQIkz NN 0
Q = ) o ) ;
0 0 cor Cmlg,,
where c¢q, . .., ¢, are pairwise distinct positive numbers. In this case g induces a linear

automorphism ¢ +— D¢ of B¥1++km and thus D € U(ky + ... + k). Moreover,
we can derive Q' = D*Q’'D in the same way as in Proposition 4.5. Since D €
Uki+ ...+ kn) and Q' = D*Q’'D is such that Q' is a block diagonal matrix as
above, one can deduce that D is a unitary block diagonal matrix by using the fact
that ci,..., ¢, are pairwise distinct. Therefore we can conclude that D has our
desired form. O
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Using the above arguments, we are now ready to state the following theorem.

Theorem 4.14. The automorphism group of 7 is generated by the linear map-
ping as in Lemma 4.13 and the mapping

Yo: (2,0) = (z+v,e ™ (Zw>—u1|\v||2/2g17 . e—um<zw>—uml\vllz/QCm),

where v € C™.
The proof of this theorem is identical to that of Theorem 4.8.
4.2.2. Case II: (p1,...,pm) # (1,...,1). Without loss of generality, we relabel

the indices so that p; =1, ¢ < ¢, and p; # 1, j > ¢, for some ¢t = 0,1,...,m — 1.
With this notation, we investigate the following domain in this section:

T T (51 R W 1
T = (27C17---;Cm)EC Zm+2m<l .
i=1 j=t+1

We prepare the following lemma instead of Lemma 4.13.

Lemma 4.15. Let t be as above. Then every linear automorphism

g0 (G Cm) = (5,80 Cm)
of 7 is given as
(7) 2=Uz G=Ud, =Uiyy fori<tandj>t.
Here U € U(n), U € U(k;), U; € U(k;j), and o is a permutation of {t+1,...,m}
satistying k;j = k,(;), pj = Do(j) and pj = piy(;) for each j > t.

Proof. Again,let us use the same notation as in Proposition 4.5. For A € U(n),
B =0, C =0, we can use the same argument even for .7. In the rest of the proof,
we discuss only D. In Proposition 4.5, we used the fact that D induces a linear
automorphism of {(0,¢) € D}, ,,,} = {0} x B™. In the case of this lemma, D induces

a linear automorphism of

E(klvktJrlv SRR kma 17pt+1a v apm)
= (€ Gty Gn) € T PRt 2 G PP 4 22 < 1,
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where k' := k1 + ...+ k. On the other hand, we first note from Kodama in [12],
Lemma, that D can be decomposed into the form

D 0
D =
< 0 Dg) ’
where Dy € Maty xx/(C) and Dy € Matgrwp (C) for k7 := kyig + ... + k. In

addition, since (z,(’) — (Az, D1{’) induces a linear automorphism of

2 2
{(2’41"“»@) e crthirothe, NGl +.o .+ el 1},

e—mllzl? e—mellzl?

an argument similar to that in Lemma 4.13 after replacing m by ¢ implies that

U, 0 ... 0

0 Uy ... 0
D1: . . . . )

0o 0 ... U

where (71 € U(k;) for each ¢ < t. If t = 0, then we have D = Ds.
Next we note that since (" — D" induces a linear automorphism of a generalized
complex ellipsoid

E(ktJrlv s 7km;pt+1; R 7pm)
= {(" = (G Gn) € CRRFFbm G |2Pe |G PP < 1),

D5 can be described by using the relation 5]» = UjCy(j), J > t, in (7) (cf. [12],
Lemma, and [23], Theorem 1.B). It clearly follows from the above conditions on o
that k; = k,(;) and p; = p,(;) for each j > t.

We now prove that p1; = pi,(;) for j # o(j). Aiming at contradiction, for the case
when p; # p,(;) for some j # o(j), suppose that the associated mapping g of the
form (7) is contained in the automorphism group of .7. Without loss of generality,
we may assume that j < o(j). Then we take a point

1))
(o) = (20,0 e/ o) (1) T o,
1/(2po(j))
e—uamnﬂﬁ/(zmu))(%) v 105)-0.....0) €07

where z € C", a; € 9B* and ag(j) € OBF-() for j > t. Since g(0.7) = 0.7 as a set,
we infer that
1)1/(2pa<.1>)

9(z,G) = (Az, 0,...,0,Uje How 217/ (2poii) (2

ag(j),O,...,O,
1/(2p;
Ua(j)e—mwzn?/(zm)(l) )

> aj,o,...,o)eay,
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which contradicts the fact that

%e*/mml\zl\2 . %e—u;'IIZII2 |
e—Hill=l? e Ha( 1211
for all z € C™ \ {0} if p45 # p1o(j)- This completes the proof of the assertion. O

Once the above arguments are established, we have the following theorem.

Theorem 4.16. The automorphism group of .7 is generated by the linear map-
ping as in Lemma 4.15 and the mapping

,ll)v p: (Z, C) — (Z + v, e*#«l<Z,’U>/Z71*,Uz1HU||2/(2Z71)C17 . 7637.‘4'm<Z:'U>/pm7/1“mHv”2/(2l’7m)gml)7

where v € C".

Since the proof of this theorem is identical to that of Theorem 4.8 except the
definition of v, ,, we omit it.

APPENDIX

In this appendix we give the details of the computation of the matrix @ in the
procedure of proving Proposition 4.5.
As in the proof of Proposition 4.5, the Bergman kernel of D/, can be written as

Kpe (0, (2',¢) = 3 arp (217" - (2a7) " (T - (Gnl) ™,

kK’

ki k,
where ay, . = |28 ... 2En ¢ m

|Z22(D£‘;,,,L)' Using the definition of @), we compute

the values of )

0 ’or
(m log Kps ((2,0), (2/,¢')

at ((z,¢),(2,¢")) = (0,0). By a direct computation, one can deduce that

1<y,v<m

2 5w%7;?;/

((%,€),(2’,¢"))=(0,0) 0,0

logKD“ ((ng)a (Zlvgl))

Y

where EZ denotes the multi-index &’ where the vth component is one and all other

ones vanish. Indeed, the precise value of a can be obtained by considering the

0,k],
change of variables

m
G = ore =17 /26100 ity Zg? <1, 0020 0<6,<2rnforli=1,...,m.

i=1
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Then we get

av(¢) = e = [T erder ... dom by ... dbn,
=1

where |p| := > . Putting R := {(gl,...,gm) e0,n™: Yo < 1}, one can
=1 =1
deduce that

@)= [ 16V

e
n,m

m
= (2n)m/ / e rvllzl? p2e=lulll=l? H ordoi ... dom AV (2)
nJR
_ (QK)m/ o=t D17 gy / @yHm dor ..

m
Due to the symmetry of coordinates, the second factor fR 02 T[] ardor ... dom is
=1

independent of the choice of v. Moreover, since

2a +1 2am 1+1 2 m+1
/xl ! . amtl ey ... dag—1 A
R

Lin—1

Tl +1)...T(am—1 +1)(am, +1)
27T (a1 + ...+ am—1+ am + m+1)

for all constants a; > —1 where 1 <1 < m (cf. [3], Lemma 1), we obtain

1
et Terdor o don = oy

On the other hand, we have

(o H DI qy7 () - /e (m DIz QY7 () = ———.
[ =11 (o + 1)

n

Therefore, we get

Ttn+m

(m+1)! (o + )™

(8) (a07@)_1 =

Now let us consider (ago)” " that is exactly the Euclidean volume Vol(Dy, ,,,)
of D .. This indeed follows from a special case of equation (3) in Section 4. More
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precisely, if we let @1 = ... = a, = 1 = ... = B, = 0 in (3), then the discussion
right after (3) shows that

o

Thus, combining (8) with (9), we obtain

T[n-i-m

G(z)dV(z,g)zf 1. dV(z,¢) = Vol(DE_ ) =

" ’ m! |u"
Dim

n
n,m

2

ac,ac,

log K pu Z, ’ Zl? '
g Dﬁlym(( C) ( C)) ((2,),(2",¢"))=(0,0)

Oywag iz 8 (m+1)(p + |u)"

n
ao,0 ||

Hence this relation ensures that @ is a diagonal matrix with pairwise distinct positive
diagonal entries.
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