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Abstract. We revisit the properties of Bessel-Riesz operators and present a different
proof of the boundedness of these operators on generalized Morrey spaces. We also obtain
an estimate for the norm of these operators on generalized Morrey spaces in terms of the
norm of their kernels on an associated Morrey space. As a consequence of our results,
we reprove the boundedness of fractional integral operators on generalized Morrey spaces,
especially of exponent 1, and obtain a new estimate for their norm.
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1. INTRODUCTION

Integral operators such as maximal operators and fractional integral operators have
been studied extensively in the last four decades. Here we are interested in Bessel-
Riesz operators, which are related to fractional integral operators. Let 0 < a < n
and v > 0. The operator I, which maps every f € Li. (R™), 1< p < o0, to

loc

Ioqf(7) = - Kon(r—y)f(y)dy = Koy * f(x), z€R",

where Ko () := |2|* ™ (1 + |z|) 77, is called Bessel-Riesz operator, and the kernel
K, is called Bessel-Riesz kernel. The boundedness of these operators on Morrey
spaces and on generalized Morrey spaces was studied in [8] and [9].
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Let 1 < p < oo and ¢: RT — RT be of class G, that is, ¢ is almost decreasing
(there exists C' > 0 such that ¢(r) > Cp(s) for r < s) and @P(r)r™ is almost
increasing (there exists C' > 0 such that ¢P(r)r™ < CpP(s)s™ for r < s). Clearly
if ¢ is of class G, then ¢ satisfies the doubling condition, that is, there exists C' > 0
such that C~1 < ¢(r)/p(s) < C whenever 1 < rs~! < 2. We define the generalized
Morrey space LP*?(R™) to be the set of all functions f € L? (R™) for which

loc

1 1 1/p
fllLpe := sup —(—/ flx pdx) < 00,
|| ||L B=B(a,r) 90(7“) |B| B | ( )l

where | B| denotes the Lebesgue measure of B. (Recall that the Lebesgue measure of
B = B(a,r) is |B(a,r)| = Cypr™ for every a € R™ and r > 0, where C,, > 0 depends
only on n.)

If 1 <p<q<ooandp(r) = Cpr~ ™9 r > 0, then LP?(R") is the classical
Morrey space LP*2(R™), which is equipped with

1/p
1fllzre == sup )|B|1/q1/p< / If(fc)l”dx> .
B

B=B(a,r

Particularly, for p = ¢, LP"P(R™) is the Lebesgue space LP(R"™).
In [9], we know that for v > 0, K, - is a member of L*(R™) spaces for some values
of ¢t depending on « and ~. It follows from Young’s inequality (see [3]) that

Hanflie < [ Kanlloelfllee,  f e LP(R™)

whenever 1 <p <t/,1/¢g=1/p—1/t' (where t' denotes the dual exponent of t) and
n/(n+~—a) <t<n/(n—«). This tells us that I, , is bounded from L?(R™) to
LY(R™) with ||In||zr—1e < || Ka||Lt- In [8], it is also shown that I, -, is bounded
on generalized Morrey spaces but without a good estimate for its norm as on Morrey
spaces. We shall now refine the results by estimating the norms of the operators
more carefully through the membership of K, in Morrey spaces.

Note that for v = 0, In,0 = I, is the fractional integral operator with kernel
Ko (z) := |z|*~ ™. Hardy and Littlewood [6], [7] and Sobolev [13] proved the bound-
edness of I, on Lebesgue spaces. The boundedness of I, on Morrey spaces is proved
by Peetre [12], and improved by Adams [1] and Chiarenza and Frasca [2]. Later,
Nakai [11] obtained the boundedness of I, on generalized Morrey spaces, which can
be viewed as an extension of Spanne’s result. In 2009, Gunawan and Eridani [4]
proved the boundedness of I, on generalized Morrey spaces which extends Adams’
and Chiarenza-Frasca’s results.
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In this paper, we give a new proof of the boundedness of I, ., on generalized
Morrey spaces. At the same time, an upper bound for the norm of the operators is
obtained. As a consequence of our result, we have an estimate for the norm of I,
(from a generalized Morrey space to another) in terms of the norm of K, on the
associated Morrey space. A lower bound for the norm of the operators is discussed
in Section 3.

2. THE BOUNDEDNESS OF I, , ON GENERALIZED MORREY SPACES

We begin with a lemma about the membership of K, in some Morrey spaces.
Note that throughout this paper, the letters C and C} denote constants which may
change from line to line.

Lemma 2.1. If 0 < a < n, then K, € L>'(R"), where 1 < s <t=mn/(n— a).

Proof. Let 0 < a < n. Take an arbitrary B = B(a, R), where a € R™ and
R > 0. For 1 < s <t=mn/(n— «a) we observe that

|BJe/t-1 / K2 (x)dz < |BO, R)|/*! / | d
B B(0,R)

< C«Rn(s/t—l)Rn(l—s/t) =C.

By taking the supremum over B = B(a,R) we obtain ||[K.||7., < C. Hence
K, € L(R"). 0

Remark 2.2. For 0 < o < n and v > 0 we know that K, ., € LY(R™) for
n/ln+v—a) <t < n/(n—a), see [9]. By the inclusion property of Morrey
spaces (see [5]) we have K, ., € LY(R") = L"(R") C L%(R") for 1 < s < t
and n/(n+v—a) <t <n/(n—a). Moreover, because K, »(x) < K (z) for every
z € R", K, is also contained in L%*(R™) for 1 < s <t =n/(n— ).

As a counterpart of the results in [8] and [9], we have the following theorem on the
boundedness of I, , on Morrey spaces. Note particularly that the estimate holds for
p1=1.

Theorem 2.3. If 0 < o < n and v > 0, then I, 4 is bounded from LP+9(R")
to LP2:%2(R™) with

Manfllzose < ClKanllecllflzma, fe LR

whenever 1 < p1 < 1 < n/a, 1/p2 = 1/py — 1/, and 1/g2 = 1/q1 — 1/t/, with
I1<s<t=n/(n—a)fory=z20orl<s<tandn/(n+y—a)<t<n/(n—a)
for v > 0.
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Theorem 2.3 is in fact a special case of the boundedness of I, on generalized
Morrey spaces, which is stated in the following theorem.

Theorem 24. Let0 < a<nandvy > 0. If p: RT — R is of class G, such
that [ ¢ )yt =L dr < Cp(R)R™MY for every R > 0, then I, is bounded from
LPo?(R™) to L”2 Y(R™), where (1) := o(r)r"/t | with

oy fllpr2w < Ol Koyl

ol fllime, feLPe®RY)

whenever 1 < p1 < n/a and 1/py = 1/p1 —1/s', with 1 < s <t =n/(n—a) for
>0o0orl<s<tandn/(n+vy—a)<t<n/(n—a)fory>0.

Proof. Suppose that v > 0 and all the hypotheses hold. For f € LP1?(R™) and
B = B(a, R), where a € R™ and R > 0, write

f:: f1+f2 = fX§+fch’

where B = B(a,2R) and B¢ denotes its complement. To estimate I, ~ f1, we observe
that for every € B, Holder’s inequality gives

Ly fa( / Ko (z =) £ ()] dy

= [ K@ =il )P R @ = )l )l dy

1/p2
( | K=l dy)
1/pj
X (/N Kéij?y*S)/(szl)(x_y)|f(y)|(p2*;01)/(13271) dy) .
B

Meanwhile, we have

— -1 — -1
/EK((I{J% )/ P21 (1 — )| f ()| P2—P1)/ (2= 1) gy

p5(1/5—1/p2) py/s
< (fasemmar) ™ ( Lroman)
Therefore we obtain

i@l < ( [ K=l dy>1/p2
A
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< ([ m2ate-nlswl dy>1/p2

% CR"(l—S/t)(1/8—1/p2)+n/s/¢p1/s/(QR)”KQ,AA 1-s/p2 ”f”Pl/S/

Ls»t LP1:¥-

We then take the poth power and integrate both sides over B to get

/ Lo f1 (2)| da
B

// F@)P dyde

~ (CRn lfs/t)(l/sfl/pz)Jrn/s'sopl/s’ (2R)||Ka,'y| 1—S/Z?2||f| p1/s’ );02.

Ls:t LP1:®

By Fubini’s theorem we have

/ Lo f1 (@) da
B

< 1o ([ Ko=) a

% (CRn(lfs/t)(l/S*1/P2)+”/5/(ppl/sl (2R)|| K|

S P1
/B F)P dy

o (Rnu—s/t)(1/s—1/p2)+n/s/@pl/sl(2R)||Kom|
< CRn(l_s/t)+n50pl (2R)||Ka’7| SLS,t |f| Z[)}myw
« (Rn(lfS/t)(1/5*1/1’12)+"/S, pl/SI(QR)HKa ’yl

|f| LP1:¥>

1— (l
e PN

< CR"7/|K, 4|

17 !’
eI AR

"y ’
P Vi (SAM L

< CIBIY" (R)|| Ko7

1 1 1/p2
g (131 oo as) <l

Next, we estimate I, f2. For every x € B = B(a, R) we observe that

whence

| Fllzers.

Lsit

Lo fole / Kan(@ = )| f(»)|dy
< / Kon(z — )| £ ()| dy
lt—y|>R

oo

-3 / Kony(z —9)|f()) dy
2k R |z—y|<2k+1R

k=0
S

<Y Kan(2'R) |f(y)| dy

k=0 2k R |z —y|<2k+1IR
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00 1/p1
<C Z Ko~ (2FR)(2"R)"/7 </2 |f ()P dy)

= kR |z—y|<2+H1R

< O fllprre Z Koy (2°R)(2"R)"0(2" R).
k=0

For every k € Z we have

1/s
Ko~(2°R) < C(2FR)™™/* (/ K (x—y) dy)
2F R |z —y|<2Ft1R

< C(2*R) ™" Ka |

Ls:t.

Since [ ¢ )/t =1 dr < Co(R)R™MY | we get

oo

[fllere Y (2FR)™" (2" R)

k=0
\fHpr/ o) dr
R

| fll oo (R)R™
| Il Loreb(R).

Hoqfo(z)] < CllKa,y|

Ls,t

N

Cll Koy

Ls:t

CllKa|
= C[|Ka x|

Ls,t

N

Ls,t

Raising to the paoth power and integrating over B we obtain

/ Lo fo() |2 di < O(|[ K|
B

1 1 1/;02
W(@ [ Montata? dx) < Cl|Kar|

Combining the two estimates for I, f1 and I, fo we obtain

1 ]- 1/1’?2
W<®/B'Iaﬁf@|p dw) < C||Kay|

Since this inequality holds for every a € R™ and R > 0, it follows that

|fllzere)P2 9 (R)[ B,

Lsit

whence

| fllLre.

Ls,t

[fllLpie.

LSt

||Ia7'yf||LP2>w < CHKOW|

[fllzrre,

Lst

as desired.
We may repeat the same argument and use Lemma 2.1 to obtain the same in-
equality for the case where y=0and 1 < s <t=n/(n— a). O
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Remark 2.5. Theorems 2.3 and 2.4 give us upper estimates for the norm of
the Bessel-Riesz operators (from one Morrey space to another). In particular, for
v = 0 we have an estimate for the norm of the fractional integral operator I, in
terms of the norm of its kernel (on the associated Morrey space), which follows from
the inequality

o fllpezw < CllKallpee||fllze e

for 1<pi <n/aand 1/ps =1/py —1/s, with1 < s<t=n/(n—a).

Lst

In the following section, we discuss lower estimates for the norm of the operators
in terms of the norm of the Bessel-Riesz kernel (on some Morrey spaces).

3. AN ESTIMATE FOR THE NORM OF THE OPERATORS

Recall that if (X, ||-]|x) and (Y,]|-]]y) are normed spaces and if T: (X, ||-||x) —
(Y, |]-]ly) is a linear operator, then the norm of 7' (from X to Y') is defined as

sup 1Ty
20 IIfllx

1Tl x—y =

Knowing that the Bessel-Riesz operator I, - is a linear operator on Morrey spaces,
we would like to estimate the norm of I, from a (generalized) Morrey space to
another. We obtain the following result.

Theorem 3.1. Let 0 < o < n, v > 0, and ¢ be of class G,, where1l < p; < n/a.
If p(r)r™ is almost increasing and for every R > 0 we have
() [/t ar < Crop(R)RMY

(ii) fOR P (r)r" =t dr < CypP* (R)R™, and

(iii) fOR =1 o8 (1)  dr < C3R™ /@ (R)R™', where 1 < py < t and 1 < s <
t=n/n—a)fory>20o0rl<p <t,1<s<tandn/(n+y—a)<t<
n/(n — «) for v > 0,

then we have

CallKayllLrt < o llzorerrew < O Koyl

Lsit

whenever 1/py = 1/p1 — 1/s' and ¢(r) := @(r)r*/!". In particular, for v = 0,
l1<pi<tandl<s<t=n/(n—a) we have

CallKallzre < [Hallzorespre < C5)|Kal

Lsit
whenever 1/py = 1/py — 1/s" and (1) := @(r)r"/t".
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Proof. Suppose that v > 0 and all the hypotheses hold. By Theorem 2.4 we
already have

Loyl oo s pro < Ol Kay|[Ler-

To prove the lower estimate, put o(r) := ¢(r)r™. Let B = B(a, R), where a € R™
and R > 0. By our assumptions on ¢ we have

1/t 1 ' e R gl 1/
B /w(R)(—/ 0" (|x|)dx> < Cp(R)R™* (/ S,idr> <C.
|B| /B o ¥

(e

Now take fo(z) := ¢(|z|). Here || fo||Lr1.» = 1. Moreover, one may compute that

Loy fo(x) > /B( ) l)Ka,v(x —y)fo(y)dy = CKa»(22)p(|z])|2]" = Co(|z]) Koy (2)

for every z € R™. It follows that
HQ(|'|)K<¥7’YHLP2V¢ < C”Ia,’y.fOHLi’sz < CHI(X,’YHLPINPA)LTQVAU-

Next, by Holder’s inequality we have

(/B Kﬁfv(x)dx)l/pl < (/B Q_S/(|x|)da:>1/8/ (/B(Q(|x|)Ka,7(a:))”2 dx)l/pz7

whence

L L 1/p1 . 1 , 1/5'
BV ( / Kéfv(x)dx) <] /twuz)(@ e <|x|>dx>

< i (1 [ et Koo dx)”m

< C”IaﬁHLPlv‘P—wwvw-
By taking the supremum over B = B(a, R) we conclude that
CllKayllrre < Hanllpeesprev,

as desired. The same argument applies for the case where v = 0 with 1 < p; < ¢ and
l<s<t=n/(n—a). O

Remark 3.2. One may observe that the constants Cy and C5 in Theorem 3.1
depend on ¢, n, p1, s, and ¢, but not on « and . Although the lower and the upper
bound are not comparable, we may still get useful information from these estimates,
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especially for the norm of the operator I, from LP*¢(R") to LP>¥(R™). Observe
that for 1 < p1 <t =n/(n—a) we have |K,|",,. = C/((a —n)p1 +n) > C/a.
Hence, if all the hypotheses in Theorem 3.1 hold for the case where v = 0, then we

obtain || Iy || fr1.¢—speev = C/a, which blows up when a — 0. For ¢(r) := r~"/a

with 1 < p1 < ¢1 < min{s,n/a} and 1 < s < n/(n — «), our result reduces to the

estimate || I, || Lr1.a1 5 Lp2a2 = C/ay, where 1/po =1/p1—1/s" and 1/g2 = 1/q1 — a/n.
A similar behavior of the norm of I, from L?*(R™) to LP2(R™) for 1/ps = 1/p1—a/n
when a — 07 is observed in [10], Chapter 4.
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