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Abstract. We present a variation-of-constants formula for functional differential equations
of the form

?J = E(t)yt + f(yt7t)7 Yto = @

where L is a bounded linear operator and ¢ is a regulated function. Unlike the result by
G. Shanholt (1972), where the functions involved are continuous, the novelty here is that the
application ¢ — f(y,t) is Kurzweil integrable with ¢ in an interval of R, for each regulated
function y. This means that ¢ — f(y¢,t) may admit not only many discontinuities, but
it can also be highly oscillating and yet, we are able to obtain a variation-of-constants
formula. Our main goal is achieved via theory of generalized ordinary differential equations
introduced by J. Kurzweil (1957). As a matter of fact, we establish a variation-of-constants
formula for general linear generalized ordinary differential equations in Banach spaces where
the functions involved are Kurzweil integrable. We start by establishing a relation between
the solutions of the Cauchy problem for a linear generalized ODE of type

j_f _ DIA()z], a(to) = F

and the solutions of the perturbed Cauchy problem

j_i = D[A(t)z + F(z,t)], =z(to) =T.

Then we prove that there exists a one-to-one correspondence between a certain class of linear
generalized ODE and the Cauchy problem for a linear functional differential equations of

the form
y=Lyt, yt, =@,
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where L is a bounded linear operator and ¢ is a regulated function. The main result comes
as a consequence of such results. Finally, because of the extent of generalized ODEs, we
are also able to describe the variation-of-constants formula for both impulsive FDEs and
measure neutral FDEs.
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1. INTRODUCTION

In order to generalize certain classical results on continuous dependence of solu-
tions of ODEs with respect to parameters, Jaroslav Kurzweil introduced in 1957 the
concept of generalized ordinary differential equations (we write generalized ODEs,
for short). See references [12], [13], [14], [15], [16], [21].

In [4] and [7], it was proved that retarded functional differential equations (we
write FDEs, for short) and impulsive FDEs can be regarded as generalized ODEs
taking values in Banach spaces. Then several important applications came out. See,
for instance, [1], [6], [5].

In the present paper, we establish a variation-of-constants formula for abstract
linear generalized ODEs, relating the solutions of the Cauchy problem

d
(1.1) ﬁ = D[A()a], x(to) =7
and the solutions of the perturbed problem

& DA+ Fla.1)), (o) =

Then we establish a relation between a Cauchy problem for linear FDEs of type

{ y = ‘C(t)yta
Yto = ¥

and linear generalized ODEs of the form (1.1). Such relation leads us to important
applications such as a variation-of-constants formula for the perturbed FDEs of the
form

Yto = ¥,

where ¢ is a regulated function and ¢ — f(y,t) is Kurzweil integrable for every

{ y = ﬁ(t)yt + f(ytvt)a

regulated function y. Therefore, our results generalize the variation-of-constants
formula for FDEs which appear in [8] and [25].
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In order to make our text self-contained, we include the concept and basic facts of
the Kurzweil non-absolute integration theory as well as the definition of generalized
ODEs and their main features. It is worth mentioning that nonabsolute integrals in
the sense of Kurzweil and Henstock have been playing an important role in Quantum
Physics and Finance. See, for instance, [2], [18] and [19].

2. KURZWEIL INTEGRATION

A tagged partition of a compact interval [a,b] C R is a finite collection P = (7;, 8;),
where a = 59 < 81 < ... < sp = b is a partition of [a,b] and 7; € [s;_1,54],
1 =1,2,...,|P| are tags of the subintervals. Here |P| denotes the number of subin-
tervals [s;_1, s;] of [a, b].

A gauge on a set E C [a,b] is any function 6: E — (0,00). Given a gauge 0
on [a,b], a tagged partition P = (7;, s;) is d-fine if for every i,

[si—1,8:] C {t € [a,b]: |t — 7] < (1)}

We sometimes write P = (75, [s;—1, $;]) instead of P = (7;, s;) whenever there is need
to emphasize the subintervals.

Let X be a Banach space with norm ||| x. In the sequel, we will use integration
specified by the next definition due to Kurzweil.

Definition 2.1. A function U(7,t): [a,b] X [a,b] = X is Kurzweil integrable if
there is a unique element I € X such that given € > 0, there is a gauge 0 on [a, b]
such that for every J-fine tagged partition P = (7, s;) of [a,b] we have

IS(U, P) = Il|x <&,

~

|
where S(U, P) = > [U(7i,s:) — U(7i, si—1)]. In this case, we write I = fab DU(r,t).

i=1

Note that the definition above has sense whenever, for a certain gauge § on [a, b],
one can guarantee the existence of a d-fine tagged partition of [a,b]. Fortunately,
Cousin’s Lemma (see [9], Theorem 4.1) guarantees this existence.

Lemma 2.2 (Cousin’s Lemma). Given a gauge § on [a,b], there exists a d-fine
tagged partition of [a,b].

Remark 2.3. Suppose the integral f; DU (,t) exists. We define [," DU(7,t) =
— [P DU(r,1).
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The type of integration we are dealing with (namely the Kurzweil integration)
and its properties are described extensively in Chapter I of [21] for the case X = R"
(see [21], Definition 1.2n). The next results can be found in [21] for the case X = R™.
When X is a general Banach space, analogous results can be obtained. We should
mention, in particular, that the Kurzweil integral has the usual properties of linearity
and additivity with respect to adjacent intervals. Another important result, which
will be used later, concerns the integrability on subintervals. Such result is stated
next for the Kurzweil integral (see [21], Theorem 1.10).

Lemma 2.4. Let U(,t): [a,b] X [a,b] — X be integrable over [a,b]. Then for
each subinterval [c,d] C [a,b], the integral fcd DU (r,t) exists.

The next result is known as the Saks-Henstock Lemma for the Kurzweil integral.
A proof of it can be found in [21], Lemma 1.13.

Proposition 2.5 (Saks-Henstock Lemma). Let U(7,t): [a,b] x [a,b] = X. If for
every € > 0 there exists a gauge J on [a, b] such that for every d-fine tagged partition
P = (7;,s;) of [a,b],
|P|

b
Z[U(Tia i) = U(7i,5i-1)] —/ DU (1,t)

| <
i=1 a X

then fora < ¢1 < m < dip < ca < M
C J=1,

<dy ... < <y < dp < b with
n; € lej di] Cnj —(ny),m; +6(ny)l, j 2,...,1,

l

d;
S W) = Ulnyocy) - / DU~ 1)

| <
j=1 Cj X

The following result is an important Hake-type theorem (see [21], Theorem 1.14).
It says that the Kurzweil integral is invariant under Cauchy extensions.

Lemma 2.6. Let a function U: [a,b] X [a,b] — X be given so that U is integrable
over [a, c| for every ¢ € [a,b), and let the limit

lim. [/ DU(r, 1) (b,c)+U(b,b)} _Tex
c—

exist. Then the function U is integrable over [a,b] and ff DU (r,t) = I. Similarly, if
the function U is integrable over [c,b] for every c¢ € (a,b], and the limit

c—a+

lim {/CbDU(T,t)—I—U(a,C)—U(a,a)} =leX

exists, then the function U is integrable over [a,b] and fab DU(r,t) = 1.
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This leads to the following result (see [21], Theorem 1.16).

Lemma 2.7. Let U: [a,b] x [a,b] — X be Kurzweil integrable over [a,b] and
¢ € [a,b]. Then U is Kurzweil integrable over [a, c] and

s—cC

Jim { / DU 1) = Ule,s) + Ule, c)} - / DU,

Remark 2.8. Lemma 2.7 shows that the function defined by s € [a,b] —
f(; DU (1,t) € X, that is, the indefinite Kurzweil integral of U, may not be continu-
ous in general: it is continuous at a point ¢ € [a, ] if and only if the function U(c,-):
[a,b] — X is continuous at the point c¢. Notice further, that if U: [a,b] X [a,b] = X
is Kurzweil integrable over [a, b], then by Lemma 2.4, the indefinite integral of the
function U is well defined on the whole interval [a, b].

When U from Definition 2.1 is given by U(7,t) = f(7)g(t) with f: [a,b] — R"
and g: [a,b] = R, we have

/ " DUrt) = / " f) dg(s)

and we refer to the last integral as the Kurzweil-Stieltjes integral. In particular,
Lemma 2.7 also says that the Kurzweil-Stieltjes integrals of type f; f(s)dg(s) en-
compass their improper integrals.

Now, we present a classic example of a highly oscillating function which is Kurzweil
integrable.

Example 2.9. Let f: [0,1] — R be a function given by

.2 2 2

2t sin — — — cos —,

f(t) = 2t 2
0, t=0.

t€(0,1],

Note that f is a highly oscillating function, it is not absolutely integrable over [0, 1]
and also it is not Lebesgue integrable over [0, 1]. Since the improper Riemann integral
of f exists, using a Hake-type theorem for the Kurzweil integral, which says that the
Kurzweil integral is invariant by Cauchy extensions, the Kurzweil integral of f also
exists and it has the same value as the improper Riemann integral of f.
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3. GENERALIZED ORDINARY DIFFERENTIAL EQUATIONS

Again, we consider X a Banach space with norm ||-|| x. Let an open set Q@ C X xR
be given and assume that G: Q — X is a given X-valued function G(z,t) defined
for (z,t) € Q.

Definition 3.1. A function z: [a, 8] — X is called a solution of the generalized
ordinary differential equation

(3.1) j—f = DG(z,1t)

on the interval o, 8] C R if (z(t),t) € Q for all t € [a, ] and if the equality
o(0) = 2(7) = [ DGa(r), 1)
8!

holds for every ~,v € [a, 8], where the integral is in the sense of Definition 2.1.

Let —c0 < a < b < oo and set Q = O x [a,b], where O C X is an open set
(e.g. O = B, = {z € X: ||z|]| < ¢} for some ¢ > 0). Next, we define a class of
right-hand sides of equation (3.1) for which the local existence and uniqueness of
a solution are guaranteed.

Definition 3.2. A function G: Q@ — X belongs to the class F(Q,h) if there
exists a nondecreasing function h: [a,b] — R such that

(3.2) 1G(, 52) = G(z, s1)[| < [h(s2) — h(s1)]
for all (x, s2), (r,s1) € 2 and
1G(, 82) = G(z,81) = Gy, 52) + Gy, s1) || < ||z = y[|h(s2) — h(s1)]

for all (z, s2), (z,s1), (y, s2), (y, s1) € Q.

Assume that G € F(Q,h) for some nondecreasing function h: [a,b] — R. If
[, B] C [a,b] and x: [, B] — X is a solution of (3.1), then the inequality

(3.3) [z(s1) — x(s2)] <

h(s2) — h(s1)]

holds for every s1,s2 € o, ] (see [21], Lemma 3.10).
Let var? x denote the variation of a function z: [a, 3] — X. Then we have
the following property of solutions of (3.1), where G belongs to the class F (2, h).
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See [21], Corollary 3.11 for the case X = R™. The infinite dimensional case follows
analogously.

Proposition 3.3. Assume that G € F(,h) for some nondecreasing function
h: la,b] = R. If [, B] C (a,b) and x: [, B] = X is a solution of (3.1), then x is of
bounded variation in [«, 8] and var? x < h(B) — h(a) < oco. Every point in [a, 3] at
which the function h is continuous is a continuity point of the solution z: [a, 8] — X.

Moreover, we have the following result (see [21], Lemma 3.12).

Lemma 3.4. If z: [a,8] — X is a solution of (3.1) and G: Q — X satisfies
condition (3.2), then

2(o+) —z(0) = lim x(s) —2(0) = G(z(0),0+) - G(2(0),0), o€ la,f),

s—o+
#(0) —2(o—) = 2(0) — lim x(s) = G(a(0).0) ~ Cla(o).0-). o€ (a,5],
where
G(z,04) = Sgr;h_ G(z,s), o€la,p),
G({E, U_) = 513;“, G(l’, 8)7 S (avﬂ]'

Note that all the onesided limits G(z, o+), G(x,0—), x(0+) and z(c—) exist in X,
since h is a nondecreasing real function.
We recall that a function f: [a,b] — X is regulated if at any point t € [a,b], it
possesses onesided limits, that is, the limits
513%1 f(s)=f(t—) € X, t€(a,b] and SILI?JF f(s) = f(t+) € X, t € [a,b)

exist. We write f € G([a,b], X) in this case. Therefore, if f € G([a,b], X), then for
every € > 0 and ¢ € (a, b] there exist § > 0 and f(t—) € X such that

I1f(s) = f(t—)]| <e fort—¢<s<t,
and for every e > 0 and t € [a, ) there exist 6 > 0 and f(¢t+) € X such that
If(s) = ft+)]| <e fort<s<t+4.

If we endow G([a,b], X) with the usual supremum norm || f|l.c = sup | f()|,
a<t<b

then (G([a,b], X),||"|lcc) becomes a Banach space. It is also useful to know that
regulated functions are the uniform limit of step functions. For other properties of
this space, the reader may want to consult [10].
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Now, we present a result on the existence of the integral involved in the definition
of the solution of the generalized equation (3.1). See [1], Lemma 2.24 for a proof
when X is of finite dimension. The infinite dimensional case follows analogously.

Lemma 3.5. Let G € F(Q, h) and z: [o, 5] = X be regulated in [«, 8] C [0, 00)
and (z(s),s) € §Q for every s € |, ]. Then the Kurzweil integral ff DG(x(7),t)
exists and the function s — [° DG(x(7),t) € X is of bounded variation in |a, ]
(and therefore also regulated).

The next result concerns the local existence and uniqueness of a solution of (3.1)
(see [4], Theorem 2.15).

Theorem 3.6 (Existence and uniqueness). Let G: @ — X belong to the class
F(Q,h), where the function h: [a,b] — R is left continuous. Then for every
(Z,to) € Q such that for T4 = T + G(Z,to+) — G(,t9) we have (T4,t9) € Q and
there exists A > 0 such that on the interval [tg, to + A] there exists a unique solution
x: [to,to + A] = X of the generalized ordinary differential equation (3.1) for which
:L'(to) = 7.

Remark 3.7. The assumption on the left continuity of the function h in The-
orem 3.6 implies that the solutions of (3.1) are also left continuous (see equa-
tion (3.3)). Given a solution z of (3.1), the limit z(0—) exists for every o in the
domain of z. This follows again by (3.3) and, by Lemma 3.4, we have the relation
z(o) = z(oc—) + G(x(0),0) — G(x(0),0—), which describes the discontinuity of the
given solution.

4. THE VARIATION-OF-CONSTANTS FORMULA

Let [a,b] C R be a compact interval, (Z,ty) € X x [a,b], where X is a Banach
space and let L(X) be the Banach space of bounded linear operators from X into
itself endowed with the usual operator norm in L(X).

Let us assume that F: X x [a,b] — X is given by F(z,t) = A(t)xz, where A:
[a,b] — L(X) is of bounded variation, that is, var®(A) < co. Moreover, we assume
that the following conditions are satisfied:

1

(4.1) € L(X) Vte]la,b),

€ L(X) Vte(a,bl,
where I € L(X) is the identity operator, A(t+) = liI?Jr A(s) and A(t—) = lim A(s).
S5—

s—t—
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Consider the following Cauchy problem for a generalized ODE

dzx
w2) T = DF(x,t) = DA()a],
J?(to) = 7.

According to Definition 3.1, a function z: [a,b] — X is a solution of the generalized
ODE in (4.2) on the interval [a, b] if

(4.3) x(s2) = x(s1) + /82 D[A(t)z(T)] Vs1,82 € [a,b].

In particular, a function z: [a,b] — X is a solution of the initial value problem (4.2)
on [a,b] whenever

(4.4) z(s) =T+ /: D[A(t)z(T)] Vs € [a,b].

Note that the integral term on the right-hand side of the last equality comes
from the fact that we are dealing with the Kurzweil-Stieltjes integral as it was de-
scribed in [22]. Indeed, the Riemann-type sums for ftz DJ[A(t)x(7)] have the form
> [A(si) — A(si—1)]z(7;), which leads us to the more conventional form of notation
of the integral, that is, to the form f;; d[A(¢)]z(t). Then (4.3) becomes

ss2) —asr) = [ AAGN(), 51,52 € 0.8

S1

and, similarly, equation (4.4) can be written as

x(s) =2+ /S d[A(r)]z(r), s € [a,b].

to

Let BV([a,b],X) denote the Banach space of functions z: [a,b] — X such
that var’ z < oo, endowed with the variation norm ||z| = ||z(a)|x + var’z. By
BV ([a,b], L(X)) we denote the Banach space of operators F': [a,b] — L(X) such
that var? F' < oo, endowed with the norm ||F|| = ||[F(a)||x) + var} F.

In general, we have the following result for the existence of the Kurzweil-Stieltjes

integral in Banach spaces (see [22], Proposition 15).

Theorem 4.1. Let X be a Banach space. Suppose g € G([a,b],X) and F €
BV ([a,b], L(X)). Then the Kurzweil-Stieltjes integral fat d[F(s)]g(s) exists for every
t € la,b].
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The next result concerns the existence and uniqueness of a solution of the initial
value problem (4.2) on the whole interval [a, b]. Hence, a consequence of such result
is the global existence of a solution. For a proof, see [23], Theorem 2.10 together
with the last remark following it.

Theorem 4.2. Suppose A € BV([a,b], L(X)). If z: [a,b] — X is a solution
of (4.2) on [a,b], then x € BV([a,b],X). Moreover, if A satisfies (4.1), then the
initial value problem (4.2) has a unique solution on [a, b].

As we look at the equation

dx
i DI[A(t)z]

in (4.2), we can also consider the equation

(4.5) % = D[A(t)®],

where ® € L(X) and a solution of the second equation on the interval [a,b] is an
operator-valued function ®: [a,b] — L(X) such that

B(ss) = D(s1) +/82D[A(t)<1>(r)] — B(s) +/82 d[A(s)]B(s) Vs1, 52 € [a,0].
Thus, we define an operator ®: [a,b] — L(X) by

(4.6) o(t) :<I>(t0)+/ d[A(s))®(s), t€ [a,b].

to
Then Theorem 4.2 implies the operator ® given by (4.6) is uniquely determined.
Furthermore, if (4.6) is satisfied for all ¢ € [a, b], then ®: [a,b] — L(X) is a solution
of the generalized equation (4.5).
Now, we define the fundamental operator for linear generalized ODEs (see [21],

Theorem 6.13). We reproduce the proof here, applied to the infinite dimensional
case.

Theorem 4.3. Suppose A € BV ([a,b], L(X)) satisfies (4.1). Then there exists
a uniquely determined operator U: [a,b] X [a,b] — L(X), called fundamental oper-
ator, such that

(4.7) Ult,s) = I+/ d[A(M|U(r,s), t,s € [a,b]
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and for every fixed s € [a,b], U(-,s) is of bounded variation in [a,b]. Moreover, the

unique solution x: [a,b] — X of
dx
— = D[A(t
< = DlA(Da]

with initial condition z(s) = € X, s € [a,b], is given by the relation

(4.8) z(t) =U(t,s)x, tE€]la,b].

Proof. This proof follows as in Theorem 6.13 and 6.14 from [21]. For a given
€ [a,b], U is a solution of

O(t) = I+/ d[A(r)]®(r)

and by Theorem 4.2, this solution exists and is of bounded variation in [a, b] for every
fixed s € [a,b]. Then for s € [a,b] fixed, the function z: [a,b] — X given by (4.8)
is of bounded variation. Therefore, for every ¢ € [a,b], the integral f; d[A(r)]z(r)
exists (Theorem 4.1) and we have

/ A[A()(r) = / ALAU (1, 8)7 = [U(t,s) — 17 = a(t) — &

for t € [a,b], and x(s) = U(s, s)z. This means that z is a solution of the initial value
problem of the statement and this solution is unique by Theorem 4.2. O

Now, let us mention several properties of the fundamental operator U given
by (4.7). The proof follows the steps of Theorem 6.15 in [21]. But will not repeat it
here, since it is not so short.

Theorem 4.4. Suppose A € BV ([a,b], L(X)) satisfies (4.1). Then the operator
U: la,b] X [a,b] = L(X) given by (4.7) satisfies the following properties:

(i) U(t,t) =1 for all t € [a,b].
(ii) There exists a constant M > 0 such that for all t, s € [a,b] we have

|U(t,s)]| < M, var®U(t,-) <M and varlU(-,s) < M.

(i) U(t,s) =U(t,r)U(r,s) for all t,r,s € [a, b].
(iv) There exists [U(t,s)]™" € L(X) and [U(t,s)]' = U(s,t) for all t, s € [a,b].
(v) We have for all t, s € [a, b],
U(t+,s) = [T+ ATA®)U(t,s) and U(t—,s)=[I — ATAQ)|U(t,s),
Ut,s+)=U(t,s)[I +ATA®)]™" and U(t,s—)=U(t,s)[I — A~ A(t)] "
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The next two lemmas are new and they will be useful for obtaining a Dirichlet-type
formula involving regulated functions in Banach spaces.

Lemma 4.5. Let ty € [a,b] and U: [a,b] X [a,b] — L(X) be given by (4.7)
in Theorem 4.3. Then for ¢ € G([a,b],X), the function @: [a,b] — X given by
@(r) = [, ds[U(r,s)lp(s) is regulated.

Proof. Let ¢ € G([a,b],X) be fixed. Consider r € [to,t) and let r,, be a se-
quence in [a, b] such that r,, N\, 7 (that is, {r,,} is a sequence in [a, b] such that r, > r
for every n € N and r,, converges to r). By Theorem 4.4, nl;rgo U(rp,s) =U(r+,s)
exists for all s € [a,b] and there exists M > 0 such that var’ U(r,,) < M for
all n € N. Then, by Helly’s Choice Theorem (see [10], Theorem 1.5.8), U(r+,) €
BV ([a,b], L(X)) and thus, the integral ft:) ds[U(r+, s)]¢(s) makes sense.

Define U(a,s) = U(o,s) for a < s <o <band U(o,s) = fora <o <s<b. It
is difficult to see that U and U has the same properties. Thus

t s

LT ) e(s) = [ U] e(s) + / a1 ols) = B(r).

to to

In order to obtain that @ is regulated, let us prove that U (rn,s) — U (r+, s) uniformly
on [a,b]. Indeed, by property (ii) in Theorem 4.4, there exists M > 0 such that
|U(r,s)|| < M for all ¢, s € [a,b], then

sup [[U(r,s) = U(r+,s)ll = sup [U(ra,s) = U(r+,s)|

s€Ja,b] s€la,r]
= sup |[U(rn,)U(r,s) — [I + ATA()]U(r, s)|
s€la,r]
- U (rn, ) =1 = ATA@U(r, )]l

<M — 0.

/ " AU (r,r) — AT A()

Thus, by the Uniform Convergence Theorem for the Kurzweil-Stieltjes integral
(see [22], Theorem 11), we have

t ~

lim [ d[U(rn,s) — U(r+,s)] o(s) =0

n—oo tO

and we conclude that the right-hand sided limit lim+ P(s) exists for every r € [to,1).
S—T
Similarly, one can prove that the left-hand sided limit lim @(s) exists for every
S—r—

re (to,t]. O
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Lemma 4.6. Suppose K € BV ([a,b], L(X)) and let U: [a,b] X [a,b] — L(X) be
given by (4 7) in Theorem 4. 3 and t € [a,b]. Then the function U: [a,t] — L(X)
given by U (s f d[K r,s) is of bounded variation on [a, t].

Proof. At first, note that condition (ii) in Theorem 4.4 together with the fact
that K € BV ([a,b], L(X)), implies that the function U is well defined (Theorem 4.1).

Let U(o,s) = U(o,s) fora < s <o <band U(o,s) = fora <o < s <b. It
is easy to see that the function U has the same properties as U does and, for each

€ [a,b], var U(o,-) = varS U(o,-) + vart I = var? U(o,-). Moreover, for every
s € [a,t],

/d 0, s) /d ]I—I—/Std[K(r)]U(r,s):K(s)—K(aH—ﬁ(s).

With these equalities in mind, considering a partition P = (a;) of [to,t], j =
1,...,|P|, we have

|P| \Pl
Z 1U( a;) ozj )] < / d[K (m)(U(r, o) — U(r, aj_l))H + vart K
LA _
< varl K sup Z |U(r,aj) — U(r,cj—1)|| + varl, K
rela, t]] 1

<varl K sup var!, U(r,-) + vart K
rela,t)

= varl, K sup varl U(r,-) + varl, K
r€la,t]

= var!, K( sup vart U(r,-) + 1).
r€la,t]

Then U € BV ([a, 1], L(X)) and we have finished the proof. O

Remark 4.7. The two lemmas above are similar to Lemma 2.10 and Lemma 2.12
from [27], where they are presented for the finite dimension case though.

Next, we present a new Dirichlet-type formula for regulated functions in Banach
spaces. It will be useful to prove our variation-of-constants formula for generalized
ODEs. Such result generalizes Lemma 6.16 in [21], which deals with R™-valued
functions of bounded variation. The technique we use here is totally different from
that presented in [21]. We first evaluate all the integrals of characteristic functions,
then apply a Uniform Convergence Theorem. In [21], the author used a Tonelli-type
theorem instead. In [27], a similar result appears (see Theorem 2.13 there), but by
the reasons pointed out in the last remark, our result is more general.
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Lemma 4.8. Let A, K € BV ([a,b], L(X)) and assume that A satisfies (4.1). Then
for U: [a,b] x [a,b] = L(X) given by (4.7) in Theorem 4.3, and for to,t € [a,b] and
© € G([a,b], X), we have the equality

(19) /t:d[mr)] [ awesne
-/ K (s)p(s) + / 4, [ / KO, 9| 9(s).

to to

Proof. Assume that to,¢ € [a,b] with 9 < ¢. Note that by Lemmas 4.5 and 4.6,
all the integrals involved in (4.9) are well defined.

Let (o, 8) € [to,t] and z¢ € X be fixed. Using Lemmas 12 and 13 from [22], we
have

0) tO g T < a3
| aue s (s)z, = 20~ Jim Ul o)z a<r<p
¢
° lim U(r,s)zg — lim U(r,s)xg, B <r <t
s—B~ s—at
Then

@) [ axw) [ 4T )Xo ()70

= lim < lim K(s)zg — K(c)xo+ lim [K(8) — K(s)|U(B,s)xo

c—at \s—pB~ s—pB—

n /ﬂ td[K(r)] lim Ul(r, s)zo + / td[K(r)](— lim U(r, s)xo))

s—B~ s—at
= lim K(s)zg— lim K(s)zg+ lim [K(8) — K(s)]U(B, s)zo
s—L~ s—at s—pB~
t

—|—/ d[K(r)] lim U(r,s)zo — lim d[K (m)]U (r, s)zo.
B

s—B— s—=at Jg

On the other hand,

(4.11) / d[K(8)]X(a,8)(8)z0 = lim K(s)zg — lim K(s)xo

to s—B~ s—at
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and, using Theorem 17 in [22], we obtain

(4.12) L}{[@W@W@ﬁbmm@m

= sl—i>ré1— d [K(r)]U(r, 8)xo — SEICT# d.[K (r)]U(r, s)xo
= Jim [K(8) ~ KB )0 + [ d:[K) lim UG5y

— lim A [K (r)]U(r, 8)xo.

s—at Jg

Then by (4.10), (4.11) and (4.12), equality (4.9) holds for ©(s) = X(a,s)(5)Z0
Now, let 1 € X and suppose ty < 7 < t. Using the same ideas as above, we have

0, to <1 <7
/ dS[U(rv S)]X{’y} (8)1'1 = o~ hm_ U(’% S)x07 r=";
t
o hm U(r,s)ro — lim U(r,s)xg, v<r<t
s—yT S—y~

and
(4.13) [ﬂﬂﬁlhmwwmﬂ@m

= /tV d[K (r)] /t ds[U(r; 8)[x g3 (s) 71

+/ﬂmm/1#m@um@m

to

= lim [K(y) — K(s)|(z1 — U(y, s)z1) — / d[K(r)] lim U(r,s)zy

S-}'Yi S-}'Yi
t

+ lim ( / dIK(r)] lim U(r, o)as + [K(s )—K(y)]m)

s—yt s oc—yt
= lim K(s)x; — 1im K(s)x1 — lim [K(y) — K(s)]U(y,s)z1

s—yt —y sy~

+ lim d[ U(r,s)x1 — / d[K(r)] lim U(r,s)x;.
s—yt s—y~

For the right-hand side of (4.9) we obtain

(4.14) /t d[K(s)]x{yy(s)r1 = lim K(s)x1 — lim K(s)r;

s—yt sy~
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and also

(4.15) L}%levmmwﬂmﬂ@m

¢ ¢
= lim d[K(r)]U(r,s)z1 — lim d[K(r))U(r, s)z1
s—=yt S s=y~ Js
¢ ¢

lim d[K (U (r, s)z1 —/ d[K(r)] lim U(r,s)x;

s—=yt S ’Y sy~
= lim [K(y) — K(s)]U(7, s)x1.
s—y~

Then by (4.13), (4.14) and (4.15), equality (4.9) holds for ¢(s) = x{4}(s)71. Analo-
gously, one can prove equality (4.9) in the case where v =ty and v = t.

Finally, let ¢ € G([to,t],X) and ¢, be a sequence of step functions which is
uniformly convergent in [tg, t] to ¢, that is,

lim sup |¢n(s) —¢(s)|lx =0.

N0 sefto,t]

Since ¢, is a step function, equality (4.9) holds for all n € N. By the Uniform
Convergence Theorem for the Kurzweil-Stieltjes integral (see [22], Theorem 11), (4.9)
also holds for ¢ € G([to,t], X). O

Corollary 4.9. Let A € BV ([a,b], L(X)) and assume that A satisfies (4.1). Then
for U: [a,b] x [a,b] = L(X) given by (4.7) in Theorem 4.3, the equality

/Hmvnjﬂuvmgw@rifdmwmmﬂ+/3uvwﬁw@>

to to to to
holds for tg,t € [a,b] and ¢ € G([a,b], X).

Proof. Let us consider K = A in Lemma 4.8. Then

fﬂmmfhﬂwwW@—/HM@W@+/H{[mmmwm@P@

to to to to

and by (4.7),

Kﬂﬂﬂéﬁﬂwwww=A}mwmg+£¢wwﬂﬂg

for to,t € [a,b] and ¢ € G([a,b], X). O
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The proof of the next theorem follows the main ideas of [21], Theorem 6.17 (see
also [24]). However, while in [21] the Cauchy problem concerns a linear generalized
ODE perturbed by a function of ¢ only, here we consider a perturbation which also
depends on the state x.

Theorem 4.10. Let A € BV ([a,b],L(X)) and F: X X [a,b] — L(X) be given
and let [, B8] C [a,b]. Then z: [a, 8] — X is a solution of

dzx
(4.16) i D[A(t)x + F(z,t)],

:L'(to) =z

on [a, 8] if and only if it is a solution of the integral equation
t
(4.17) x(t) = U(t,to)f—k/ DF(xz(7),s)
to

_/dU[U(th)] UDF(x(T)vS)v t€ o, f]

to to
on [a, (], where U: [a,b] x [a,b] — L(X) is given by (4.7).

Proof. Let ty € [a,b] and (o) = ft[;DF(a:(T),s) for o € [a,b]. Since
¢ € BV([a,b],X) (by Lemma 3.5), Corollary 4.9 implies that if z: [a, (] — X
is a solution of (4.17), then

t t

d[A(P)]x(r) = U(t, to)T — 2 — ds[U(t, 0)]p(o) = x(t) — @ — DF(x(7),s),

to to to

that is,  is a solution of (4.16). On the other hand, if : [«a, 8] — X is a solution
of (4.16) and we define

y(t)zU(t,to)m/t DF(x(T),s)—/t 4, (Ut 0)] /:DF(J:(T),S), t € a8,

then by Corollary 4.9, y satisfies

t d[A(r)]y(r) = U(t, to)z — 7 — t do[U(t,0)]p(0) = y(t) — = — t DF(x(7), ).
Thus,
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and since the unique solution of the Cauchy problem

dz
< = DLW,
Z(to) =0

is the function z(t) = 0 for all ¢ € [a, 5], we have z(t) = y(¢) for all ¢ € [a, 5]. Then
we conclude that x is a solution of (4.17). O

5. LINEAR FDES REGARDED AS LINEAR GENERALIZED ODES

We recall that G([a,b], R™) denotes the Banach space, endowed with the usual
supremum norm, of regulated functions from the compact interval [a,b] C R to R™.
Denote by |-| any norm in R™.

Let r,0 > 0 and tp € R. Given a function y: R — R"™, let y: [-r,0] — R
be given by y:(0) = y(t + 0), 6 € [-r,0], t € R. It is clear that for any function
y € G([to — r,to + o], R™) we have y; € G([—r, 0], R™) for all t € [to,to + o]

Now, let us consider the following initial value problem for a linear functional
differential equation

Yto = ¥,
where ¢ € G([—7,0],R™) and L(t): G([-r,0],R™) — R™ is bounded and linear for
every t € [to, to + o).
We will show that the linear functional differential equation in (5.1) (we write lin-
ear FDE, for short) can be transformed into a linear generalized ordinary differential
equation of the form

dz
(5.2) { 3 = DlA®)a],

J)(lfo) = 5,
whose solution x takes values in a subspace of G([to —r, to+0], R™). For this purpose,
we introduce two conditions that the function £ must fulfill:

(A) For every y € G([to — r,to + o], R™), the application t — L(t)y; is Kurzweil
integrable over [to,to + o].
(B) There exists a Kurzweil integrable function M : [tg,to + 0] — R such that

/( L(s)ys ds

for every s1, 82 € [to, to + o] and y € G([to, to + o], R™).

< / M(s)|lys] ds
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Remark 5.1. Condition (B) holds in the following particular situation. Let
7n: R xR — L(R™) be a function such that n(t,-) is left continuous on (—r,0) and
of bounded variation on [—r, 0] for a fixed t. Suppose M (t) = var® . n(t, ). Then M
is clearly nonnegative. Is is also Lebesgue integrable over [tg,to + o] (and hence
Kurzweil integrable). Define

0
(5.3) L)Y = [ doln(t,0)]¥(0).
By Theorem 4.1, the Kurzweil-Stieltjes integral on the right-hand side of (5.3) exists
for each ¢ € [tg, tg + o]. Note that for ¢ € [to, o + o] and ¢ € G([—7, 0], R™) we have

IL(#)y] =

0
[ dalate.0)006) < v ate ol = Moo

and this, together with (A), implies (B).

Similarly as in [4], for y € G([to — 7, to + o], R™) and ¢ € [to,to + o], define

0, to—r<9<to,
6

(5.4) F(y, 1)(0) = § Ji,
t
L(s)ysds, to<t<O0<to+o.

to

‘C(S)ysdsa to <O <t<ty+o,

For each y € G([tg — r,to + 0], R™) and t € [tg,to + o], one can notice, looking
at (5.4), that F'(y,t) defines a continuous function on [to —7, to+ o], that is, F(y,t) €
C([tg — r,to + o], R™). This means that for any fixed ¢ € [tg, o + o], by the relations
in (5.4), an operator acting on G([to — r,to + o], R™) is defined. Formally, F(-,t):
G([to — r,to + o], R") = G([to — r, to + o], R™).

The second easy observation, coming from (5.4), is the fact that F(y,t) is linear
in the first variable, that is, F(ay; + By2,t) = aF(y1,t) + BF (y2,t), for every t €
[to,to+0], @, B € Rand y1,y2 € G([to—r,to+ 0], R™). This follows from the linearity
of both the integral and the operator £(¢) involved in (5.4).

Let us rewrite F' in the more conventional form F(y,t) = A(t)y, that is,
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Using this convention, we have
A(t): G([to -1t + 0’], [Rn) — G([to —r,to + (T], Rn)

for every fixed ¢ € [tg,to + o]
For t € [to,to + o] and y € G([to — 7, to + o], R™), consider the norm

[A@yll = sup |[A(£)y](0)].

Ge[tof’r,t(r‘ro']

Using the definition (5.5) and conditions (A) and (B) we deduce that the estimate

¢
/ L(s)ysds
to

holds for all ¢ € [tg, to+0], 0 € [to—7,to+0] and y € G([to—r, to+0], R™). Therefore

[[A@)y](O)] <

t
< / M(s)ds ly]
to

1At < / M(s) ds |y

for each t € [to,to + o] and y € G([tg — 7, to + o], R™). This means that A(t) is for
each t € [to,to + o] a linear bounded operator on G(t € [ty — r,to + o], R™), i.e. for
each t € [to,to + o], A(t) € L(G(t € [to — 1, to + o], R™)).

Furthermore, for y € G([tg — r,to + o], R™) and tg < s1 < s2 < to + o, by the
definition in (5.5) and by conditions (A) and (B), we have

I[A(s2) = A(s)lyll = sup  [[A(s2)y](6) — [A(s1)y] ()]

Ge[tof’r,t(r‘ro']

= sup |[A(s2)y](0) — [A(s1)y](0)]

0€(s1,82]
0 52
= sup /E(s)ysds S/ M(s)ds|y]l-
0€[s1,s2]1/ 51 s1
Thus,
s2
(5.6) [ A(s2) = A(s)ll LG ((to—r to+0l,R) S/ M(s)ds
s1

for any s1,s2 € [to,to + 0], s1 < s2. This implies that A: [to,to + o] = L(G([to —
to+0o],R™)) is of bounded variation on [to—r, to+0] and var;>"7 (A) < ;0::7 M (s) ds.

Actually, (5.6) implies that A: [to,to + o] = L(G([to — 7, to + o], R™)) is continuos
on [to,to + U].
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The construction of the operator A(t) described in (5.5) is based on the idea
coming from [20] and [11] and from the results presented in [5] and [4] which relate
initial value problems for FDEs, in particular, linear systems of type (5.1), with
a certain type of Kurzweil’s generalized ODEs in Banach spaces. We now describe
this connection in more detail.

Let ¢ € G([-r,0], R™) be given. Define

o0 —to), to —

r <0< to,
©0(0) = z(to)(to), to<O<H

0+ o.

(5.7) z(to)(0) = T(0) = {

It is easy to see that T € G([to —r,to + o], R™) and this function is constructed from
the initial condition of problem (5.1).

The generalized ODE related to problem (5.1) is linear and has the form of (5.2)
with phase space X = G([tg — r,to + o], R™). The integral form of problem (5.2) is

x(t) =2 + /tt d[A(s)]z(s), te€ [to—r,to+ o],

and the integral is in the sense of Kurzweil-Stieltjes.

By (5.6), the operator A in (5.2) satisfies the assumptions in Theorem 4.2 and we
have global existence and uniqueness of a solution of the initial value problem (5.2)
(see Theorem 4.2).

Before presenting a correspondence between linear functional differential equations
of type (5.1) and a certain class of linear generalized ordinary differential equations of
type (5.2), we mention an important result borrowed from [4] (see Lemma 3.3 there).

Lemma 5.2. Let x: [to,to+ 0] — G([to —7,to+ 0], R™) be a solution of the linear
generalized ODE (5.2) on the interval [tg, to + o]. If v € [tg, to + o], then

x(v)(0) = z(v)(v), O6=w,0 € [tg—r,to+ 0],
x(v)(0) = x(0)(0), v=0,0¢€lto—rto+ 0]

The following result relates a solution of the linear FDE (5.1) and a solution of the
linear generalized ODE (5.2). The proof can be found in [17], Theorems 4.4 and 4.5.

Theorem 5.3. Let x(tg) = & be given by (5.7).
(a) If y: [to—r, to+o] — R™ isa solution of (5.1) on [tg, to+0], thenx: [to,to+0] —
G([to — r,to + o], R™) given by
0), 0¢€ty—rtl,
(5.8) 2(0)(6) = y(6) [to —7,1]
y(t)a IS [tvtO + U]

for t € [to,to + o], is a solution of (5.2) on [ty — r,to + o].
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(b) If x: [to,to + o] = G([to — r,to + o], R™) is a solution of (5.2) on [ty,to + o],
then y: [ty — r,tg + o] — R™ given by

59 . {37(730)(9)7 to -

r 9<t07
z(0)(0), to<O<t

<
<toto

is a solution of (5.1) on [tog — r,to + o] and y(0) = z(to + 0)(0) for all €
[to -1, to + 0’].

Remark 5.4. In [4], FDEs (not necessarily linear) and generalized ODEs are
related (see Theorems 3.4 and 3.5 there). Clearly, then linear FDEs can be regarded
as generalized ODEs. But Theorem 5.3 says that, as a matter of fact, linear FDEs
can be embeded in a class of linear generalized ODEs. Conversely, as a particular
case of Theorem 3.5 in [4], a solution of a linear generalized ODE can be described
as a solution of a general FDE. Here, though, we prove that, in fact, a solution of
a linear generalized ODE can be viewed as a solution of a linear FDE.

The last result, namely Theorem 5.3, produce a one-to-one correspondence be-
tween the solution of the linear FDE (5.1) and the solution of the linear generalized
ODE (5.2). Thus, for results involving the solutions, it is possible to transfer the
properties of a solution of a functional differential equation to a solution of the
corresponding generalized ODE and vice-versa. In this paper, we use the variation-
of-constants formula we have established for generalized ODEs in Section 4 (see
Theorem 4.10) to obtain a variation-of-constants formula for perturbed linear FDEs.

6. A NONLINEAR VARIATION-OF-CONSTANTS FORMULA FOR FDES
Consider the perturbed linear FDE

{ g =Ly + flys.t),
yto =¥,

(6.1)

where f: G([—r,0],R™) x [to,to+0] = R™ and L: [tg, to+0] = L(G([-r,0],R™),R™)
satisfy conditions (A) and (B) and ¢ € G([—r,0], R™).
As in [4], we define for y € G([—r,0],R™) and t € [ty — r,to + 0),

0, to—r<9<t0,

0
(6.2) F(y,t)(0) =4 /., flys,s)ds, to <0<t

t
Fys,s)ds, t<O<to+o
to
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By Theorems 3.4 and 3.5 from [4] and, in particular, considering the linear case and
Theorem 5.3 in the present paper, it is clear that there is a one-to-one correspondence
between equation (6.1) and the following perturbed generalized ODE:

dx
(6.3) i D[A(t)x + F(z,t)],
:L'(to) = %,

where A: [tg —r,tg + 0] = L(G([to — r,to + o], R™)) is given by (5.5) and Z is given
by (5.7).

Before establishing a variation-of-constants formula for the perturbed linear
FDE (6.1), we need some auxiliary results which we present next. The first result,
namely Lemma 6.1, relates the integrals of the nonlinear perturbations of the Cauchy
problems (6.1) and (6.3).

Lemma 6.1. Lety and = be the solutions of the perturbed Cauchy problems (6.1)
and (6.3), respectively, corresponding to one another. Then ftto DF(x(r),s)(0) =
F(y,t)(0) whenever to <t < to+ 0.

Proof. By the definition of F in (6.2), it is easy to see that f; DF(x(7),s)(0)=0
for 0 € [to — 1, o).

Let € > 0 be given. Since y: [tg — r,tp + 0] — R™ is a regulated function, there
exists a sequence in [tg, t], to < t1 < ... < t,, = t such that |y(0)—y(s)| < € whenever
th—1 < 0,8 <tp, k=1,...,m (see [10], Theorem 3.1).

Consider a gauge ¢ on [t,to] such that for 7 € [t, to],

o(T) <min{%, k= 1,...,m}

and
(5(’7’) < min{|7‘—tk|, |T—tk,1|, T E [tkfl,tk], k= 1,...,m}.

This choice of ¢ ensures us that if (74, sk) is a 0-fine partition, then each subinterval
[sk—1, sk] contains at most one of the points tg,...,t, and, in this case, tj is the
corresponding tag of that subinterval.

By the continuity of the Kurzweil indefinite integral (see Remark 2.8), we can
assume that

te+6(tk) e
M —x(ty)s]ds < ——, k=1,...,m.
/| O e m

Let P = (7, sx) be a d0-fine partition of [to,t] such that

t | P|

DF(z(7),s) — Z[F(x(rk),sk) - F(a:(Tk_l),sk_l)]H <e.
to k=1
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By (6.2), for every k =1,...,|P| we have

= [to -, Skfl],

[F(x(Tk),Sk)—F( (Tk 1 , Sk— 1 /gk lf Tk 0 e [Sk—175k]7

f(( k)s,S)ds, 0 € [sk,to+ o).

Sk—1

Suppose 6 € [to,t]. Then 6 € [s;_1,s;] for some j =1,...,|P| and
1P| 9
D [F (), si) = Fz(mi-1), s5-1))(6) — t f (Y, u) du
k=1 -
= | > [F(@(r), ) = F(x(th-1), sk-1) / S (Y, u
k=1
+ [F(2(75), 85) = Fa(rj-1),85-1) / f(yusu
|P|

+ Y [F(2(m), s6) — Fla(mi1), s6-1))(8)
p

J—1 sy 0
> [ e ~ fowwldut [ () - fw]

k=

j—

Note that if u < 7%, then z(7x ), = y. and consequently,

/ @) — s w)] du = / @) 0) — [y du

forevery k=1,...,5—1 and
0, = [ijl,Tj],

0
/ [ (@(7)us ) = f (Y, w)] du = {

j—

By condition (B),

0
/ @73 0) = f (g 10)]

J

0
< / M (@) |2 — g s

912



If u € [, i), then

B oyt 0) =yu(0), ut0 <7y,
(7 )u(0) = (1) (u +0) = {y(rk), < utf

for every k = 1,...,5 — 1. Therefore, by the definition of the gauge §, we have

l2(T6)u — yull = sup |y(o) — y(7%)| < € and if the intersection of [s;_1, sx] and
0€ [Tk, uk]

{to,...,tm} is empty, then

Sk Sk
[ Meletn, =l du < [ M) au
Tk Th

forevery k=1,...,5 — 1.
Analogously, we have

0 0
| M@t -l du = [ 3 au

If the intersection of [sx—_1, sg] and {to,...,tn} is not empty, then 7, = ¢; for some
j€{l,...,m} and in this case,

Sk tj+0(t5)
/ M(8) lys — (7i)s] ds < / M(8) lys — (t;)e ] ds <
Tk

t; 2m+1°
Thus,
1P| 9
Z[F(J?(Tk)75k) — F(2(Tk-1), 5k-1) / (Y, u) du| < 5/ M (u) du + €.
k=1 t
Finally, since € > 0 is arbitrary, ft DF(x fto (Yu,w) du for 0 € [tg, t].

Following the same steps as above, one can prove the case where 9 €t,to+o]. O

In order to present a variation-of-constants formula for perturbed linear FDEs, let
us define a solution operator for linear FDEs.

Definition 6.2. Let y: [to — r,to + 0] — R™ be the solution of the linear FDE
(6.4) y = LBy

with initial condition y;, = ¢ € G([-r,0],R™). For t,s € [to,to + o], t > s, the
operator T'(t,s): G(|—r,0],R™) — G([—r,0], R™) defined by

T(tvs)ys:ytv t,s € [tO;t0+U]7 t> S,
will be called solution operator of the linear FDE (6.4).
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From the existence and uniqueness of a solution of the linear FDE (5.1), the
operator T'(t, s) satisfies:
(i) T(t,t) =1, t € [to,to + o] (identity property),
(ii) T(t,w)T(w,s) = T(t,s), t,w,s € [to,to + o] and t > w > s (semigroup prop-
erty).
The above definition, restricted to continuous functions, coincides with the defini-
tion of solution operator presented in [8] (see Section 6.2 there).

Remark 6.3. Definition 6.2 can be generalized in the following way. Let g:
[to — r,to + 0] — R™ be given and for s € [to,to + o] let y: [to — 7, to + 0] = R™
be the solution of the linear FDE (6.4) with initial condition ys; = gs. Then for
t € [to,to + 0, t = s, we define T'(t,s): G([to — r,to + o], R™) — G(|—r,0],R™) by
T(t,s)g = ys.

Lemma 6.4. Let y and x be the corresponding solutions of the perturbed Cauchy
problems (6.1) and (6.3), respectively. Let T'(t,s) be the solution operator of the
linear FDE (6.4) and U (¢, s) be the fundamental operator of the corresponding linear
generalized ODE (5.2). Then fortg < s <t <tg+ o and to < w < tg + o we have

w

Ut s) ( DF(a(r). u>) (1) = T(t, 3)(h(w).) (0).

to

where
0) to—7 < 0 < t07
6
(6.5) h(w)(0) = ; fu,w)du,  to <0< w,
0
w

F@uru)du, w<O<to+o.
to

Proof. By Lemma 6.1, ftqj DF(x(7),u) = h(w) for w € [to,to + o]. Also,
Definition 6.2 implies that T'(t, s)(h(w)s)(0) describes the solution of the linear FDE

{ g = L)yt

Ys = h(w)s

and, by Theorem 4.3, U(t, s)h(w) describes the solution of the corresponding linear
generalized ODE

dzx
= = DA,
z(s) = h(w),
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where A is given by (5.5). Then, Theorem 5.3 implies

tmmmﬁﬂwmmmﬁm—Twwmmmm

foralltg <s<t<tg+oand tog <w < tg+o. O
The next result will be useful to get a variation-of-constants formula for the per-

turbed linear FDE (6.1).

Lemma 6.5. Let y and x be the corresponding solutions of the perturbed linear
Cauchy problems (6.1) and (6.3), respectively. Let T'(t, s) be the solution operator of
the linear FDE (6.4) and U(t,s) be the fundamental operator of the corresponding
linear generalized ODE (5.2). Then for to < t < to + o we have

/t: ds[U(t, s)] (/t: DF(:[;(T),U)) (t) = /t: d,[T'(¢, $)]h(s)(0),

where h is given by (6.5) and T(t, s)y = T(t, s)ys for y € G([to — r,to + o, R™]).

Proof. Let e > 0 be given. Then by the definition of the Kurzweil integral,
there exists a gauge d on [to, t] such that for every J-fine tagged partition P we have

|P|

S (.50~ Ultsin)] [ DFG(r).w)
i=1 to
—/t AU, )] tk DF(x(r),u)|| <e.
By Lemma 6.4, we have
| P| si—1
S 0s) - Uts ([ DFam.) @
1P
= Z[T(t 8:)(h(7i)s;) — T'(t, 8i-1)(h(7i)s,_,)](0)
IS R
= Z[T(t’ si) = T(t,si-1)]h(7:)(0)

and this implies

fgwwﬂ(sDﬂamm)w—ﬁgwwmmmm

to

which completes the proof. (Il
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The next result follows from our main result and the correspondence of differential
equations. It gives a variation-of-contansts formula for perturbed linear FDE (6.1).

Theorem 6.6. Let y be the solution of the perturbed linear FDE (6.1) and T'(, s)
be the solution operator of the linear FDE (5.1). Then for ty < t < typ + o we have

y(t) = T(t.to)p /fyu, du—/ A [T(t, 5)](5)(0),

where h is given by (6.5).

Proof. Givent € [tg,to + o], Theorems 3.4 and 3.5 in [4] imply y(t) = =(t)(?)
and by Theorem 4.10 we obtain

t

z(t)(t) =U(t,to)z(t) + | DF(x(r),s)(t) — t ds[U(t,s)]<

to

S

DF<x<r>,u>) (0,

to

where « is the solution of the perturbed problem (6.3) and U (¢, s) is the fundamental
operator of the linear generalized ODE (5.2).
Note that by Theorem 5.3, U(t,t0)Z(t) = T(¢,t0)(0). By Lemmas 6.1 and 6.5,

t

DF(x(7),s)(t) = ) f(Yu, ) du

and
/ awes)( [ DFa(.0) 0 = [ Au[T(t, $))(5)(0).
Hence
y(t) = T(t, o) / £ (s w) du — / A, [T (¢, 5)]h(s)(0)
and the proof is complete. O

7. VARIATION-OF-CONSTANTS FORMULA FOR IMPULSIVE FDES
AND MEASURE NEUTRAL FDESs

We turn our attention to impulsive FDEs. At first, consider the Cauchy problem
y:£(t)yt—|—f(yt,t), t7éti7
(7.1) Ay(ts) = Le(y(tr)), i=1,2,...,m,
Yty = ¥
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where the assumptions of equation (6.1) are fulfilled, tp < t1 < ... <t < ... <
tm < o+ o are pre-assigned moments of impulse, y — I (y) maps R™ into itself and
Ay(ty) == y(tr+) —ytr—) = y(tx+) —y(t) for k = 1,2,...,m, that is, we suppose y
is left continuous at t = ) and the lateral limit y(tx+) exists for k =1,2,...,m.
Concerning the impulse functions I : R™ — R", k= 1,..., m, we assume:
(A’) There is a constant K7 > 0 such that |[Ix(x)] < Ky for k=1,...,mand z € R™.
(B’) There is a constant Ko > 0 such that |I(z)— I (y)| < Ka|lz—y|fork=1,...,m
and z,y € R™.
For y € G([to — r,to + o], R™) and t € [to,to + o], let H(y,t) = F(y,t) + J(y, 1),
where F' is given as in (6.2) and, as in [4], J: G([to,to + o], R™) x [to — r,to + 0] —
m
Gllto — 1.to + 0], R™) is given by J(y,0)(0) = 32 Hyy (t)Ho, (0)I4(y(t)) for 0 €
k=1

[to — 7, to + o] with Hy, denoting the left continuous Heaviside function concentrated
at t. Then the Cauchy problem (7.1) corresponds to the perturbed generalized ODE

3—f = D[A(t)x + H(z,t)] = D[A(t)x + F(z,t) + J(z,t)],

{E(to) =

and by Theorem 4.10 and the correspondence of equations (see [4], Theorems 3.4
and 3.5), the solution y of (7.1) can be described explicitly as

t

= U(e0)E0 + [ DHGE.0 - [ ae >]( " DH(x(r), >)<t>

U(t, to)7 /DF /d ts(/DF )()
+/t0 DJ(x(T),s)(t)—/tO d[U(t, s)] (/t DJ(x(T),u)>(t)a

where, following the ideas in Theorems 3.4 and 3.5 from [4], we obtain

DJ ZHtk VHy, (0) I (y (te))

to

for every ¢, 0 € [to, to+ o], and using the same arguments as in Theorem 6.6, we have

t

y(t) = T(t,t0)(0) + ) f (Y, u) du — ) ds[T(t, 5)](5)(0)

# YR HL 0 - [ @lFe ] ) H 6 ) 0,

k=1 to k=1
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We can also obtain a variation-of-constants formula for a more general class of
functions. Consider the equation of the form

(7.2) DIN (y:,t)] = f(y:,t)Dg,

where D[N (y:,t)] and Dg(t) are the distributional derivatives of N (y;,t) and g(t), re-
spectively, in the sense of Schwartz (see the references [3], [26]). We call equation (7.2)
a measure neutral functional differential equation or simply measure NFDE. All re-
sults presented in Section 5 for linear FDEs such as the correspondence results (The-
orem 5.3) have their analogous for measure NFDEs (see [17]). We assume that there
exists a matrix p: RxR — R™ ™ such that p(t,6) = 0,0 > 0, and pu(t, ) = p(t, —r),
0 < —r, and also that u(t,-) is left-continuous in (—r,0), of bounded variation on
[—7,0], and var(, o pu(t,-) goes to zero as s — 0 for each fixed ¢ € R, such that the
operator N is given by
0
(13) Nip.t) = 00) - [ dlu(t.0)000).

-Tr

where ¢ € G([—r,0], R™). Thus, by (7.3) the equation

which we call linear measure NFDE, with the initial condition y,, = ¢ € G([-r, 0], R™)
can be rewritten in the form

t 0 0
(7.5) y(t) = 0(0)+ [ L(s)ysdg(s)+ [ dolu(t,0)]y(t+0)— [ da[u(to, 0)]o(to+6).

to —r —r

If we define a solution operator T'(¢, s) for the linear measure NFDE (7.4) such as
in Definition 6.2, and use again the same arguments as in Theorem 6.6, the solution
of the perturbed equation

{DW@mﬂ=M@m+ﬂ%ﬂWm
Ytg = P

can be rewritten in the form
y(t) = T(t.to) / s ) dg () — / du[T(t, $)]A(s)(0).

Acknowledgement. We are very greatfull to the referee for the remarkable
suggestions and corrections.
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