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Abstract. We extend the results of paper of F. Mdricz (2010), where necessary conditions
were given for the Ll-convergence of double Fourier series. We also give necessary and
sufficient conditions for the L!-convergence under appropriate assumptions.
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1. INTRODUCTION

Let f = f(x,y): T? = [-n,n)x[—x, 1) — C be an integrable function in Lebesgue’s
sense, shortly f € L'(T?), which has the double Fourier series of the form

(1.1) f(fﬂ,y)~§:§:c etk - (a,y) € T,
§=0 k=0

where {c;i}3%_o C C are the Fourier coefficients of f:

1 i .
Cjk = @/ . f(xa y)efl(]erky) di[,’ dya (.77 k) € N2a
T2

N := {0,1,2,...}. In other words, we suppose that the coefficients of at least one
negative index are zeros. We use the usual notations for the rectangular sums of the
double series in (1.1):

m n

Smn(f) = Smn f,iL’ y Z Cik jerky) (ma TL) eN?
7=0 k=0
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and for the L'-norm:

£ = [ @l deay.

Our goal is to give conditions for the convergence of the rectangular sums in L'-norm
in terms of the coefficients. For one-variable functions this problem is well-studied,
see for example papers [1], [5]. In the two-variable case, necessary conditions were
given by Mdricz in [4], from which we have:

Theorem A ([4]). Suppose f € L'(T?) and
(1.2) [[$mn — fll1 = 0 as m,n — oo independently of one another.

Then

|Cjk|
—0 asm,n — oo.
— (k- 1
ZW ZW] (7= ml+ Dk —nl+1)

Moreover,
2m 2n

Inmlnn
—_— Z Z lcjx] =0 asm,n— oco.
mn
j=[m/2] k=[n/2]

To give sufficient conditions for the convergence in L'-norm we need the following
notations for the variations of the coeflicients, j, k > 0:
A10Cjk i= Cjk — Cjt1,k,
Ao1Cjk i= Cjk — Cj kt1,
Aqicjr = Aro(Aoicjr) = Ao1(A10Cik) = Cjk — Cig1,k — Ckt1 + Cjg1kt1-

Theorem B ([3]). Let f € L'(T?), and {¢jk}3%=0 C C be its Fourier coeffi-
cients. If

(1.3) Z|A01cmk|1nmln(k+2)—>0 as m — oo,
.
(1.4) Z|Alocm|1n(j +2)Inn -0 asn — oo,
7=0
oo [Am]
(1.5) hmhmsupz Z |[Av1cjp|Ingln(k +2) =0,
k=0j=m
oo [An]
(1.6) hmhmsupz Z |Av1cie|In(j +2)Ink = 0,
7=0 k=n

then (1.2) holds.
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We note that the previous theorems were stated and proved in a more general
context, namely, when it is not supposed that the Fourier coefficients of at least one

negative index are zeros.

2. MAIN RESULTS

In the first two theorems we extend the results of Theorem A by establishing
further necessary conditions for the convergence in L!-norm defined in (1.2).

Theorem 2.1. Suppose that f € L'(T?), f is in the form (1.1) and (1.2) holds.
Then

I lcjkl
2.1 —0 asm — oo,
21) zm: kz (] —m|[+1)(k+1)

00 2n |C'k|
2.2 J 0 :
(22) > 3 G 0 e

Theorem 2.2. Suppose that (2.1)—(2.2) hold. Then we have

Inm <& & ekl
(2.3) — 2= 50 asm — oo,
m k+1
3=[m/2] k=0
Inn o o ek
j
(2.4) TE E j+1—>0 as n — oo.
3=0 k=[n/2]

Now we establish necessary and sufficient conditions for the convergence in
L'-norm in case of coefficients of special type. We use the concept of logarithm bound
variation double sequences, see [2]. A double sequence {c;x}5%_o C Ry = [0,00)
satisfying c;; — 0 as j + k — oo is said to be in logarithm bound variation double
sequences for some N = (N7, N2) (LBVDSy), where N1, N2 > 0 are integers, if

0o oo Cik Cmn
Z Z ‘Au( N1 ] —|—2)1nN2 (k+2))‘ < C{Cjk}lan (m+2)lnN2 (n+2)

j=mk=n
for all (m,n) € N2,
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Theorem 2.3. Suppose that f € L'(T?), f is in the form (1.1) and {ejr}ho0 €

LBVDSy for some positive integer pair N = (N1, N2). Then (1.2) is satisfied if and
only if

oo - 1
(2.6) Gmk BN as m — 0o,
= k+1
> cinlnn
(2.7) Z%j:—l —0 asn — oo.
§j=0
3. PRrROOFsS

First we draw a lemma which was seen in [4], Lemma 5, we just use ¢;ji in place
of jk.

Lemma 3.1. Forall 0 < m < p and 0 < n < v we have

“w v
Z Z Cjkei(ijrky > = maX{Z Z G- m+|16jk]|€ e

j=m k=n j=m k=n

lcjk
ZZ Y

jmkn

|k
ZZ ]—m—l—lju—k—l—l)’

jmkn

|cjk]
ZZ (=7 +1)( u—k;+1)}'

j=m k=n

(k—n+1)

Now, we shall prove the main results.

Proof of Theorem 2.1. Condition (2.1) holds true since by Lemma 3.1 and the
fulfillment of (1.2) we have

2m n
> Y
eyt (|l —m|+1)(k+1)
S e X Sl
]:[ /2] 0 m—j+1)(k+1) j=m+1 k= 0 m)(k+1)
3 Scuworno] ] 32 Seuctie
j=[m/2] k= 1 j=m+1 k=0
< max 2,0 (f) = Span(f)ll1 — 0

[m/2]—1<p1 <p2
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as m and n tend to infinity. Relation (2.2) follows from the observation

ma; S — 3 0. mm— oo
/2 v [sm,ve(f) = Smn (F)lln = 0, m,

in a similar way as we got (2.1). O

Proof of Theorem 2.2. We state that conditions (2.3) and (2.4) can be obtained
using the known fact (see [1], page 746) that for any non-negative sequence {a;}

2n

a
S U0 ns
ey [l —n|+1

implies

Indeed, defining

~ Jew] ¢l
ap = = Z
prd kE+1 “J+ 1’
respectively, (2.1) and (2.2) imply the validity of (2.3) and (2.4). O

Before we prove Theorem 2.3, we need an inequality. A similar inequality was
proved in [2], Lemma 2, although we think their proof is incomplete and we hereby
give a complete one.

Lemma 3.2. If {Cjk}szo € LBVDSy for some N = (N, N3), then

mo n2

] C
S Y Aneul G+ 2k +2) < Cry 3 Z GFOETD
j=m1 k=ny j=lymal k= j

for any 0 < m; < ma < oo, 0 < ny < ne < 0.

Proof. For the sake of convenience, we will use the notation
Aln™ =™ (14+1)—1n™No L.

With a little calculation,

Aycin = In™ ( +3)In™2 (k + 3)A Gk
HeE G432k +3) “(1an (j+2)lnN2(k+2))

CApci(AIn™M (+2))  Agce(Aln™ (k +2))
™ (5 +2) In™2 (k + 2)
Cr(AIn™M (4 2)(AI™ (& + 2))
™M (j +2) In™2 (k 4 2) '
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Now we can estimate

mo no

> Anci|InG + 2) In(k + 2)

j=m1 k=n

Z Z\ ( ok )‘le“ (G +3) I+ (k + 3)

N1 g
i = (j+2)In™2 (k+2)

+ O Z Z |Ag1cjr| In(k + 2) L Cn Z Z |[Avocjr| In(j + 2)

el j+1 Pl kE+1
+Cy gz: i S [ S N S
Pl G+D(Ek+1)
since
(3.2) Aln™ (14 2) _ O

Mt 42) T I+1

First, for the estimation of I, set

mn—ZZ‘Au(l N L , )‘

et (G +2)In™2 (k +2)

Then

I = Z Z i — Rjsin — Rjger + Ripips) V(G + 3)In™ 4 (& + 3)
j=m1 k=ny
mo—1ng—1
= > > R (AWM (G 4 3)(Am™ ! (k + 3))
j=mi1 k=ni
mo—1
+ > Riprn (AWM (G 4+ 3) I (ng + 3)
Jj=m1
ng—1
+ ) Ry et VT (g + 3)(AI ™ (K + 3))
k=n1
mo—1
= > Rjptmn (AWM (G4 3)) I (ng + 3)
Jj=m1
ng—1
3 Ronsr e ¥ (my + 3)(A ™ (k 4 3))

k=n1

+ Romyny I+t (mq1+3) In™V2H! (n1+3)
— Ry t1.m, WV (mg + 3) In™2 1 (4 3)
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— Ry not1 In™N1+t (mq1+3) InNett (ne +3)

+ Rooti,na+1 InN1+t (mz + 3) InV2tt (712 + 3).

Using (2.5) and (3.2) we get

Cik
necen( XY ot
‘ j=mi1+1k=ni+1 ‘7+1 k+1)
n2

Cm
+ Z Jllnn1—|—2) Z k_,_lkln(m1+2)

j= m1+1 k=ni+1
2 C; 2 Cmok
ino mo

j=mi+1 k=ni1+1 1
+ Cmyny In(my + 2) In(ny + 2) + ¢mgn, In(ms + 2) In(nq + 2)
(

+ Cmyny In(my + 2) In(ng + 2) + Cmgn, In(mse + 2) In(ng + 2)>

and since for any non-negative integer n
1
In(n + 2) g —
+
I=yn

we can obtain

<l Y Z SIS
’“][\/_ (G+1)(k+1)

Finally, we need estimations on I and I3. For this, we use that for any {c;z} €
LBVDSy, we have the one-dimensional logarithm bound variation condition [6]

(3.3) Z’ (thO l+2))’ S C{al}lﬂNoc(li;LL—l-Z)

satisfied for all the row and column subsequences of {c¢;;} with the same con-
stant C{.,,}. Indeed, by [2], Lemma 1,

oo

Z‘ ( o )‘gc{c,k} N CmnN ;
L(j +2)In™? (n 4 2) T In™t (m+2)In"? (n 4+ 2)

J=m

e Cmk Cmn
A \ < Cye, :
Z‘ o (7 Cm + 2)In™ <k+2>) N (m+ 2) 0™ (n o+ 2)

and we have (3.3) for a; := ¢,/ In™2 (n 4+ 2) with Ny = N; and the same time for
ar == i/ 0N (m 4 2) with Ny = Ny. Then we immediately get (3.3) for the row
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and column subsequences and we can say {c;}72, € LRBVSy, and {cmi}i2, €
LRBVSy,. Then, by [6], ineqality (8) and Theorem 4,

n2

no ap
> Aa|in(l+2) < Cay Y 111
= I=[y/n1]

is satisfied for any {a;} € LRBVSy,, therefore

Cik
C{C7k} Z Z ]+1](k+1),

j=mi1 k=

Cjk
<C —
{cjn} Z Z ]+1 k+]_)
j=lymi] k=n1

Altogether this means (3.1) holds. O

Proof of Theorem 2.3.  Sufficiency. Let us assume that conditions (2.6)
and (2.7) are satisfied. By Theorem B, it is enough to see that the four condi-
tions (1.3)—(1.6) hold. Since {c;x} € LBVDSy, we have {¢,}?°, € LRBVSy, and
{emi}52, € LRBVSy,, moreover by [6], Theorem 4, for any non-negative LRBV Sy,

sequence {a;},
o0

> Aa|In(l +2) < Cay

1=0 :0

If we substitute a; := ¢y with Ng = Ny and a; := ¢, with Ny = Ny, we get (1.3)
and (1.4):

oo
1
kZ|A01cmk|1nmln(k:+2 C{cjk}zcwék_’_nlm — 0 asm — oo,

E |Atocjn|In(j +2)Inn < Cfc,y g cj‘n—’_nln —0 asn— oo.
2.7
J= 7=0

Furthermore, from (3.1), we have (for any A\ < m) that

co [Am] 00 [Am]

Cjk
ZZ|A11c]k|ln]1n(k+2 Clepy D D m
k=0 j=m k=0 j=[\/m]
<C i s cgr o] Z e
S e L i iSpm) - k1 Clesn) < [ml<saim) K+ 1
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and similarly

[)\n] [o'e)

Cik Ink
A 1 2)1 ; :
Z Z |Avicjk|In(j +2)Ink < Clejiy Z rgk)g(A j+1
=0 k=n Jj=
Hence (1.5) and (1.6) are obtained:
oo [Am] > empInm
Injln(k + 2 i o=
ligflqupjupg Z |[Arreje|Injin(k + 2) < Cyc, 3 gbnjgopz k+ 1 0,
izm k=0
co [An]
fpimaup 3> Ancse| (s + 2)nk < c{ck}hmsupZ =0
n

Necessity. Let us suppose that (1.2) holds. By Theorems 2.1 and 2.2 we get
(2.3)-(2.4). Moreover, we have {c;,}7°, € LRBVSy, and {ci}7°, € LRBVSy,. It
was proved in [6] that for any non-negative {a;} € LRBVSy,,

n S C{a;}al for [\/ﬁ] << n,

consequently
ay < —C{al} z": a
n X n l-
I=[n/2]
If we substitute a; := ¢;, and a; := c¢j1, then we get

Clep) & Clesi) Z"
ik ik
Cmk < TJ g cjr and ¢, < —— Cjk-

n
j=[m/2] k=[n/2]

Finally we obtain (2.6) and (2.7):

2m [e'e)

oo
Cmk InMm Inm Cjk
T—H<C{C7k} Z Z +1—>0 as m — 0o,
k=0 j=[m/2] k=0
> cinlnn Inn <N & Cik
ZLSC{C”—Z Z 27 50 asn— oo.
o Jj+1 o j=0k:[n/2]‘7+1
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