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Abstract. The Berezin symbol A of an operator A acting on_the reproducing kernel
Hilbert space H = H(2) over some (nonempty) set is defined by A(N\) = (Aky, ky), A € Q,
where ky = ky/||kx| is the normalized reproducing kernel of H. The Berezin number of
the operator A is defined by ber(A4) = su}()2 [AN)| = sug |(Aky, ky)|. Moreover, ber(A) <

A€ A€

w(A) (numerical radius). We present some Berezin number inequalities. Among other
inequalities, it is shown that if T = [é g] € B(H(1) @ H(Q2)), then

ber(T) < (ber(4) + ber(D)) + 3/ (ber(4) — ber(D))2 + (| 5] + [C])?.
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1. INTRODUCTION

Let H be a complex Hilbert space and let B(#H) denote the C*-algebra of all
bounded linear operators on H with the identity /. In the case when dimH = n, we
identify B(#) with the matrix algebra M, of all n x n matrices having entries in the
complex field. An operator A € B(H) is called positive if (Az,z) > 0 for all x € H,
and then we write A > 0. Let r(-) denote the spectral radius. The numerical range
and numerical radius of A € B(H) are defined by

W(A) = {{Az,z): z € H,||z|| =1} and w(A):=sup{|A|: A € W(A)},

respectively. It is well known that w(-) defines a norm on B(#), which is equivalent to
the usual operator norm ||-||. In fact, for any A € B(#), we have [|A|| < w(4) < ||A]
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(see [4], page 9). For further information about numerical radius we refer the reader
to [1], [5], [15].

A functional Hilbert space is a Hilbert space H = H(Q2) of complex-valued func-
tions on a (nonempty) set {2, which has the property that point evaluations are
continuous, i.e., for each A\ € Q the map f — f(\) is a continuous linear functional
on H. Then the Riesz representation theorem ensures that for each A € ) there is
a unique element ky of H such that f(\) = (f, k) for all f € H. The collection
{kx: A € Q} is called the reproducing kernel of H. If {e,} is an orthonormal basis
for a functional Hilbert space H, then the reproducing kernel of # is given by [6],
Problem 37:

kx(z) = Zmen(z).

For A € Q, let kx = ky/||k|| be the normalized reproducing kernel of #. For
a bounded linear operator A on , the function A defined on Q by A(\) = (Aky, k)
is the Berezin symbol of A, which was first introduced by Berezin [2], [3]. Berezin
set and Berezin number of the operator A are defined by (see [11])

Ber(A) := {A(\): A€Q} and ber(A4) :=sup{|[A(\)|: € Q},

respectively. It is clear that the Berezin symbol A is a bounded function on Q whose
values lie in the numerical range of the operator A and hence

Ber(A) CW(A) and ber(4)<w(4)

for all A € B(H). Karaev in [12] showed that if 7?2 is the Hardy space, then we take
A= (-,2)z in H?; an elementary calculation shows that A(\) = |A]2(1 — |\|?), and
thus

Ber(A) = {0, ﬂ C[0,1]=W(A) and Dber(d)=-<1=w(4).

] =

Moreover, Berezin number of an operator A satisfies the following properties:
(a) ber(aA) = |a|ber(A) for all o € C.
(b) ber(A + B) < ber(A) + ber(B).
Let T; € B(H(Q)), 1 < i < n. Then we define the generalized Euclidean Berezin
number of Ty,...,T, as

n o 1/p
ber,(Ty,...,T,) := sup( |<Tik,\,k)\>|p> .
rea \‘

The generalized Euclidean Berezin number ber,, p > 1, has the following properties:
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(a) ber,(oT1,...,aT,) = |a| ber,(Th,...,T,) for all o € C;
(b) ber,(T1 + S1,...,Tn + Sn) < bery(Ty,...,T,) + ber,(S1,...,5,),
where T;,5; € B(H(Q)), 1 <i< n.

The Berezin symbol has been investigated in detail for the Toeplitz and Hankel
operators on the Hardy and Bergman spaces; it has wide applications in various
questions of analysis and uniquely determines the operator (i.e., A(\) = B()) for all
A € Q implies A = B). For further information about Berezin symbol we refer the
reader to [9], [10], [12], [14], [16] and references therein.

Let Hi,Ha,...,Hy, be Hilbert spaces, and consider the direct sum H = é H;.

=1
With respect to this decomposition, every operator T' € B(H) has an n x n olj:)erator
matrix representation T’ = [T;;] with entries T;; € B(H,, H;), the space of all bounded
linear operators from H,; to H;. Let A € B(H1,H1), B € B(H2,H1), C € B(H1,Hz)

A 0
and D € B(Hz,Hz2). The operator matrix 0 D is called the diagonal part of
A B
C D
tool for studying Hilbert space operators, which have been extensively studied in the

B
} and [ o0 ] is the off-diagonal part. Operator matrices provide a usual

literature. Hou et al. in [8] and Omer et al. in [1] established useful estimates for the
spectral radius, the numerical radius, and the operator norm of an n X n operator
matrix T = [T;;]. In particular, they proved that

r(T) < r(IT51]),  w(T) <w(lITis 1), NTI < N7
and w(T) < w([ti;]), where

. {w(ﬂ) if i = j,
ij = [P .
T35l if @ # J.

The Berezin number is named in honor of Felix Berezin, who introduced this
concept in [2]. In this paper, we establish some inequalities involving the Berezin
number of operators. By using the ideas of [1], [15] we give several upper bounds for
the Berezin number and the generalized Euclidean Berezin number of Hilbert space
operators.
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2. MAIN RESULTS

Now we are in a position to present our first result.

Theorem 2.1. Let T = [T;;] be an n x n operator matrix with T;; € B(H(£;),
H()), 1 <i,5 <n. Then

ber(T) < w ([t;]),
5 ; beI‘(T;'j) if i = j,
wnere t;; =
Tl i A

n
Proof. Let H = @ H(Q;). For every (Ar,...,\n) € Q1 X X Qy, let
i=1

ko,

lA((Al,...,/\n) = be the normalized reproducing kernel of H. Then
kx,
. R . n
IT(A1L, - A0 = KTk, o) Koo = Z (Tijkx;, k)
i,j=1
n n n
< Z |<T’ijk)\jvk)\i> = Z |<Tiik)\i7k)\i> =+ Z |<TijkA]7kAi>
3,5=1 i=1 ij=1
i#]
n n
<Y ber(Tia)llka 17+ D 1Tl 1,
i=1 i,j=1
i#]
n
= > tijllka kx| = (il )
i,j=1
([,
where y = . It follows from |ly|| = 1 that |T(A1,...,A\n)| < w([ti;]). Hence
(L2
ber(T) =

sup |’i‘()\1,.

(A1, An) EQL X ... XQp

as required.

Corollary 2.2. If T = [é g} € B(H(21) @ H(Q2)), then

ber(T) <

|~

(ber(4) + ber(D)) + %\/(ber(A) —ber(D))? + (|| B]| + [|C[])*-
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In particular, for T = [gl 10)] € B(H(21) ® H(Q2)) we have
(2.1) ber(T) < max {ber(A4),ber(D)}.

Proof. Using Theorem 2.1 we get the inequality

ver ([ 4 2]) < ([Pert JELT)

(1 bera (Bl Cl) .
. <{%<|B||+||C|) ber D D (by [7], page 44)

= %(ber(A) + ber(D)) + %\/(ber(A) —ber(D))2 + (| B|| + IIC|)?.

A
In particular, if T = [ 0

0 D] € B(H(Q21) © H(2)), then

ber(T) < 5(ber(4) + ber(D)) + 1 /(ber(4) — ber(D)?

- %(ber( ) + ber(D)) + %| ber(A) — ber(D)|
= max{ber(A4), ber(D)}.
0

We need the following lemmas for our results. The next lemma follows from the
spectral theorem for positive operators and the Jensen inequality; see [13].

Lemma 2.3 (The McCarty inequality). Let T € B(H), T > 0 and = € H such
that ||z|| < 1. Then
(T, 2)" < (T",x)

forr > 1.

Proof. Letr > 1 and x € H such that ||z|| < 1. Fix u = z/||z|. Using the
McCarty inequality we have (Tu,u)” < (T"u,u), whence

(Tz,z)" < [l ~(T"z, z)
< A(T"z,x) since ||z]| < 1 and 2r — 2 > 0.
Hence, we get the desired result. O

1001



Lemma 2.4 ([13], Theorem 1). Let T' € B(#H) and let =,y € H be any vectors.
If f, g are nonnegative continuous functions on [0, 00) which satisfy the relation
f(®)g(t) =t,t €]0,00), then

(T, y)? < (AT, z) (6> (1T )y, y),

in which |T| = (T*T)/2.

0 X
Theorem 2.5. Let T = {Y 0} € B(H() @ H(Q)), » > 1, and let f, g
be nonnegative continuous functions on [0,00) satisfying the relation f(t)g(t) = t,

t €10,00). Then

ber’(T) < 2" *ber' (> (|X|) + > ([Y*])) ber' 2 (f*(|Y]) + g* (| X*))).

. k
Proof. For every (A1, A2) € Q1 x Qo, let kix, ,) = {k)\l] be the normalized
A2

reproducing kernel of H(Q1) & H(Q2) (i-e., ||k, [|? + |[[kr,]|> = 1). Then
T\ A2)]" = (T a)s K aa)) |
= |<Xk)\2a k)\1> + <Yk)\1ak>\2>|r
< ((Xkxg, Ba )| + 1Y kxy, kag) )" (by the triangular inequality)

N

2" . r
5 ((Xkxo, ka)l” + Yk, ka)[7) - (by the convexity f(t) =1¢7)

//\

(< (|X|)k/\2ak)\2>1/2<g2(|X*|)k/\1ak)\1>1/2)T
(F2(Y )k, k>\1>1/2< 2(|Y*|)k,\2,k,\2>1/2)r) (by Lemma 2.4)
(

N

- (
(
(f2r(|X|)kA2akA2>1/2< 21X [os Eag) 2

<f2”"(|Y|)kA1 o) 2 (Y ks k) /?) (by Lemma 2.3)
(

<

<

N
No|h 4 o 4 o 4 R

<f2r(|X|)k)\2a k>\2> + <92r(|y*|)k/\27k/\2>)1/2(<f2r(|yl)k>\1 ) k/\1>
G (1 Xk, x, )2 (by the Cauchy-Schwarz inequality)

(S OXD + g (Y Dkgs kan) V2 (YD) + 9 (X)) es s ka2

N

5 ber'Z(F27(1X]) + > (Y1) ber'2(f27(IY]) + g (X" ) 1 Ex, 11 Fxa |

N

2—;ber1/2(f2”"(|X|) + g2 ([Y*])) ber 2(£2 (Y ]) + g2 (|X*)

Lo I+ I 2
2

= 2 perl 22X + g () ber (2 (V) + 7 (X))

(by the arithmetic-geometric mean inequality)

1002



Now, taking the supremum over all (A1, A2) € Q1 X Q2 we get the desired result. O

Theorem 2.5 includes a special case as follows.

0 X
Corollary 2.6. Let T = { ] €B(H1DH2),0<p<landr > 1. Then

Y 0

berr(T) < 2r—2 ber1/2(|X|2rp + |Y*|2r(1—p)) berl/Q(|y|2rp + |X*|2r(1—p)).

Proof. The result follows immediately from Theorem 2.5 for f(t) = t” and
gty =t'""P, 0<p< 1. O

Theorem 2.7. Let A,B,X € B(H(Q)), r > 1 and let f, g be nonnegative
continuous functions on [0, 00) satisfying the relation f(t)g(t) =t, t € [0,00). Then

ber’ (A*X B) < ber (%[B*f2(|X|)B]”’/2 + é[A*gQ(|X*|)A]Tq/2),
where 1/p+1/q =1 and pr > qr > 2.
Proof. Forevery A € Q, let Kk be the normalized reproducing kernel of H((2).
Then
(A" X Bky, ky)|" = [(X Bky, Ak)|"
< ((fA(1X)) Bk, Bka) (9 (|1X|) Aky, Aky))™/?
(by Lemma 2.4)

. 1 .
< = (f*(IX|)Bkx, Bk\)"™"/? + 5<92(|X*|)Akxw4kx>m/2

AR

(by Young’s inequaliy)
~ ~ 1 ~ ~
=SB FIXD Bl )™ 4 = (A" (1X7 ) Ak, K )2
(B (XD BI ko k) + (14762 (XD AT 2k, k)

1
< -
q

"=

(by Lemma 2.3)
— 1 * rp/ 1 * * rq/2\1r. L
= (1B PUXDBI™? + A (X DA ) Ko
l * rp/ 1 * * rq/
<ber (B PIXDB? 4[4 X7)A?),
whence

ber” (A*X B) = sup |(A* X Bk, ky)|"
AEQ

< ber (L[5 PIXDBI2 + LA AP 2),
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Remark 2.8. In Theorem 2.7, if we add the hypothesis of contraction for op-
erators A and B (i.e., A*A < I and B*B < I) then by using Lemma 2.3 and in
a fashion similar to the proof of Theorem 2.7 we get the inequality

1 1
(2.2) ber’ (A* X B) < ber (];B*f”’(|X|)B + aA*g”"q(|X*|)A),

where r > 1, 1/p+ 1/q¢ = 1 are such that pr > ¢r > 2 and f, g are nonnegative
continuous functions on [0, co) satisfying the relation f(¢)g(t) =t, t € [0, 00).

The next result follows from Theorem 2.7 and inequality (2.2) for f(¢) = ¢* and
gty =t 0<a <.

Corollary 2.9. Let A,B,X € B(H(?)), let r > 1, 1/p+ 1/q = 1 be such that
pr>=2qr>2and0< a<1. Then

1 1
ber” (A" X B) < ber (—[B*[X[2*B]"/* 4 [4*|X*[20-) 4'9/2),
p q
In particular, if A and B are contractions, then

1 1
ber’ (A* X B) < ber (—B*|X|7"WB + —A*|X*|’“P(1—“>A).
P q

Now, we need the following lemma for the next result.

Lemma 2.10. Let X,Y € B(H(S2)). If ber ({i)( 8}) < ber <[§ 8}), then
ber(X) < ber(Y).

Proof. Forevery A € Q, let Kk be the normalized reproducing kernel of H((2).

Hhen X 0][k] [k
Xky, ky)| = o I e
o) mo OHOHOM
X
Sber({o 8]) (by the definition of ber)
<ver([ o))
0 O
< ber(Y) (by inequality (2.1)).
Hence

ber(X) = sup|[(Xky, k)| < ber (Y).
reQ
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Corollary 2.11. Let A;,B;, X; € B(H(Q), 1 < i < n,r > 1andlet f, g
be nonnegative continuous functions on [0, 00) satisfying the relation f(t)g(t) = t,
t €]0,00). Then

n

. n . 1T . rp/2 1 . . rq/2
ber (Z A XiBi> < ber(}—) {Z B; f2(|Xi|)Bz} +5 [Z A (X |)Ai] >
i=1 i=1

i=1
where 1/p+1/qg =1 and pr > qr > 2.
n n
In particular, if > AfA; < I and ) B}B; < I, then
i=1 i=1

(3

T - * 1 - * LT 1 - * 7 *
ber (Z AiXiBz) < ber (}; N B (X)) B + EZAig 9(|1X; |)Ai>.
i=1 =1

i=1

Proof. If wereplace A, B and X in Theorem 2.7 by operator matrices

A 0 ... 0 By 0 ... 0 Xy 0 ... 0
As 0 ... 0 By, 0 ... 0 0 X5 ... 0
. A, ) . ) and ) .. s,
A, 0 ... 0 B, 0 ... 0 0 0 ... X,

respectively, then we get

3 A; X B;
ber” | | = 0
0 0
1r.m . 2 rp/2 1r.n . o . rq/2
< ber q;[;l?if (IXzI)Bz} —l—;L;Aig (1X; |)Az} OD
0 0

Now, using Lemma 2.10 we have
n
ber” (Z A;*XiBi)
i=1
1 n rp/2 1 n rq/2
<ver(H[ mpxhm| + IS axnal )
i=1 =1

the first inequality. The second inequality follows from inequality (2.2) and this
completes the proof. O

In the next theorem we present an inequality involving the generalized Euclidean
Berezin number for off-diagonal operator matrices.
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Xi
Theorem 2.12. Let T; = [ 0

Y, 0] B(H(21) © H(Q2)), 1 <i < n. Then

ber (Tl,TQ,...,T)

<2ty ber (X + g ) ber Y + (17 )

i=1
forp > 1.

. k
Proof. For every (A, A2) € Q1 x Qo, let k(y, »,) = [k)\l] be the normalized
A2
reproducing kernel of H(1) @ H(Qs) (ie., [k, ||? + |k, ||? = 1). Then

n n
D Uik aa)s kou )P = D [(Xikag k) + (Yikay )P
i=1 i=1

< Z(|<Xi/€>\2,k‘>\1>| + [(Yikx,, kxg)|)P (by the triangular inequality)

=1
S 27 zn: [( Xk, k) [P+ [(Yikay s kag)|” (by the convexity f(t) = tP)
=1
S %il 2(1X1 kg e )P (g2 (1 Dk k)72 4 (2 (Vi s e, )P/
i=1
(Y7 Dhers, koag )P/ (by Lemma 2.4)
g% . (F2P(1X i e g Y2 (G (1X 3 Veny s keag )2 4+ (F2P (1Y) ke, Bea, Y2
X <_ P(|Y; krs, kag)/? (by Lemma 2.3)
< %Z((pr(|Xi|)k,\2,k,\2> (@Y7 Dors s a2 (PP (Yo, s )

i=1
+ (g% (| Xk, ka, )2 (by the Cauchy-Schwarz inequality)

N

or U . )
T 2 ber! 2P (X)) + g (V7)) ber' 2 (S (Yil) + g (1X7 D) ea, [ s |
i=1
or I . )
= 5 > ber! 2(fP (X)) + g (1Y) ber' (£ (Vi) + g (1 X71))
=1
Wex, I + 1Fxs )12
()

= % ZbErl/Q(fQ:D(lXiD + 92])(|Yz*|)) ber1/2(f2?’(|yi|) i ng(|X;‘|))

i=1
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Hence
n

ber? (T, Ty, ..., T,) = sup Tk ,f{ )
p( ") (A1,22)EQ1 X Q0 ;K HOn22) ()‘1!)‘2)>|

<2072 ) ber (1G] + g (V7)) ber 2 (£ (Vi) + g% (1 X))

i=1
as required. O
Theorem 2.13. Let T; = [zéz 13;1] €EBHE)DH(D)), 1<i<nandp>1.
Then ' '
berp (T1,...,T,)
<27P Y (ber(A;) + ber(D;) + v/(ber(4;) — ber(D;))2 + (|| Bi|| + [|Cs])2)".

=1

kx,

] be the normalized
kx,

Proof. For every (A, A2) € Q1 x Qy, let IA{(M,)\z) = {
reproducing kernel of H(€1) ® H(2). It follows from

- . A Bi] [k kx,
KTk 20) Kou a0 | = ‘< [Ci Di:| |:k)\2:| , [k'AJ>‘

Aikx, + Bika, kx,
B ‘<{Cz‘kx1 +Dz‘7%] ’ [’%D‘
= [(Aikx,, kxy) + (Bikngs kxy ) + (Cikay s ks ) + (Dikny, kx|
S HAikx,, kx| + [(Bikag kan )|+ [(Cika s by )| 4 [(Dikxg, k)|

that
n A A
ber’(T1,...,T,) = sup D UTK g 00> K )P
(kl,kg)EQl X Qo i=1
< sup Z(|<Aik)\1vk)\1>| + |<Bik)\27k)\1>|
(kl,kg)EQl X Qo i=1

+ |<Cik/\1ak>\2>| + |<Dik/\27kk2>|)p

n
<3 s (A k) [(Bikig, )|
i=1 (Al,)\z)eﬂlxﬂz
p
+ [(Cikin, Faa) | + [(Dikerg, ) )
<O0( s (ber(A)[k 2 + ber(Dy) [k,

i=1 ()\1,)\2)691 X Qo

p
+ (1Bl + G D 1ra)
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Z( Sup (ber(A;) cos® § 4 ber(D;) sin? 0
i=1 | p
+ (IB: |l + 11Csl) CosGsmG))

=977 z": (ber(4;) + ber(D;)

i=1

++/(ber(A4;) — ber(Dy))2 + (| B + [Ci[)?)".

This completes the proof. O

Acknowledgement. The author thanks the anonymous referee for reviewing this
paper.
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