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KYBERNETIKA — VOLUME 54 (2018), NUMBER 5, PAGES 921-936

ON THE ACCURACY OF APPROXIMATION
OF THE DISTRIBUTION OF NEGATIVE-BINOMIAL
RANDOM SUMS BY THE GAMMA DISTRIBUTION

TrRAN Loc HUNG AND TRAN NGOC HAU

The main goal of this paper is to study the accuracy of approximation for the distributions
of negative-binomial random sums of independent, identically distributed random variables by
the gamma distribution.
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1. INTRODUCTION

Let X, X1, Xo,... be a sequence of independent, identically distributed, positive random
variables with mean 0 < E(X) = m < +oo and finite variance 0 < Var(X) = 0% < 4o0.
Let v, be a geometric random variable with parameter p (for short, v, ~ Geo(p),p €
(0,1)), independent of all X;,4 > 1 and its probability mass distribution is given by

Py, =k)=p(1—p)* ', k>1pe(0,1).

Set S, = X1+ X2+ -+ X, . Then, the S, is said to be a geometric random sum or
a geometric convolution of X (see [2]). Geometric random sums arise naturally in many
applied probability models. The asymptotic behavior of the distribution of a geometric
random sum is an object of interest in applied areas like finance, insurance, reliability,
queue system and risk theory, etc. (see [2] [7, 12| [15] [16] and the references given there).
It should be noted that E(v,) — +o0o as p — 0F. Therefore, the following Rényi’s limit
theorem (see [I2] and [I5] for more details) is one of well-known results for geometric
random sums. Specifically,

Su,
E(vp)

where Z is an exponential random variable with mean m (m > 0), that is

2,7 as p—o0T, (1)

P(Z<z)=1—e"™ % a¢€(0,+00),
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and -5 denotes the convergence in distribution.
The rate of convergence for limiting expression in was estimated by Kalashnikov
(see [12] for more details) as follows:

sup P(SV” S.Z‘)—P(ZSZ‘) =o(l) as p—0T. (2)

0<z<+o00 E(Vp)

In particular, when E(X,) =1, for n = 1,2,... and E(X;) < oo for s € (1,2), the
rate of approximation in is given by

<c (E(l))l B(X?), 3)

where C' > 0 is an absolute constant (see [I5] for more details).

(e
Ssu X — e
ocathoo| \E(r) =

It is worth pointing out that the upper bound for d(S,,p,Z]E(SUp)), the sup norm
distance between geometric random sum S, and an exponential random variable with
mean E(S,,), is given by Brown (see [2] for more details) as follows:

d(SUpa Z]E(Sl,p)) < ¢p, for 0< p< 1/23

where ¢ = EX?/(EX)?, and X, X1, X, ... are independent identically distributed posi-
tive random variables, and v, ~ Geo(p),p € (0,1) is independent of all X;,i > 1.

The problem to be considered in this paper is that of extending of known results in
, and . Specifically, the paper is concerned with the rates of weak convergence
in following limiting expression

SN,, D
e 25 G, as p— 0T, 4
E(N,,) W

where Sy, , == X1 + -+ + Xy, , is a negative-binomial random sum of independent and
identically distributed random variables, G is a gamma distributed random variable, N, ,
is a negative-binomial distributed random variable with two parameters r € N\ {0}, and
p € (0,1), (written N, , ~ NB(r,p)), with probability mass function (see for instance

P, =0 = (ST ) a-pt bz e R\ Ohpe 0. )

In particular, when r» = 1 the relation specifies the geometric distribution and the
limit expression in will be deduced by .

In recent years, the rate of convergence in limit expression was investigated by
Bevrani et al. in [I] and Gavrilenko et al. in [6]. It should be noticed that all estimates
are established via uniform metrics (see [6] and [I] for more details).

Throughout this paper, the symbol Gam(«, ) denotes the gamma distribution of two
parameters « > 0 and 5 > 0. A random variable G is said to be a gamma distributed
random variable with two parameters « and 3, in short G ~ Gam(a, ), if its probability
density function is defined in following form:

fola) = %xa’le’*&”, if x e (0,+00),
¢ 0, elsewhere,

(6)
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where I'(a) = [;¥ y*~te~¥dy is the gamma function (a > 0). According to @ the
characteristic function of Gam(a, 8) distribution is given by

B
B—it

The gamma distribution is frequently a probability model for waiting times, for in-
stance, in life testing, the waiting time until “death” is a random variable which fre-
quently modeled with a gamma distribution (see [9] for more details). In particular,
when o = 1, and 8 = A, then we have an exponential distributed random variable whose
the probability density function is defined by

Ae M if € (0, 00),
M@={ (0, 00)

polt) =B = (2] te (cooto0) ™)

(8)

0, elsewhere,

and its characteristic function is calculated as follows:

A
From on now, let N, , ~ NB(r, p) be a negative-binomial distributed random variable
with two parameters r € N\ {0} and p € (0,1). The random sum Sy, , := X1 + Xo +
---+ Xk, , is said to be a negative-binomial random sum (see [2I]). It can be verified
that E(N,.,,) = rp~!. Through this paper we assume that parameter p — 0 while the
second parameter r € N\ {0} is fixed. It is worth noticing that for a negative-binomial
random variable N, , ~ N'B(r,p), with two parameters r € N\ {0} and p € (0,1),

Nep 24+ + 1, (9)

where v; := v, ; ~ Geo(p),i € {1,2,...,r}, are independent geometric random variables

with success probability p € (0,1). The symbol 2 denotes the equality in distribution.
The main purpose of this paper is to investigate the asymptotic behavior of the
Nrp
E(Nyp)
establish the rate of convergence in limit theorems for negative-binomial random sums
of independent and identically distributed random variables. Theorem states that
the gamma distribution is a weak limit of distribution of negative-binomial random

distributions of a desired negative-binomial random sum when p — 07, and

sum E(lef;p } when p — 0. It is clear that the Rényi’s limit theorem in (1) (see [12]) is
\p

a direct consequent of Theorem 3.2](see Remark 3.3). Moreover, the rates of convergence
in weak limit theorems for negative-binomial random sums of independent identically
distributed random variables are established via Theorem 7?7, Theorem 7?7 and Theorem
??. The estimates in limit theorems were established via Trotter distance, based on
Trotter-operator method originated by Trotter (see [22] for more details). Up to now
the Trotter-operator method had attracted much attention and it also had successfully
been used and modified such as Rényi ([19]), Butzer et al. ([3, 4] and [5]), Rychlick
([20]), Kirschfink ([13]), and Hung ([10] and [I1]).
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Recently, using the Stein’s method, some results of gamma approximation have been
obtained by Pekéz and Réllin ([I7]), and Pekoz et al. ([18]). Moreover, some estimates
for the rate of convergence of the negative binomial distribution with parameters (r, p) to
the gamma distribution with parameters (r,7) when p — 0 are obtained by Gavrilenko
et al. in [6].

It is worth noticing that some results related to central limit theorems for standardized
negative-binomial random sums of independent identically distributed random variables
with the upper bounds of the Ly norms (1 < s < 00) are investigated by Sunklodas (see
[21] for more details).

This paper is organized as follows. Section 2 is devoted to a brief recall of the Trotter—
operator method, Trotter distance and their properties. The definition of the modulus
of continuity of a function and Lipschitz classes are recalled in this section, too. The
Section 3 deals with the main results of this paper.

2. PRELIMINARIES

Before stating the main results we must review the definition of a probability metric
(e.g. [12,13] and [10]). From now on, we denote by = the set of random variables in
probability space (9, .4, P).

Definition 2.1. The mapping d : E x Z — [0, +00) is said to be a probability metric
for two random variables X and Y, denoted by d(X,Y), if it possesses for the random
variables X,Y, Z € = the following properties

L. P(X=Y)=1=d(X,Y)=0;
2. d(X,Y) =d(Y, X);
3. d(X,Y) < d(X,Z)+d(Z,Y).

Let Cp(R) be a set of all real-valued, bounded, uniformly continuous functions f on
the set of reals R = (—o0, +00) with norm || f ||=sup | f(z) |, and write
R

ChR) = {f € ChRFD € CpR), i=1,2,... . kik > 1}.

Let us consider the Zolotarev metrics as an example of well known probability metrics
which will be compared with desired Trotter distance in next part. The Zolotarev metric
(see [13] for more details) for random variables X and Y is defined by

dz(X,Y) = sup {[E[f(X) = f(V)]|:f € Di(k;7 + 1;CB(R)) },

where
Dy(k;r+1;Cp(R)) = {f € Cp(R); ’f(”(fv) - f(’)(y)' <o — y’“} :

It should be note that Dy (k;r+1; Cp(R)) C CE(R) C Cp(R). For a deeper discussion
of probability metrics we refer the reader to [10] [12] [13] and the references given there.

We need to recall the definition of Trotter operator which was mainly originated by
Trotter in 1959 (see [22] for more details).
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Definition 2.2. For every f € Cp (R), the Trotter operator of random variable X is
defined by the mapping Tx : Cp(R) — Cp(R), such that

“+o0

Ty fly) = E[f(x " y)] = [ st par),

— 00
where y € R and Fx(z) is cumulative distribution function of a real-valued random
variable X.

The definition, properties and applications of the Trotter operator T'x can be found
in 3], 4, 5], 19} 20, 22] and [I3]. It is necessary to recall the definition of Trotter distance
recommended by Kirschfink (see [I3] and [10] for more details).

Definition 2.3. The Trotter distance dp(X,Y’; f) of two random variables X and YV
associated to a function f € CE(R),k > 1, is defined by the mapping dr : E x = —
[0, 4+00), such that

dr(X,Y; f) = sup E[f(X +y)] = E[f(Y +y)]|.

We need in the sequel the following properties of the Trotter distance dr(X,Y; f). The
proofs are easy to get from the properties of the Trotter operator (see [I3] and [10] for
more details).

1. Trotter distance dr(X,Y; f) is a probability metric.
2. Let X and Y be two random variables defined in space Z. For all f € CE(R),k > 1,

if
dT(Xayvf) = Oa
then X 2.
3. Let X1, Xo,... be a sequence of random variables and let X be a random variable

defined on Z. If, for f € CB(R),k > 1,
dr(Xn, X;f) — 0 as n— oo,
theaniXasn%oo.

4. Assume that X1, Xo,... and Y7,Y5,... are two sequences of independent random
variables (in each sequence). Then, for f € Cp(R),

dr (Z&,ZE;J‘) <Y dr(X, Vi f).
=1 =1 1=1

5. Suppose that X1, Xo,... and Y7,Y5, ... are two sequences of independent random
variables (in each sequence). Let N be a positive integer-valued random variable,
independent of all X1, Xs,... and Y7,Y5,.... Then, for f € Cp(R),

n

N N )
dr (Z XZ-,ZYi;f> <Y P(N=n)>_ dr(X;Yi; f).
i=1 =1 n=1

i= =1
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6. Assume that X, Xy, Xo,...and Y, Y7, Y5, ... are two sequences of independent and
identically distributed random variables (in each sequence). Let N be a posi-
tive integer-valued random variable, independent of all X7, X5,... and Y7,Y5,....
Moreover, assume that E(N) < co. Then, for f € Cp (R),

(a) dr <ZX1',ZYi;f> < ndr(X,Y; f),

=1 =1
N N

(b) dr <ZX1',ZYi;f> < E(N)dr(X,Y; f).
=1 =1

Based on discussion in [I3] and [10], the following fact is connection between the
Trotter distance and the Zolotarev metric.

Proposition 2.4.
sup {dr (X, Y f); f € Di(k;r +1;Cp(R))} = dz(X,Y).

It is to be noticed that the connections between the Trotter distance and other prob-
ability metrics as Kolmogorov metric, Lévy metric, Prokhorov metric are discussed in
[10, 13] and the references given there.

The concept of the modulus of continuity of a function f € Cg(R) plays a noticeable
role in this paper. Firstly, we need to recall the definition of the modulus of continuity
of a function f € Cg(R) (see [3] for more details)

Definition 2.5. For every function f € Cg(R) and Vé > 0, the function

w(f;0) = sup sup |f(x+h) — f(z)

|h|<5 z€R

)

is called a modulus of continuity of a function f.
Some properties of modulus of continuity of a function f are defined as follows:

1. w(f;9d) is a monotonically increasing function of d, i.e. if 0 < d; < do, then
w(f;01) < w(/f302).
2. w(f;0) —0 as §—0F.
3. w(f;A0) < (14 MNw(f;9) for all A > 0.
(See [3] for more details).

Definition 2.6. The function f € Cp(R) is said to satisfy the Lipschitz condition of
order o, (0 < o < 1), if there exists a positive constant M, such that

w(f; ) < M5

The smallest constant M in above inequality is called the Lipschitz constant of f. We
denote by Lip(a, M) the Lipschitz class of functions of order «, (0 < a < 1), with
Lipschitz constant M, that is

Lip(a, M) ={f € C(R) : w(f;0) < M§“}.
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Remark 2.7. Let X be arandom variable with E (\X|k) < +00. Then E (\X|j> < +o0
for any 1 < j <k, and
E(1xP) <1+E(1x"),

(see [3] for more details).

3. MAIN RESULTS
Before stating the main results we first need the following lemma.

Lemma 3.1. Let Z, 71, Z5,... be a sequence of independent, exponential distributed
random variables with mean m > 0. Let IV, , be a negative-binomial random variable
with parameters » € N and p € (0,1), independent of all Z,,n > 1. Set Sy, =
Zi+Zy+ -+ Zy,,- Then, for r e N,p € (0,1),

Sn,., ~ Gam(r, m~!p),

where Gam(r,m~!p) is a gamma distribution of parameters » € R and m~!p, with
i

characteristic function is given in form (L)
p—imt

Proof. Itiseasy to check that the probability generating function of geometric random
variable v, is defined as follows:
pt

U, (1) = E(E™”) = -—=——,  [tI<

-t p < (0,1).

1—p’
We denote by ¢, , (t) the probability generating function of a negative-binomial random
variable N,.,, ~ N B(r,p). According to and @D, the probability generating function

of negative-binomial random variable N, with parameters r € N\ {0} and p € (0,1)
will be given by

o, 0= [, 0 = [=fs ]+ 1< 4 pe@D),

1

Let ¢z(t) be a characteristic function of the exponential random variable with mean
m > 0. It is easily seen that

pz(t) = (

On account of Theorem 9.3 (8], page 193), the characteristic function of the negative-
binomial random sum is given by

wsNr,p<t>=wN,,,,[soz<t>]=[ P ]:( P )

Therefore, Sy, , ~ Gam(r, m~1p). The proof is complete. O

1
1—wmt

) , for te (—o0,+00).

The following theorem confirms that the gamma distribution is a weak limiting dis-
tribution of a negative-binomial random sum of independent and identically distributed
random variables.
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Theorem 3.2. Let X, X7, X5s,... be a sequence of independent and identically dis-

tributed positive-valued random variables with finite mean 0 < E(X) = m < +oo.

Let N, , be a negative-binomial random variable with two parameters » € N\ {0} and
€ (0,1). Assume that N, , is independent of all X,,,n > 1. Then,

SN D
e 2 G oas p— 0T, 10
E(N.,) (10)

Nip

where Sy, = > X; and G is a gamma distributed random variable with parameters
i=1

r and m~'r (for short, G ~ Gam (r,m='r)).

Proof. Let us denote by ¥x(s) := E[s*] and ¢x () := E[e"¥] the generating func-
tion and the characteristic function of a random variable X, respectively. Then, direct
computation shows that, for » € N\ {0} and for p € (0,1),

" 1
DS )J’ for |5|<E and p € (0,1).

UN,,(s) = [1_(1_]9

Ny,

In view of [§] (Theorem 9.1 and 9.2, pages 193-194), the characteristic function of EfNir;)
is given by Y

¢ sn,, (1) =wsy, (r7pt) = ¥n,, (ox(r~'pt))

E(Nr,p)

1= -p) (A +rIpty

p (1+r"'pte' () ]’" _ [ 1+ r=pty’(n)
() 1—(1=pyr=tte'(n)]

where the Maclaurin series of the differentiable function ¢x (t) used as follows
px (r7pt) = ox (0) + 17 ptely (n) = 1+~ ptels (1),

for € (0,1) and n = Or—pt — 0 as p — 0. Letting p — 0T, with n — 0 and E(X) = m,
using the fact that the function ¢’y (¢) is continuous at zero, we can assert that

O (n) — &% (0) =im as p—0".

Consequently,

1 T r T
li v () = : - : =g(t) for te (—o0,~+00).
a0t w‘m(Nm‘,p) ®) {1 - zrlmt] [r - zmt] #g(t) for t€ (=00, +o0)

The proof is completed. O

Remark 3.3. It is worth pointing out that should be received as a trivial corollary of
Theorem 18 due to Korolev (see [14] for more details).

The following theorems will be extends the results of [I1].
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Theorem 3.4. Let X, X3, Xo,... be a sequence of independent, identically distributed
positive-valued random variables with expectation 0 < E(X) = m and variance 0 <
Var(X) = 0% < +oo. Let N,.,, be a negative-binomial distributed random variable with
two parameters r € N\{0} and p € (0, 1), independent of all random variables X,,,n > 1.
Then, for all f € C5(R),

dr (E‘Zﬁ ),g;f> < @m+3m? + oPw(f's pr). (11)

If, in addition f’ € Lip(a, M), (0 < o < 1), then

dr (Ef]%;),g; f) < M(2m+ 3m? + 02)(;07”_1)0‘, (12)

where Sy, , = Zf\ii" X; and G is a gamma distributed random variable with parameters

r € N\ {0} and rm~!, M is a positive constant.

Proof. According to Lemma we have
D
§g=—"

N, . . .
where S L= S0 Zyand Zy, Zs, . . . is a sequence of independent, exponential random

variables with mean m, i. e. Z; ~ Exp(m~1).
For all f € C5(R), it is easy to check that

Moo g " ar (Px, Pz
dT (]E(Nrﬁp)’g’f) < (p) dT (’]"Xl’ TZI’f> .

Using the Taylor series expansion, we obtain

+oo
s (2 +0) = £0) + s )+ 2 [ alf') - £ F o),

r

where |n —y| < Ps. By an analogous argument to the previous one, we get
T

+oo
B (221+9) = f)+ Emf )+ 2 [ alr'(©) - P4 @),

r

with |§€ —y| < 2.
r
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Consider

Ef (X1 +y) —Ef (221 +y) ‘

< 2 [ arw - rwlar @+ L [ alr© - 16l ans @)
< f/O—H)O TW (f’, fgy) dFx, (z) + g /0+OO W (f'; gx) dFz, (x)
< gw (f’;];) /O+Oox(1—|—a:) dFx, (z) + %w (f’;g) /OJrOOx(l +z)dFyz, ()
= (D) [[Teraam@ s [ eretare]
= Lo (13 B) (RO +E[(0)?) + B(Z) + E[(20)?])
= Lo (£:8) 2m+3m? +0?)
Hence S, . i b
dp (m,g;f> < (@m+3m’+o )w(f;;).

It is easy to prove that if f’ € Lip(a, M), then

SN, ) 2 2 JA%
dr (E(wag,f) < (2m+3m? +0%) M (2)

The proof is complete. O

Theorem 3.5. Let X, X5,... be a sequence of independent, standard normal dis-
tributed random variables, in short X; ~ N(0,1),7 > 1. Let N, be a negative-binomial
random variable with two parameters » € N\ {0} and p € (0,1). Additionally, assume
that N, , is independent of all X;,i =1,2,.... Then, for all f € C%(R),

dr (ﬁ%ﬂf) < (3) [I1971+ 2600 2] (13)

P

where, S%3, = vaz’”’lp X2 and G* is a gamma distributed random variables with equal
P
parameters (written, G* ~ Gam(r,r)).

Proof. Since X; ~ N (0,1), i > 1, we have X? ~ x?(1), where x?(1) is x2-distribution
with 1 degrees of freedom. The density function function of x2(1) is given by (see [9] for

more details)

1
——=x
fem(@) ={ v2r(3)
0 if =<0,

1 _
2

e if z>0;
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1
where I' (%) = 0+°O Tz 2e Tdx.

It can easily seen that

Foo x
} / \[F(%)x ze 2dx = ; \/5117(%)

Putting y = g, we obtain
ok ey 2k 1
E{(X})*} = / Yy ze Vdy = F(k+) (14)
Z '(3) Jo r'(3) 2
Using integration by parts, we have
1 1 3 31 1
Fik+=)=(k—=).lk—=)...o=T(=]). 1
(2)=(3) (3) 327 () @

Combining and 7 it follows that
E{(X})*} = (2k — 1).(2k — 3)...3.1 = (2k — 1)L, (16)

According to equation it is obvious that
E(x2) =1, E[(x})’]=3 E[(XD)’]=15

. be a sequence of independent exponential distributed random variables

Let Zl, ZQ, .
with mean 1. Then, according to Lemma [3.1] it follows that

X7

Therefore, using the Trotter distance, we have

G 2

ﬁ\’E

S% ]2\; pN p p
d rp *, —d £ < E(N,,)d X2 2z .
T<E(an),g,f> | By 2 Ddr (2x3.82.: 1)
Hence,
i [ s G f)<la (EXQ Qz-f)
T E(th)’ 3 _p T r 177" 1 .

For every f € C%(R), using Taylor expansion
z? x?
fla+y) = f) +af )+ ")+ 5 1) = W),

where |n —y| < |z].
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Consider
Bf (25t +y) = [ T (Baty) P

P 2 P 2 N
= fly) + %f’(y) + 3<§)f”(y) + (’“2 /0+ 2 [f"(n) — 1" (y)]| dFx2 (),

with |1 — y| < 2|a.
r
By an analogous argument to the previous one, we get

+oo

B (22i+y) = [ 7 (Patu)draw)

2 Foo
= 1@+ 21w+ (2) 1o+ [ RO - @)ara ).

r

where | —y| < £|x| Then,
T

\Ef (EX? +y) ~Ef (22 +y) ]

2% AR
(T> 7wl + (2) /0+ 211" (1) - ()] dFx; 2)

/m 7€) — 1 )| AFz, )

P 2
( ) ||f”||+< ) / et (114 22) apg o)
P
(T) / (f”;gx) dFz, (z)

2)2 .
<[ (18) [ 4 e )

w f”;‘g) JoFee (2 +x3)dFZI(x)} :

Hence,
2

dr (%ﬁ*;f) < (3) [I17711+ 260 (£ 2)] -

The proof is complete.
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Theorem 3.6. Let X, Xo,... be a sequence of independent, identically distributed,
positive-valued random variables with E(| X; |*¥) < 400,k > 2. Let Z;,Z,,... be a
sequence of independent, exponential distributed random variables with E(| Z; |*) <
400, k > 2. Moreover, assume that

/wdeX1 (:L‘):/chdFZ1 (), 0<j<k;2<kkeN. (17)
R R

Let N, , be a negative-binomial distribution random variable with two parameters
r € N\{0} and p € (0,1). Assume that N, , is independent of all X;, ¢ > 1 and Z,,7 > 1.
Then, for all f € CE(R)

S o(2Y—2
i (g 9:9) < <()1>!“ (FET) [+ () +E ()]

If =1 ¢ Lip(a, M), (0 < o < 1), then

S oM (2 k+a—2
4 (E(]J:]f:;)’g;f> = (]i)l)' [1+E(Xf) +E(Z)],

where Sy, , = ZZN:T’ X; and G is a gamma distributed random variable with parameters
r and =
m

Proof. On account of Lemma [3.1] we observe that
G2Lsy,,

where S}kv”, = ZZ]-V:T Z;. For every f € C’g‘l(R), using the Trotter distance, it follows
that ’

SNTvP . — SNT‘p S;FVTYP . p p .
in (e 9i7) = ar (g ey S ) < Bvin (20 22161).

Let f € C5 (R), using the Taylor series expansion, we have

f@+y) = f(y) + Z T FOW) + o [0 — rE )]

—1)!

with n € (y,z + ).
Consider

1 (1)
Ef(§X1+y) +k ( ) f ()/0 2dFy, (x)

=1

) -
s [ [0 = £ )] P ),
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where |n —y| < Qw. In the same way, we have
r

R ANTH) .
Ef (ng +y) = f(y) +k§:(r>_f(y)/o+ z'dFz, (z)
=1

7!

P\ k-1
(r) /0+OO L1 [f(lcfl)(g) _ f(kfl)(y)} dFz, (z),

MRS

where |£ — y| < Py Therefore,
r

‘Ef (BX1+y) —Ef (221 +vy) '

@ -
<[ w - 1) ars @)

=)
2 -

S

py k-1

G et
B oy ([ -

< hw (f(kfl); };) [/0 (z" 1 4+ 2%) dFx, (z) + /0 (z" 1+ 2F) dFy, (2)
(2)”

< e (70 8) 1+ E (x) +E(20)].

Consequently,

B k—2
dr <Efx;;)’g;f> < ig_)nw (F80: ) L E(x) +E(2D)).

If f*=1 ¢ Lip(a, M), then we have

P k+a—2
SN, QM(?) k k
dr E(N,.,p)’g;f < SRS [1+E(X7)+E(27)].
The proof is complete. O

We conclude this paper with the following comment:
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Remark 3.7. It is worth pointing out that all received results in theorems in this paper
are valid in the Geometric distribution case by setting r = 1.
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