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Ultrafilter extensions of asymptotic density

JAN GREBIK

In memory of Bohuslav Balcar

Abstract. We characterize for which ultrafilters on w is the ultrafilter extension
of the asymptotic density on natural numbers o-additive on the quotient boolean
algebra P(w)/dy or satisfies similar additive condition on P(w)/fin. These no-
tions were defined in [Blass A., Frankiewicz R., Plebanek G., Ryll-Nardzewski C.,
A Note on extensions of asymptotic density, Proc. Amer. Math. Soc. 129 (2001),
no. 11, 3313-3320] under the name AP(null) and AP(*). We also present
a characterization of a P- and semiselective ultrafilters using the ultraproduct of
o-additive measures.

Keywords: asymptotic density; measure; ultrafilter; P-ultrafilter

Classification: 28A12, 03E05, 03E35, 11B05

This paper is based on the author’s Bachelor thesis that was supervised by
Bohuslav Balcar and defended in 2014. We investigate additive properties of
measures on P(w) that are extensions of asymptotic density as defined in [2]. More
concretely in Section 2 we give a necessary and sufficient combinatorial condition
for an ultrafilter & on w for the extension of asymptotic density given by U to
satisfy AP(null) or AP(*). In Section 3 we characterize P- and semiselective
ultrafilters by relations between some ideals in an ultraproduct of measures.

We note that since 2014 there has been made some progress in similar direction
of density measures and additivity properties (see [4]).

1. Introduction

Let B be a boolean algebra and m: B — [0,1]. We say that m is

o monotone if m(a) < m(b) whenever a < b € B;

o strictly positive if m(a) = 0 implies that a = 0;

o a measure if m is monotone, m(1) = 1 and m(\/,_, a;) = >, m(as)
for every finite antichain {a;}i<, C B;

o o-additive if m is a measure and m(\/,_, a;) = >, m(a;) for every
antichain {a;}<w C B.
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If m is a measure on B, then define N (m) = {a € B: m(a) = 0}. The quotient
boolean algebra B/N (m) carries a unique strictly positive measure that is natu-
rally derived from m. We will abuse the notation and write B/m for the quotient
algebra, m for the unique induced measure on B/m and [a] for the equivalence
class of a € B. The following theorem is in fact a corollary of a stronger state-
ment from [5] but this version is sufficient for our purposes. Recall that a boolean
algebra B is o-complete if every countable subset of B has a supremum in B.

Theorem 1.1 ([5]). Let m be a measure on a o-complete boolean algebra B.
Then B/m is a countable chain condition (c.c.c.) complete boolean algebra.

We use w for the set of natural numbers. We write n for the set {0,1,...,n—1}
and [r, s] for the set {n € w: r <n < s} where r, s € R. Recall that a set A C w
has an asymptotic density if

. |A N n|

lim ———

n—o00 n
exists, and in that case we denote the value of the limit as d(A). We say that
a measure m on P(w) is a density if it extends the asymptotic density, i.e. m(A) =
d(A) for every A C w for which the asymptotic density exists. Note that a density
m cannot be g-additive on P(w) because it has the value 0 on each atom. Since
the algebra P(w)/m is o-complete by Theorem 1.1, it is natural to ask whether
the density m is o-additive on P(w)/m. This question was considered in [2] where
the authors define two additive properties for measures on P(w).

Definition 1.2 (]2]). A measure m on P(w) satisfies AP (null) if for every inclu-
sion increasing sequence { A, }n<, of subsets of w there is B C w such that
o limy 0o m(Ay) = m(B);
o m(A, \ B) =0 for every n < w.
If we can moreover find such B that also satisfies
o |4, \ B| < w for every n < w,
then we say that m satisfies AP (*).

One can easily check that AP(null) is equivalent with the o-additivity of m on
P(w)/m. It is known (see [2]) that there are densities that satisfy AP (null) but
there are also densities that fail to have AP(null). The question about AP(*)
is more complicated since there is a model of Zermelo—Fraenkel set theory with
the axiom of choice (ZFC) in which no density satisfies AP(*). On the other
hand it is also consistent that densities satisfying AP(*) do exist, for example
the existence of a P-ultrafilter is sufficient.

Definition 1.3. Let U/ be an ultrafilter on w. Define

dy(A) = U-tim A0

for every A C w.
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We call densities of the form dy; ultrafilter densities. All examples presented
in [2] are in fact ultrafilter densities. The aim of this paper is to give a complete
combinatorial characterization of ultrafilters for which the ultrafilter densities
satisfy AP(null) or AP(*). Let us state here the case of AP (null) and postpone
the more technical case of AP(*) until the end of Section 2.

Definition 1.4. We say that an ultrafilter & on w is x-invariant if for all U e U
there is 1 < k € w such that

kU = | [kn, (k+ 1)n] e U.

nelU

The following is the main result of this paper and Section 2 is devoted to the
proof of this statement.

Theorem 1.5. Let U be an ultrafilter on w. The following are equivalent
o dy Is o-additive on P(w)/dy (i.e. satisfies AP (null));

o U is not x-invariant.

2. Ultrafilter densities

In this section we present the proof of Theorem 1.5. We start with some
general facts about ultrafilters on w. All ultrafilters considered in this section are
non-principal.

Claim 2.1. Let U be a x-invariant ultrafilter (see Definition 1.4). Then for every
U € U there are infinitely many k < w such that

KU = | [kn, (k + 1)n] € U.
nelU

PRrROOF: Assume that for a given U € U there is some maximal k such that
kU € U. Then there must be some 2 <[ < w such that

WkU) = |J [m, @+ 1)m] € | [tkn, (1 + 1)(k + 1)n] € U.
mekU nelU

Because U is an ultrafilter, there must be some p < w such that [k < p <
I+ 1)k+1)—1and pU € U. Now 2k < lk < p contradicts the maximality
of k. 0

In order to prove our main result we need to investigate which ultrafilters give
rise to the same ultrafilter densities.

Definition 2.2. Let U,V be ultrafilters. We say that U is close to V if for every
U € U and for every € > 0 there is V' € V such that

o for all z € U there is y € V such that max{’l - %’, ‘1 - %‘} <e

o for all x € V there is y € U such that max{|1 - §|, ‘1 — %‘} < e.
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Claim 2.3. Let U,V be ultrafilters. Then U is close to V if and only if
n x
UE:{z<w: dnelU max{’l——’,‘l——‘}<5}€]/
x n

for every € > 0.

Proposition 2.4. The relation of being close is an equivalence relation on the
set of ultrafilters.

PROOF: Suppose that U is close to V but V is not close to U. Then there is
§ > 0and V €V such that Vs € U. Therefore B=w \ Vs €Y. Then BsNV =)
because if z € BsNV, then there exists y € B such that max{|1f%‘, |17%|} <6
and also x € V implies y € w \ B. Claim 2.3 gives us that BsNV =0 € V, a con-
tradiction.

In order to prove that the relation is transitive first notice that

U, = nLeJU [n(l —e), ﬁ}

Assume now that U is close to V, V is close to W and take U € U. We know that
Us. €V and (U:). € W but

Upe o= [ (1—¢)? (1_"5)2} > (U.). € W.
nelU

Since € > 0 was arbitrary we see that U is close to W. O

Once we have established Proposition 2.4 we can write that a pair of ultrafilters
U,V is close since the relation U is close to V is symmetric. Note also that U,V
are close if and only if

{Uc:UelU, e>0}) = ({Ve: VeV, e>0}),
where (A) denotes the filter generated by A C P(w).

Theorem 2.5. Let U,V be close ultrafilters. Then dyy = dy and U is X-invariant
if and only if V is x-invariant.

PROOF: Let A C w and € > 0 be given. Find a set U € U such that

|ANn|

‘du(A — ’ <e

holds for every n € U. Since U,V are close, we have that U, € V. Let x € U, and
n € U such that max{’l - =

3e

A
du(A)—m‘ <

ANn ANn ANz
_‘du(A)_l ’ I‘JF‘I | |

n xT
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because if for example n < x, then

r—n

[Ann| |ANz| |ANn| n
‘ — ‘g ‘1—— <e+e<2e.
x n x

|+
n

We may conclude that dy(A4) = dy(A).

Next suppose that U is x-invariant and let V' € V be given. We know from
Claim 2.3 that V4 = {y: dneV max{‘l — %|, ‘1 — %|} < i} € U. Therefore
using Claim 2.1 there exists 4 < k < w such that kV, € . We show that there
are 0 > 0 and 3 < b < w such that

(kV2)s € | [2n,0m).

nev

Once we have this the proof is finished because (kV.)s € V. We describe how to
find § and 3 < b < w. By a simple computation it follows that

= U 2 )

1
therefore
1 (k+1)n
(kVo)s = kn(l—--)1-9¢), ——————1.
: LEJV{ ( 4) (1—%)(1—5)}
We see that if we choose § < % and b > %, we have the desired conclu-
sion. ([

Next we show that close to any given ultrafilter there is a thin ultrafilter. Recall
that an ultrafilter V is thin if

. . FV (n)
f 41 — 7 Lo
\}%V { 17131_>Sooup Fv(n + 1) } 0,

where Fs(n) is the nth element of A, i.e. Fq is the enumerating function of A.
Note that an ultrafilter V is thin if and only if there is a set V' € V such that

F
lim sup v(n)

——— < L

Denote I,, = [27,2"F1) for every n < w.
Proposition 2.6. Let U be an ultrafilter. For every e,0 > 0 there is aset U € U
such that for every x <y € U
Toe or 1.4
Yy Yy
PrROOF: Let a: w — {0, 1}. Inductively define intervals I2'* for k € w as
o If;ro = I
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o for 0 <k <mnif a(k—1) =0 put I2'* to be the left half of the interval

L=

o for 0 <k <nif a(k—1)=1put I2'F to be the right half of the interval
Lyt

o for k > n put Ik = 12",
There exists oy : w — {0, 1} such that for every k € w

U «* eu.

new

Let z <y € Iou!F, Since |[oulk| = 2max{n=k.0} we have that

- on - on 1 2n—k -
Yy on 4 |I7o;urk| - on 4 9n—k - on 4 gn—k 92k

Finally it is enough to observe that for every k < w and U there is A C w such
that IneUUand (A+j)NA=0foreveryj<k I n<meA zel,

neA
and Yy e Inu then
T 2n+1 2n+1 1
5 am = 2n+k S 2k+1 :
To finish the proof it is enough to combine the two estimates. (I

We use the function ay; that was defined in the proof of Proposition 2.6 for the
next definition.

Definition 2.7. Let U be an ultrafilter on w. Define the function oy, as in the
proof of Proposition 2.6. Let

Ay = ﬂ U Joulk,

k<w n<w

The ultrafilter G(U) is defined by U € G(U) if
U{In: I,NUNAy # 0} eld.

Proposition 2.8. Let U be an ultrafilter. Then G(U) is a thin ultrafilter and
U,G(U) are close.

PROOF: From the definition it follows that G(U) is a non-principal ultrafilter and

we have limsup,,_, ., % < 1. Since Ay € GU), it follows that G(U) is
u
thin.

Let e > 0 and V € G(U) be given. We may assume that V C Ay. Find k < w
such that max{}l — %}, |1 — %|} < ¢ for every n < w and every x,y € I2¥. Then

V.o U= JIg™:vnIg™ £ 0y el
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Corollary 2.9. Let U be an ultrafilter. Then dy = dgyy and U is X-invariant
if and only if G(U) is x-Invariant.

The last ingredient needed for the proof of Theorem 1.5 is the ultraproduct of
measures. Let us define for a non-principal ultrafilter U a measure my, on the set
I1,c., P(n) by putting

mu(f) = - tim LI

n—oo N

i.e. we are taking the measure ultraproduct of the sequence (P(n))n<. where
each P(n) is endowed with the normalized counting measure. Next we consider
the embedding e: P(w) — [],c,, P(n) defined for A C w as e(A)(n) = ANn.
Immediately from the definitions we have my(e(A4)) = dy(A). Therefore the
embedding e lifts to the quotients, i.e.

e: P(w)/dy — [ P(n)/mu.

new
It is well-known that the measure my, on [],,,, P(n)/my is o-additive (see [3]).

Proposition 2.10. Let U be a thin ultrafilter. Then the density dy is o-additive
if and only if the embedding e is isomorphism.

Proor: Let f € [],c, P(n) and € > 0 be given. We show that there is A C w
such that |my(e(A)Af)| < e. Because U is thin, there is U € U such that

Fy(n)
—_— < E.
FU(n+ 1)

We define

A= | (Fomy, Foan) N F(Fo(n +1))).

n<w

We have for every n < w that

‘|(€(A)(FU(N+1)))Af(FU(n+1))| < vl

Fy(n+1) - Fy(n+1) '
This implies that e(P(w)/dy) is dense in [], ., P(n)/my, therefore dy is o-
additive if and only if e is surjective. (I

We are now ready to prove our main result.

ProoF oF THEOREM 1.5: Assume first that ¢/ is thin and not x-invariant. We
show that e is onto. Let f € ], ., P(n). We find a set A, A C w, such that
[my (e(A)Af)] = 0. Let U € U such that for every 3 <k < w is

Uy = <w\ U[Qn,kn])ﬁUEU

nelU
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and Fil(ngi)l) 1. Define

A= J([Fu(n), Fy(n+ 1] N f(Fu(n+1))).

n<w

Let m € Uy. Choose the largest n € U such that n < m. Then by definition
of U we have that 2 < k Note that m € U. Therefore by the definition of
a set A we have the estimate

le(A)(m)Af(m)]

m

<— <

)

e

3=

and the claim follows.
Assume on the other hand that I/ is thin and x-invariant. There is a decreasing

sequence {U }k<w C U such that % < 2k+1 Define
k
n o n
A= [2k+1’2_k}'
neUy

We have dy(Ax) < 5. Assume that there is A C w such that dy (A \ A) =0
and dy(A4) < % for every 3 < k < w, i.e. A is a candidate for the upper bound of
the sequence {Aj}3<k<w. Let U = {n M 1} There must be 16 <[ < w
such that
W= |Jlin,(1+ 1)) eU.
nelU

Consider now the smallest k¥ < w such that [ +1 < 2*. Define V =U, "W € U.
Since for n € V there is m € U such that Im < n < (I + 1)m < 2¥m and
[2k+1a e 1} C Ar_1 U A, we have

okt = 50 M= opt

Therefore [%, m} C Ap_1 UAg. Since m € U, we must have

|Aﬂm|

3
OO|>—‘

and therefore

e

Finally we can conclude that

(Aea UAD\A) Onl _ 3m 3
n ~ 8 —8(l+1)

for n € V. This is a contradiction with the properties of A. We conclude that
there is no upper bound for {Aj}s<r<, such that its measure is less than %
consequently dy; is not o-additive.

)

Dool
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Corollary 2.11 ([2]). Let U be an ultrafilter that contains a thin set, i.e. a set
A such that lim,, }5?77% = 0. Then dy satisfies AP (null).

An example of an ultrafilter ¢ such that dy; does not satisfy AP (null) was
presented in [2] (the construction is due to D. H. Fremlin).

Our aim is now to characterize those ultrafilters U such that dy satisfies AP (*).
For that we need the following observation. Recall that an ultrafilter U is a P-

ultrafilter if every decresaing sequence {U;}i<, C U has a pseudointersection
Uel,

Proposition 2.12 ([2]). Let U be an ultrafilter that contains a thin set. Then
dy has AP(*) if and only if U is a P-ultrafilter.

Claim 2.13. Let U be a thin P-ultrafilter. Then U contains a thin set.

PROOF: Let {Uk}r<w C U be a decreasing sequence such that 175[]?7751)1) < %
k

every k < w. Take the pseudointersection U of {Uj}r<,. Then for every k < w
there is ng < w such that for every n > ng

for

FU(TL) 1
Fontl) ~ &

O

Proposition 2.14. Let U be an ultrafilter. Then the following are equivalent

o G(U) is a P-ultrafilter;
o dy has AP(*).

PROOF: Assume that G(U) is a P-ultrafilter. By the Claim 2.13 it must contain
a thin set and by Proposition 2.13 dy; has AP(*).

Assume that diy has AP(*). Again by Proposition 2.13 it is enough to show
that G(U) contains a thin set. Fix a decreasing sequence {Uy}r<n C G(U) such
that

FUk (n) < 1
Fy.(n+1) k41

A = U [g,n}

neUy

and define

One can easily verify that a sequence { Ay }r<,, is a decreasing sequence such that
limg o0 dyy(Ax) = % By the property AP(*) there is a set A C w such that
|A\ 4| < w and dy(A) = 3 (here we use the property AP(*) for decreasing

rather than increasing sequences). Define

U:{neU3: [gn} mA;é(Z)}.

33
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We must show that U € G(U/) and U is thin. Assume that U ¢ G(U). Then
Us\U € G(U). For n € U3 \ U we have

[AnNn| 1

= <

n 4
which is a contradiction with dy(A) = 3. To prove that U is thin it is enough to
observe that |A\ Ax| < w implies |U \ Ug| < w. O

Definition 2.15. We say that ultrafilter U is close to a P-ultrafilter if for every
decreasing sequence {Uj}ren C U and every € > 0 there is U € U such that
U\ (Ug)e| < w for all k € N.

Note that the ambiguity in the Definition 2.15 with respect to the Definition 2.2
is justified by the following claims. It follows that if I/ is close to a P-ultrafilter,

then we can find a P-ultrafilter V such that U is close to V, in particular we can
take ¥V = G(U).

Claim 2.16. Let U be thin and close to a P-ultrafilter. Then U is a P-ultrafilter.

PrOOF: Let {Uk}r<w C U be a decreasing sequence. Assume that 5:57;?1) < %
Find a pseudointersection U of {(Ux)1/a}r<w- We claim that V = U N Uy is
a pseudointersection of {Uy}r<y. To see this fix k < w. We know that there is
some m such that U\ m C (Ug)e. Let x € Uy N (U \ m). There is y € (Ux)1/4
such that max{‘l - §|, ‘1 - %‘} < i. Note that y € Uy because the sequence
is decreasing. From the properties of Uy we have that = y. This implies that

V' \ m C Uy, which finishes the proof. O

Claim 2.17. Let U,V be close ultrafilters. Then U is close to a P-ultrafilter if
and only if V is close to a P-ultrafilter.

PRrROOF: Assume that U,V are close and U is close to a P-ultrafilter. Let € > 0
and {Vi}r<w C V are given. Choose dp, d1,02 > 0 such that 1 —e < (1 — dp) X
(1 —81)(1 — d2). Then by simple computation we have for every A C w

n

(1—=100)(1—61)(1 — d2)

(As)s)se = U [(1=80)(1 = d1)(1 = b,
C U [(175)77,, n = A..

Because U,V are close, we have {(Vi)s, }k<w € U. By the assumption on U
there is a pseudointersection V' of {((V)s,)s; t<w- One can easily check that Vs,
is a pseudointersection of {(((Vi)s,)s, )ss fh<w- Since U,V are close, Vs, € V and
{(((V&)s50)61)65 fe<w € V. So Vj, is also a pseudointersection of {(Vi)e}icw C V.

(]
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Theorem 2.18. An ultrafilter U is close to a P-ultrafilter if and only if dy; has
AP(*).

PRrROOF: Combine Proposition 2.14, Claim 2.16 and Claim 2.17. (I

Corollary 2.19. There is a P-ultrafilter if and only if there exists a ultrafilter
density that satisfies AP(*).

Question 2.20. Does the existence of a density that satisfies AP(*) imply the
existence of a P-ultrafilter?

3. Ultraproducts

In the last section we show how certain special properties of ultrafilters may
affect properties of some ideals in the measure ultraproduct. Recall that for
a sequence (B;, m;);<. of o-complete boolean algebras with measures (not neces-
sarily strictly positive or o-additive) and for ¢ an ultrafilter on w we define the

ultraproduct measure my, on Hz <o Bi as

my(f) = U-limm;(f (7))

for f € Hi<w B1

There are several natural ideals that one may assign to the product. In order
to keep the presentation as straightforward as possible we make the assumption
that (Bj;,m;) = (B, m) for every i < w where B is a o-complete boolean algebra
with a measure m. Given an ultrafilter U on w we define

o Ny ={f€eB“: my(f)=0};

Z={f € BY: lim«, m(f(i)) = 0};
My ={f € B*: {i: m(f(z)) = 0} e U};
Tu={f€B: Nveu Viev f@)}

We summarize basic relations between these ideals.

o O O

Proposition 3.1. Let (B, m) be a o-complete boolean algebra with a o-additive
and strictly positive measure. Then Z C Ny, My C Ny and My C Iy € Ny.

PrOOF: The only case that does not follow immediately from the definitions is
Ty € Ny. Let f € Ny. Then

f A .

[}Iéum( é{]f(z)) c>0

Take a decreasing sequence {Uy }r<w C U such that

Since the sequence { Vieu, f(i)}k<w is also decreasing there must be some b € B
such that b < \/,.,; f(i) for every k& < w and m(b) = c¢. We show that d <

35
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Vicu f(i) for every U € U, this finishes the proof. Assume that there is some
U € U such that b £ \/,.; f(i) = a. Then m(b\ a) = ¢ > 0 and therefore

hmm( \ s ):c—s

icUNU
which is a contradiction. O

Let U be a non-principal ultrafilter on w. We say that U is

o semi-selective if for every {an}n<w, of positive real numbers such that

U-limy, o0 an = 0 there is U € U such that ) ., a, < oco.

Theorem 3.2. Let (B,m) be a o-complete infinite boolean algebra with a o-
additive strictly positive measure and U an ultrafilter on w. Then the following
hold

o U is a P-ultrafilter if and only if Ny = Z+ My ={fVg: fe€ Z, g€
Muy};

o U is semi-selective if and only if Ty = Ny.

PROOF: To prove the first claim notice that it is enough for each f € Ny, find
a set U € U such that lim;ey m(f(¢)) = 0. Under the assumption that B is
infinite, this is possible if and only if U is P-ultrafilter.

Let U be a semi-selective ultrafilter and f € Ny;. Then there is U € U such
that > ;c; m(f(i)) < oo and therefore

AV r@)=
n<wic(U\n)

Let U be not semi-selective. There must be a sequence {a;};<. of positive real
numbers such that U-lima; = 0 and for every U € U is ZieU a; = oo. Take
a sequence {b;};<., C B such that m(b;) = a; and {b; }i<,, is independent (see for
example [1]). We have for every U € U that

m(l—\/f(i)):m(/\(l— ) [[ma-f@)=o.

ieU ieU ieU
Therefore \/,,, f(i) =1 and f € Ny \ Ty. O
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