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Abstract. We prove that derivatives of any finite order of Donsker’s delta functionals
are well-defined elements in the space of Hida distributions. We also show the convergence
to the derivative of Donsker’s delta functionals of two different approximations. Finally,
we present an existence result of finite product and infinite series of the derivative of the
Donsker delta functionals.
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1. INTRODUCTION

In the area of Gaussian analysis, the composition of Dirac delta function J. at
point ¢ with a stochastic process X = (X;);>0, i.e., d.(X¢), is a well-studied object.
Let Cp(R™) be the Banach space of continuous functions w: [0,7] — R™ such that
w(0) = 0 endowed with the supremum norm, and P be the Wiener measure on
Co(R™). The n-dimensional Brownian motion (By):>o on the Wiener space is given
by the projection map Bi(w) = w(t), w € Cyp(R™). The Donsker delta functional
of the Brownian motion is a formal composition 6(Br — ¢) = 6(w(T) — ¢) where
d(- — ¢) := d., which can be viewed as a formal density of the n-dimensional Brownian
bridge measure POT,’(? = P(-|w(T") = ¢) with respect to the Wiener measure P. The
Brownian bridge measure is singular to the Wiener measure. However, it is still
useful to consider this formal density on the Wiener space, analogously as Dirac
delta functions are useful in the calculus on the Euclidean space. The Donsker delta
functional was first introduced, for the case of Brownian motion, in the framework
of white noise analysis in [12]. Later on, it has been also studied by using Malliavin
calculus techniques in [20]. Donsker’s delta functional of a stochastic process has
found many applications, for example in the context of local times of stochastic
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processes, polymer physics, Feynman path integral, and mathematical finance. For
some studies on the Donsker delta functionals and their applications we refer to [1],
[2], [3], [5], [7], [9], [14], [15], [19], [21] and references therein. The notion of the
derivative of Donsker’s delta functional has been mentioned briefly in [13]. Another
motivation for the study of the derivative of Donsker’s delta functional comes also
from the work on the derivative of self-intersection local times of stochastic process
introduced in [17]. The present work can be construed as a step towards a more
comprehensive study on the white noise approach to the derivative of Donsker’s
delta functionals and their applications.

The organization of the present paper is as follows. In Section 2 we briefly review
the necessary background of Gaussian analysis. As main results in Section 3 we
prove that the derivative of any order & € N of the Donsker delta functional of a
regular random variable exists as a Hida distribution. We obtain also an explicit
expression for the Wiener-Itd6 chaos decomposition of the derivative of Donsker’s
delta functional. Convergence results to the derivative of Donsker’s delta functional
are also presented. Section 4 contains results on the existence of finite product and
infinite series of the derivative of Donsker’s delta functional.

2. ELEMENTS OF (GAUSSIAN ANALYSIS

This section contains pertinent notions and results from Gaussian analysis used
throughout this paper. For more details we refer the interested reader to [8], [11],
[16] and the literature quoted there. We start with a real separable Hilbert space H
equipped with inner product (-,-) and corresponding norm |-|. Let A/ be a nuclear
Fréchet space which is densely and continuously embedded into #H, and N’ be its
topological dual space. By identifying H with its dual space via Riesz isomorphism
we get the Gelfand triple N' C H C N’. The dual pairing between N’ and N is
denoted by (-, -), and considered as an extension of the inner product in H. Let us
denote by C the o-algebra on N’ generated by the cylinder sets. Then, the canonical
Gaussian measure p on the measurable space (N’,C) is established by using the
Minlos theorem via the relation [, e dp(w) = e~ IM*/2 e V.

The space of square-integrable complex-valued functions over the probability space
(N’,C, ) will be denoted by L?*(u). The notation E, means the expectation with
respect to the probability measure ;. An important element of L2 (1) is the so-called
Wick exponential :e{": := e<"’7>"’7‘2/2, n € N. For f € H we define the random
variable Xy := (-, f), which is a centered Gaussian with variance E,(X7) = |f/*.
We call Xy a regular random variable on Gaussian space (N, C, u). From the Segal

isomorphism between L?(11) and the complex Fock space I'(H) := € H?" over the
n=0
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complexification H¢ over H, one has, for every f € L?(u), the so-called Wiener-Ito

chaos decomposition f(w) = 3 (w®™:, fin), fin) € Hg@", where :w®": is the Wick
n=0
tensor of order n of w € N’. Here ® is the notation of symmetric tensor product.

The function f(,) is called the nth kernel of f.

For our purpose we need a Gelfand triple around the Hilbert space L?(u), namely
the Hida triple (M) C L?(u) C (V). Here (N) is called the space of Hida test
functions and can be constructed by taking the intersection of a family of Hilbert
subspaces of L?(u). It is equipped with the projective limit topology and has the
structure of nuclear countably Hilbert space. Moreover, the topology on (N) is
uniquely determined by the topology on A. The space of Hida distributions (NV)’ is
defined as the topological dual space of (AV). The Wiener-Ité chaos decomposition
can be extended to elements of (N)’, that is, for any ® € (N)’ it holds that

oo

(2.1) O=) (%" 0u), Bm € NE.

n=0

Example 2.1. By choosing the Hilbert space H = L?(R) of Lebesgue square-
integrable functions, nuclear space N' = S(R) of Schwartz test functions, and N’ =
S’'(R), the space of Schwartz distributions, one gets the concrete Gelfand triple
S(R) C L?(R) C S'(R). The probability space (S'(R),C, i) is known as the white
noise space. A standard Brownian motion on the white noise space is given by
By := (-,indy ), where ind;, denotes the indicator function of A C R. Within
this setting, white noise at each time ¢ is a well-defined mathematical object given
by W; := d/dtB; = (-, d;), where the convergence takes place in (V)" with respect
to the inductive limit topology. Here §; denotes the Dirac delta function at ¢. Fur-
ther, all derivatives of any order of Brownian motion are Hida distributions with
the represention ng) = (—1)k_1<-,5t(k71)>, where 5t(n) is the notation for the nth
distributional derivative of the Dirac delta function at ¢.

The S-transform of ® € (A)' is the mapping from N into C given by S®(n) :=
(®,:e0m:), n € N. Here ((-,-)) denotes the bilinear dual pairing on (N)’ x (N) which
extends the inner product on L?(u). Since the Wick exponentials {:e"": n € N}
form a total set in (N), we have that elements of (N)" are characterized by their
S-transform. Moreover, the S-transform of ® € (N)’ also extends to Ng. If @ is
given via the chaos decomposition (2.1), then its S-transform can be calculated by
(8®)(n) = ioj (®(n),n®™). We define also the generalized expectation of ® € (N)’

as E,(®) = (59)(0) = B0,
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We will use the following three important results on the characterization of Hida
distributions via S-transform. We only state the theorems, while for details and
proofs we refer the reader to [11].

Theorem 2.2. A mapping F': N — C is the S-transform of an element in (N)’
if and only if it is a U-functional, that is,

(1) for all £,n € N, the mapping A — F(n+ X{) from R into C has an entire
extension to \ € C, and

(2) for some continuous quadratic form @) on N there exist constants C, K > 0
such that for ally € N and z € C it holds that |F(zn)| < CeXIzI*1QM)I,

Theorem 2.3. Let (2, F,v) be a measure space, and A — ® a mapping from ()
to (N)'. If Fy := S®, fulfils the two conditions:

(1) for every n € N the mapping \ — Fy(n) is measurable,
(2) there exists a continuous norm |-|. on N such that for all A\ € Q, n € N,
z € C, F)y satisfies the bound |Fy(zn)] < C(A\)eXMI=FM with C(\) € L (v)
and K(\) € L*™(v),
then ®, is Bochner integrable with respect to some Hilbertian norm which topol-
ogizes (N)'. Thus, in particular, [, ®\dv(X) € (N)', and the S-transform and
Bochner integral commute.

Theorem 2.4. Let ®,, € (N)', n € N. If F,, := S®,, satisfies the two conditions:

(1) (Fu(n))nen is a Cauchy sequence for all n € N,
(2) there exists a continuous norm ||, on N and C, K > 0 such that for alln € N,
z € C and for almost all n € N it holds that |F,(zn)| < CeXI= %,

then (®,,)en converges in the strong topology to a unique ® € (N)'.

3. MAIN RESULTS

Now we prove our main results on the derivative of Donsker’s delta functional using
tools from Gaussian analysis. Instead of using the Wiener-It6 chaos decomposition
approach as in [13], we established the existence of the derivative of Donsker’s delta
functional via Bochner integration in (N)’. As a starting point we use a formal
Fourier-transform representation of the derivatives of Dirac delta function §*)(z) :=
tnt [ iFAReiA X, where k € N U {0} with the convention §(®) := §. In the rest of
the paper, by p. and Hj we denote the heat kernel p.(x) := e*“’2/25/\/ﬁ, e>0
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and the Hermite polynomial of order k defined by the Rodrigues formula Hy(z) =
(—1)’“e’”2 (dk/dxk)e_‘”z, respectively.

Theorem 3.1. Let f be a nonzero element of H. For any ¢ € R the Bochner
integral

1 .
59 (Xp) 1= 5 /R #FARGNED = 4N ke NU{0}

exists as a Hida distribution with the S-transform given by

SEP (X)) = pisa (L) —c>< J;le) H(%) nen.

The generalized expectation of 5 (Xy) is given by

e e

Proof. Let us define Fy(n) := S(i*\FeM:H =€) (), n € N. Then,

Fr(n) = (iFaReA =) Lelmyy — / ik \F oA (@, f)—e) glw.m)—[n]? /2 dpu(w)
_ ikAkefln|2/2efic)\/ elw,irf+m) dp(w) = ik}\kef|n|2/2efic)\e\i)\f+n\2/2
— ik AR AP /260 (Fim) —€)

The mapping A — F\(n) is continuous for all n € A/, and hence it is measurable with
respect to the Lebesgue measure d\. Furthermore, for 2 € C and n € N we have
|F\(2)] = [MF[ePPITP/2)6i MM | < | \k|e= P17 12/2gl2l1(FAm)|
< [NFJem PP /AU=P A ) /NPT < | \E | IMIF1/4gl=1% 1"

The first factor C'(\) := [AF|e~I**I7"/4 is an integrable function of A, while the second
factor K(\) := el=** is constant function of A. Hence, according to Theorem 2.3
§H®)((., f)—c) is well-defined as a Bochner integral in (A)’. To obtain its S-transform
we integrate %Tt_lF \ over R as follows:

S8 (X 4))( /S ({F AR =) () A

_ L /Akefw PP /26 A =) gy
2 R

L

vl

_ L e SR (<f, 0 — o) .

/211 |f'|2k+1

1 fI? !
(k—20)1! (_2(<f, n) — 0)2) '

=0
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In the last equality we have used a particular definite integral of the product of an
exponential function and a polynomial, see e.g. formula 3.462 (2) in [6]. By recalling
the explicit formula for Hermite polynomial

(=1 -
Hy(z) = k! 2 m(%)k 2
we obtain
. o (—1)k0—k/2 .
SO0 = et S (S )

By using the expression for the heat kernel we arrive at the desired expression. To
compute the generalized expectation of §%)((-, f) — ¢) we simply substitute the value
7 = 0 in the expression of the S-transform. This finishes the proof. O

In the following theorem we derive the Wiener-It6 chaos decomposition of the
derivative of Donsker’s delta functional.

Theorem 3.2. For f € H\ {0}, c € R and k € NU {0} it holds that

) [e’e) 1 1 n+k on. on
) =@ () e )

in (N)'.

Proof. We begin with the Bochner integral representation as in Theorem 3.1
and make use of the generating function of the Hermite polynomial to infer that

1 )
6 (Xp) = Q—K/i’“A’“e‘“WH) dA

P gy (D) e At
- Z”'Q”/Q < 2|f|2>/[R)\ el d)
[e'¢) nf’n f 2 2 V2 n Cn
= ( Z nl|2n|/2 ( <2|f>|2>>e /(2lf] )W(_l) +ko—(n+k)/2

L= )

—1)¢

c )n+k—2l

/]
_ 1 ey s L2 ( c ><|f|” ( (. f) ))
a2 e e g et JagE) )
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In the computation above we use again formula 3.462 (2) in [6]. Moreover, by using

the identity (:-®":, &) = | f|"27"2H,((-, f)/\/2| f[2), sce e.g. [8], [13], we arrive at
the stated expression. In addition, the nth kernel of §%)({-, f) — ¢) is given by

1 1\t c
6" (X;) = c)— (7) H, (7> en
oo XD =R\ s ) e\ g )
One can check easily that the zeroth kernel is exactly the generalized expectation
obtained in Theorem 3.1. O

We give some remarks.

(1) By taking k = 0 in the above result we recover the classical result on Donsker’s
delta functional and its S-transform as in, for example, [8], [14]. The generalized
expectation of Donsker’s delta functional is the heat kernel. The complex-scaled
Donsker’s delta functional has been also of interest, since it formally gives the
Schrodinger kernel, see e.g. [14].

(2) Consider the expression for the S-transform of 6% ((-, f) — ¢). It is analytic in
the parameter ¢ € R. Therefore, we can extend it to complex parameter ¢ € C
and the resulting expression is still a U-functional. Hence, Theorem 2.2 enables
us to define §¢)((-, f) —¢) for ¢ € C.

(3) The same argument holds if we extend it to f € He. In order to avoid problems
with complex square root we cut the complex plane along the negative axis. So
we have to exclude f € H¢ with negative value of (f, f).. So, again using
Theorem 2.2, it is possible to define 6(*)({-, f) — ¢) for complex parameters c
and f.

Definition 3.3. Let f be a nonzero element of He, arg(f, f) # «, ¢ € C and
k € NU{0}. The generalized function sk (Xy) defined via its S-transform

(k) L (m—eiaugyy_PR2TR (<f, n) —C)
SO = e g\ arg) e

is called the derivative of order k of Donsker’s delta functional.

We have constructed the derivative of any finite order of Donsker’s delta functional
as a Bochner integral in (NV)’. In the following theorem we show that it can be
approximated by a sequence of square integrable functions. Precisely speaking, the
sequence consists of Bochner integrals in L?(1). We need the following well-known
Bochner integrability criterion whose proof can be found in, e.g., [10].

Proposition 3.4. Let X be a Banach space with norm |-|| and (A, A, ) be
a measure space. If f: A — X is separably-valued and weakly measurable, and
J4lIf(a)]| do(a) < oo, then f is Bochner integrable.
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Theorem 3.5. For f € H\ {0}, c € R and k € NU{0} the following convergence
holds in (N)":

M (Xf) = lim i/n ik \keA(F) =€) q ),
n—oo 2T n
Proof. For n € N let us define ¥, := 211’1[ iFARMG P =) d)\ and G:
[—n,n] = L2(n) by G()) = iFAkelM:H=¢) Note that [-n,n] 2 A — (g, G(N))r2()
is a continuous mapping for all g € L?(u) and therefore measurable. It is clear
that G is separably—valued Moreover, for each A € [—n,n] we have ||G())[%, g =
[y EXRACT =02 q )y (w) = |A|?F. This implies

n 2nk+1
| 16y ar = T <o

—n

By using Proposition 3.4 we know that for any n € N, ¥, exists as a Bochner integral
in L?(u). Next, we prove that the sequence (VU,,),en converges in (AV). We have
the S-transform of ¥, at n € N:

N
SV, (n) = o SEF NN =) () dA
—-n
ik
=2 [ ind (W)ARemPIPIFP/260((Fm=e) g,
2 [Rl[—n,n]

Observe that for each A € R the integrand in the last integral converges pointwise
to \ee=NPIFP/260((Fm—e) a5 n — o0 Moreover, it is bounded by the function
|)\k|e_|)“2‘f|2/2 which is integrable over R since it is a product of a polynomial with a
rapidly decreasing function. By using the Lebesgue dominated convergence theorem
we obtain that (¥}, ),en converges to 2iFn~! [1 Nee=IAIF1*/26IA((Fm) =€) q X as n — oo.
This means that (¥,,),cn is a Cauchy sequence for every n € N. Forn € N, z € C,
and n € N we have

15,0 (2)] < QL/ IAFJe= /2 4\ < —elzl Inl? /|/\k|e—|/\\2|f\2/4 dx < CelInl?
T J_n 21 R

where C' = 2+ D/2E1 D (0)n~!|f|~**+Y and D, is the notation of the parabolic
cylinder function. The constant C is obtained by an application of formula 3.462 (1)
in [6]. This shows the boundedness condition, and the assertion of the theorem now
follows from Theorem 2.4. O

The Dirac delta function also appears as limit in the distribution sense of a se-
quence of approximale identities. Most notably, it holds that 6(z) = hII(l) pe(x) =
E—
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111% e’””2/25/\/ 2ne. It is easy to see that the kth derivative of the heat kernel is
e—
given by p* (z) := (=1)*(v/2e)"*Hy.(v/v/2¢)p-(x) , k € NU{0}. This motivates the

following.

Theorem 3.6. For f € H\ {0}, c € R and k € NU {0} it holds that

<'af>_
V2e

i EDF c
S9(Xy) = lim o i Jpete. 1) =)
in (N)'.

Proof. First, we show that for each € > 0,

1)k . —c
s (Xp) = ((\/%kaC \f/>2—5 )pe(<-,f> -

is a square-integrable function. To this end we compute its L?(u)-norm:

-1 k '7f —C 1 —((-,f)—c)? e 2
R = [ [ H(< ) ) e 6002 4y()

(@)k "\ Ve m
_ 1 / o= /e =2/ 1P) qp
(v/22)2k 2116 , /—2n|f|2
_ 1 11 e—cz/(2|f\ )

(V22 2ne f2r PP
X/H}g(x)e—(2+s/|f\2>x2—xc¢%/|f\2dx,
R

Based on an asymptotic consideration it is clear that the last integral is finite, and
hence, we can conclude the square-integrability of 5((;]? (Xf). Nevertheless, with a
little effort we can compute the value of the integral explicitly. By using the formula

k
H25
Hk k' 22 29 )l

S=

see an ormula (. m we get
4]) and formula 7.374 (8) in [6
/H}g(x)e—<2+e/\f|2>x2—xcm/|f\2dx
R
k

k
Z - 2 k' /HQQ _(2+e/\f| )z®—zev2e/|f1? 4
s —5)

5=

k 2 s
+e€
ok k1 oc?e/ (21 FI2(e+21£1) /]
=/r € Z 25 (s1)2( 2[f]2 +¢

s=0

X Hos (C\/(2|f|2 + €)§2|f|2 + 25))'
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Hence,

k s
k!l 2 2 1 |f|2 + e
SE(x V12 — o~ (k+1/2) M =/ (2]fF+e)
” c,s( f)||L2( =& TE|f| ; 25( ! Q(k )| 2|f|2+€

X Has <C\/(2|f|2 + e)?2|f|2 + 25)) o

We have proved that for each ¢ > 0, (5§k)(<~, f) —¢) € L*(n). Next, we show the
convergence in (A) as e — 0. By the Cameron-Martin theorem we have

S6L(X5)(n)
= [ 02(w+n. 1) du(w)
N’/
_ = S) A = o Em—e2/29) g0
_<W\/ﬁ/< v S
( 1)’“

M) o (@) —0)/(26) o=/ 2IF?) 4

:(_ WW( 1 >k/2€<<f,n>c>2/<2<|f2+e>>Hk<M>,
V2rl 2 \IfIP+e¢ 2(1f1* +e)

As € — 0 we have that Séék)((, f)Y —¢)(n) converges to

DM L (p—o /s (<f”7 ) = p{sh (s - o).

Nz V2T

By applying the bound |H,,(z)| < a(n!)1/22”/2e“’2/2 for the Hermite polynomials, we
have for any n € N, z € C, and ¢ > 0,

9—k/2 1 k/2
S (X 1) (2m)| =
S50 (X ) (em)| \/W(|f|2+€)
" |e<<f,zn>c>2/<2<|f2+e>>|‘Hk <m> ‘
2(|f* +¢)

Q—k/2( 1 )k/2

S JEENI T e

« Jo (F2m =) /U H2)) | (o) 1/ 298/ 2| o420 =€) /(4L £1° <)) |

1/2
< M| Ii o (U m =/ as1E )
Var [fIFF
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1/2
COBDYZ L el i P el )

Vo [fIFH

(k)2 1 o) el

Vo |fIF

Hence, we have shown the boundedness condition needed for the application of The-
orem 2.4. O

Note that the limit object in (N)’ obtained in Theorem 3.6 must coincide with the
Bochner integral in (A)’ in Theorem 3.1. This follows immediately from Theorem 2.2
and the fact that they have identical S-transforms.

4. PRODUCT AND SERIES OF THE DERIVATIVE OF
DONSKER’S DELTA FUNCTIONAL

In this section we will prove that finite products and infinite series of the derivatives
of Donsker’s delta functional are Hida distributions. We use the following notations:

—

Fi=(f1s i fn), @i=(c1,...,¢cn), and X:i=(Ap,...,\fn).

Theorem 4.1. Let f; € H be linearly independent vectors, M = (fx, fi)ki=1,...n

be the corresponding Gram matrix, and c¢; € R. Then,
1= oM ((, f) = &)= [T 0 (X))
j=1

is a Hida distribution with S-transform is given by

nk . . .
S(I)(n) = (_1) e*((fﬂ?)*5')TM71(<f’n>75‘)/2H]? (w)7
@2 et QD)

where

n <ﬁn>—5) T (<fj,n>—6j)
HY M2 ) .= Hy | 222 nd eN.
d VTR S E A

The generalized expectation can be written as

1

Eu®) = aman’ (W)H ( W>
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— 43 N . n NP
Proof. Letn € N, \F := [] /\é?, e A = oTIXjmiNi%  gand e(wiAM) =
i=1

eXi=1(@iXi fitn) By Fubini’s theorem, we obtain

n

(S®)(n) = S(H %ﬂ/RikA?ei/\j(«,fj)cj)d)\) (n)

j=1

; <<H/Ak (T =6) g el >>
nk
(Tc

) e=Inl*/2 : Xke_ixg/ le<“”ixf"’"> dp(w) d"X
ink

)

k

_ @_ne—mﬁ/z/ Nk iXeglixfinl? gny
T n

:(i") / Nk @—iXEQ (IXFAXF) /24 (X m) qn Y.
21)" Jgn

Next, we consider

n

GXFNF) = = D7 Mei(fus fi) = =X MX,

k=1

where M = (fk, fi)k,i=1,...n. This is a Gram matrix of linearly independent vectors
in H, and thus positive deﬁnite. Hence,
ink
(2m)”

‘nk n . tko—k/2 . —

i _ Y 2,172 (fi,m) —c
= L T Vare (Wim—c?/@lf1?) H ( i J)

e L RNV
nk - o g =

_ (=1 e<<f,n>aTM—1<<f,n>a/2Hg(<fﬂ7> - C),

VR 2 (et (M) 7

By using the same argument as in the proof of Theorem 3.6 we obtain
S®(zn)| = o (Frm—ci)? /215 12) ‘H (M)'
S wznmnk det (M) H' | 207,
a?kI\" 1 2 2
< —((f5my—ei)* /(41 £51%)
h \/( 21 ) det(M)k+1 ]1;[1 e |

aZkI\n 1 cTM-1e 2112
< c é/2gnlz"nl"/2
\/( om ) det(M)F+1° ¢

(S®)(n) = / Moo XTMX/2+HX((f\m) -9 qnX
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Therefore, the S-transform of ® is analytically continued and is uniformly bounded
of second order. From Theorem 2.2 we conclude that ® € (N)'. (]

Theorem 4.2. Let f;, j = 1,...,n be linearly independent vectors in H
and M = (fx, fi)ki=1,...n the corresponding Gram matrix. If F: R™ — C is in
LP(R™,e=% M '/44"%) for some p > 1, then U := S F@)8E7 (-, fY — 2)d T is
a Bochner integral in (N)'.

Proof. From the proof of Theorem 4.1 we have for n € N’

|S6E1 (-, ) — &) ()]

aZkI\n 1 T ML - , 2 2 2 2 . 2 |2
< - 714 TT ol (o2 2/ 155 12) g2a? /15241 2m) 2 (el £519)
\/( o ) det(M)FH1C Ee ¢
_ (0‘2"5!)” L (/a0 M E n (4122 nf/e) /4.
21 /) det(M)r+1

Now we choose ¢ > 1 with p~' 4+ ¢~* = 1 and € > 0 such that g¢ < ;. Then, by
Holder’s inequality

27 M)k+1 n

< (aZk!)n L (=Pl /e) /e
21 /) det(M)k+1

L 1/p L 1/q
% (/ |F(£x)|pe—x M ;c/4dni3> (/ e—(1/4—qe);c M xd"f) )

The last integrals are finite by our assumptions. Hence Theorem 2.3 applies and the

a2k' n 1 n 2121n12 /e o T M-z .
|ST(2n)| < \/< ) aor( en(1+1z"nl*/ )/4/ |F (e (1/4-)Z"M~'Z gn z

proof is finished. O

Now we prove a result on a series of the derivative of Donsker’s delta functional.

Theorem 4.3. Let f € H\ {0}, ¢ € R, and k € NU {0}. The infinite series
&)
pi= > 5 (X¢ +n) is a Hida distribution with S-transform

n—=——oo

- L 1\ ntrm )l (M)
o) =pie(t 1) =0 ) 2 e S ErE )

3
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N
Proof. Let us define for N € N the finite sum ¢on := > 5 ((-, f) —c+n).
n=—N

It is obvious that ¢ € (M) and its S-transform is given by

1 (DR k2 T ety () — et n
Son(n) = ——— 2= o (rm)—etm)?/@If1P) g, (ML Z €T
Von o |fEfE n;N V2[f?

Our goal is to show that ¢y converges in (N) as N — co. We find a uniform bound
in N as follows. Let n € A and z € C. Then,

(k)2 G~ (gt t)
Sen(n)l < o 20 e |
n=—N
1/2 . |
< ARDYZ e g S eI
V2n| fF+ neN
1/2 oo
o OEDY2 s ipp s S e
Vv 2m| fIFH n=—o0
for some constants 3, > 0. The last series can be written in terms of the Jacobi
theta function ¥(z,7) = . e F2%nz which converges for all z € C and 7 in

the upper half plane, see e.g. [18]. Hence,

BV se2 /15 el inf? i
< )T pe Y1217l g .
|S@N(zn)| \/ﬁ|f|k+1e € (07 8ﬂ|f|2>

Now, Theorem 2.4 delivers the convergence of ¢ to ¢ in (M) as N — co. Further-

more,

L(=DF27R2 S8 oy em)? ol (fim—ctn
S _ ) e~ {Fm—ctn)? /I ) g, (M =T
e(n) VI |fIF n;m k 2172
ko—k/2

o—(rm =02/l (17277
|f|k+1

- : fm)—c+n
x 3 el n2)/(2f|z)Hk(<’7
e V2If?

= pisp=((- f>—c)<_71>k i ol —n?)/ @I b (M)
=D|f ) /2|f|2 = k e .

A

O
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In

the case k = 0 we obtain a nice expression

So(n) =pis2 (5 f) = C)ﬂ(_%’ %Il—fIQ)
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