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Abstract. This paper is devoted to studying the existence of solutions of a nonlocal
initial value problem involving generalized Katugampola fractional derivative. By using
fixed point theorems, the results are obtained in weighted space of continuous functions.
Illustrative examples are also given.
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1. INTRODUCTION

Fractional calculus has been proved to be an adequate tool in various areas of
applied mathematics, physics and engineering. The fractional differential equations
are used to describe the abundant phenomena such as flow in nonlinear electric
circuits, properties of viscoelastic and dielectric materials, nonlinear oscillations of
earthquake, mechanics, aerodynamics, regular variations in thermodynamics, etc.
Indeed, after the appearance of the work by Bagley and Torvik (see [3]-[5]), the
fractional calculus ranged from theoretical aspect towards applications, also see [18],
[17], [24]. In past decades, considerable attention has been given to the existence
of solutions of initial and boundary value problems. For the fundamental results
in existence theory see survey papers [1], [2], the monographs by Kilbas et al. [23],
Podlubny [26], the papers [27], [7]-[15], [19], [22], [25], [28] and references therein.
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Recently, the authors in [7] discussed the existence and stability of solution of the
initial value problem (IVP)

{ (DEP)(t) = f(t,x(t), teQ=]ab],

(1) 11—y _ —
(I, "x)(a) = ca, o eER, y=a+p(1l-a)

for generalized Katugampola fractional differential equation by using Schauder fixed
point theorem and the equivalence between IVP (1) and the integral equation

2) (t) = %(tt) —Qaﬁ)vfl +/a Sg_l(tg ; s@)aq f(?(z()s)) e,

In this paper, we study the following IVP with nonlocal initial condition:

Dy x)(t) = f(t,2(t),  0<a<1,0<B<1, te(a,T],
(117 2)(at) = i‘l (), a<y=a+B(l-a), & € (a7,
p

3)

where QDg‘f is the generalized Katugampola fractional derivative of order a € (0, 1)
and type 8 € [0,1], and L’I;;V is the Katugampola fractional integral with ¢ > 0,
see Section 2 for definitions. Function f: (a,T] x R — R is a given function, §; are
pre-fixed points satisfying 0 < a < & < ... < &n < T and 7y, j = 1,2,...,m are
real numbers. We study the existence of solutions of nonlocal initial value problem
(NIVP) (3). First, we establish an equivalent mixed-type nonlinear Volterra integral

equation

@ )= (=) 1Zm:m [T () o as
+ ﬁ /at s01 (tg ; il )ailf(S, x(s)) ds,

where

(5) K= (F(v) - im (EJQ ; aQ)V1>_1

for NIVP (3) in the weighted space of continuous functions Ci_ ,[a,T] presented
in the next section. We utilize the Kasnosel’skii fixed point theorem, Schauder fixed
point theorem and Schaefer fixed point theorem to obtain the existence results of
considered NIVP (3).

We start with some preliminaries in Section 2. We prove the equivalent integral
equation in Section 3 followed by existence results in Section 4. An illustrative
examples are given in the last section.
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2. PRELIMINARIES

In this section, we list some definitions and lemmas required throughout the paper.
Let the Euler gamma and beta functions be defined, respectively, by

e8] 1
I'(a) = / r*te "dz, B(a,B) = / (1—2)*'21dz, a>0, 8>0.
0 0

It is well known that B(«, 5) = I'a)T'(8)/T(a+ B) for a > 0, B > 0, see [23].
Throughout the paper, we consider [a,T], 0 < a < T < oo being a finite interval
on Rt and o > 0.

Definition 2.1 ([23]). The space X?(a,T), ¢ € R, p > 1 consists of those real-
valued Lebesgue measurable functions g on (a,T') for which ||g||x» < 0o, where

b dt 1/p
lohe = ([ a0 ) p2 1 and gl = essuplio(o)
o e <t<

At

In particular, when ¢ = 1/p, we see that ch/p

Definition 2.2 ([25]). We denote by Cla,T] a space of continuous functions g

(a,T) = Ly(a,T).

on (a,T] with the norm

- 1.
lglle e lg(t)|

[a,

The weighted space C, ,[a,T], 0 < v < 1 of functions g on (a,T] is defined as

t2 — @

(6) Crola,TI = {g: (0, T] = R: (——5) g(t) € Cla, 71}

with the norm

lglle,, = | (tg ~ “ )Vg(t)HC = tg%]‘ (tg ~ ag)vg(t)‘,

and Cy ,[a,T| = Cla, T].

Definition 2.3 ([25]). Let 6, = (t¢7'd/dt), 0 < v < 1. Denote C§ la, T the
Banach space of functions g which are continuously differentiable, with d,, on [a, T
upto order (n — 1) and have the derivative ;g on (a,T] such that 63 g € C o[a, T7:

ngﬁ[a,T] = {559 €Cla,T], k=0,1,...,n—1,0,9 € Cy o[a,T]}, neN

with the norm

n—1 n
— k n _ k
oy, , = 3 1ol + 1539l Nolley, = 3 maglofa(ol

In particular, for n = 0 we have ngﬁ[a, T)=C, ola,T).
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Definition 2.4 ([20]). Let o > 0 and f € XP(a,T), where X? is as in Defini-
tion 2.1. The left-sided Katugampola fractional integral ¢I$, of order « is defined as

(7) Uy f(t) = /at se ! (tg ; s° )a_l g((z)) ds, t>a.

Definition 2.5 ([21]). Let o € RT \ N and n = [a] + 1, where [a] is the integer
part of a. The left-sided Katugampola fractional derivative ¢Dg, is defined as

B DI = T )
(@) [ )T

Definition 2.6 ([25]). The left-sided generalized Katugampola fractional deriva-
tive QDS‘f of order 0 < a < 1 and type 0 < 8 < 1 is defined as

«, 1— 1— 1—
() (D2 ) = CLE 8,507 1) )
for the functions for which the right-hand side expression exists.

Lemma 2.7. Suppose that « > 0, 83 > 0, p > 1 and g,c € R such that ¢ > c.
Then for f € X?(a,T), the semigroup property of Katugampola integral is valid.
This is
(10) T Iy f () = TP F (1),

Lemma 2.8 ([21]). Suppose that o >0, 0 < vy <1 and f € C, ,[a,T]. Then for
allt € (a,T],

Doy Loy f(t) = (1)

Lemma 2.9 ([21]). Suppose that « > 0,0 <y <1, f € Cy,la,T] and I, °f €
Cl la,T]. Then

B 91{1;0 (a) (tQ — a.Q)a—l.

U D (1) = (1) o) .
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Lemma 2.10. Suppose °I¢, and °Dy, are defined as in Definitions 2.4 and 2.5,
respectively. Then

1 — g@2\o—1 F(O‘) te — g@\ato—1
QI“( ) = ( ) , aa=20,0>0,t>a,
at 0 I'(c+1) 0
t¢ — q? a—1
@Dg+( ; ) -0, 0O<a<l.

Remark 2.11. For 0 < a < 1,0 < 8 < 1, the generalized Katugampola frac-
tional derivative ngf can be written in terms of Katugampola fractional deriva-
tive as

@Dgf _ glfj_l—a)égq;;’v — glfj_l—a)aD(’LY_i_, y=a+B(1-a).
Lemma 2.12 ([25]). Let « > 0,0 <y <1 and f € C1_,[a,b]. If a >, then

(T2 ) @) = Jim (T 5)(0) = 0.

i
—a+
To discuss the existence of a solution of NIVP (3), we need the following spaces:

11) 7 . T)={g € Cirla,T]: DI g€ Ciyola, T}, 0<~y<1

and

C'Y

1 0le: TI =19 € Ciy [0, T): °Diyg € Crovola, T}, 0<vy <L

Since 2D g = Qlfffa)gDerg, it is obvious that C7

7 Lla, Tl c ¢l la,T).

1—v,0

Lemma 2.13. Let « >0, 8 >0andy=a+f—af. If g€ C]_,  [a,T], then

I7,.4D7g(t) = I, D g(t) = DI g ().
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3. EQUIVALENT INTEGRAL EQUATION

To establish the equivalence between NIVP (3) with Volterra integral equation (4),
we recall the following lemma.

Lemma 3.1 ([25]). Let0 < a<1,0< <, y=a+p—ap. If f: (a,T]xR = R
is a function such that f(-,z(-)) € Ci_, ola,T] for any @ € Ci_y ,[a,T], then x €
Clre
equation (2).

[a, T) satisfies IVP (1) if and only if x satisfies the nonlinear Volterra integral

Using the aforementioned equivalence, we prove a new equivalent mixed-type in-
tegral equation for NIVP (3).

Lemma 3.2. Consider 0 < a < 1,0 < < 1 and v = a + 8 — af. Suppose
that f: (a,T] x R — R is a function such that f(-,z(-)) € Ci—y,,la,T] for any
2(-) € Ci—v,la,T]. Function z(-) € C__ ,[a,T] is a solution of NIVP (3) if and
only if x(-) is a solution of the mixed-type nonlinear Volterra integral equation (4).

Proof. First, we prove the necessary condition. In the light of Lemma 3.1, a
solution of NIVP (3) can be expressed as

(12) o(t) = L)I;J_FI:Y(J;()G‘F) (t"—’ —Qaﬁ)vfl . /at ot (tQ —Q 5@ )afl f(?(a;()s)) ds.

A substitution ¢ = ¢; in (12) yields

gé*vx a gf—aﬁ’ y—1 3 o1 ij_S@ a=1 f(s, (s
(13)  x(g) = I+F(7() +)( _ ) +/a . ( - ) f(F(a() ) ds

and by multiplying both sides of (13) by 7;, we obtain

o x(a £ —al\r-1 i (& —8%\et
njx(fj): I+F(fy() +)77J( 0 ) +77j/a S ( 0 ) 1(5,2(s)) ds.

By the initial condition of NIVP (3),

- m S
o9, "a(a Zn] z(§5) = Zm( . )7 1
j=1
Y (88N S, 2()
+jz:177]/a § 1( ’ 0 ) () ds,
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which implies

o (a+)<r(v)—im(€f;ag)w)
j=1
_ % é"ﬂ’ /jj g0~ 1 (EJQ ; s )a_lf(s, x(s))ds

i L) XS st
14 ) = K D [ () reaten s

where K is as in (5). Substituting (14) into (12), we obtain the integral equation (4).
Now we prove the sufficient condition. Applying I + 7 on both sides of the integral
equation (4), we get

L)I;J—r’)’x(t) — L)I;J—r'y(t"-’ ; a? )VﬁlKim /5] so-1 (gjg — 52 >a71 f(;,(a;()s)) ds
= a

0
+ TS f(E (L),

using Lemmas 2.7 and 2.10, we have

L Talt) = [ K K0 [ (Y o) s O ),
=1 a

Since 1 — v < 1 — (1 — a), Lemma 2.12 can be utilized and limit ¢ — a+ yields

15 Ul e % Emj | e (Y ) s
> |,

0

A substitution ¢ = ¢; in (4) gives us

0

b | ¥ gt (fffsg)a‘lﬂs, 2(s)) ds.

z(§5) = (a)<§g—a9) Zm/a 597 1<§9_5 ) 1f(s,fc(s))ds
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Further,

j=1
m &5 o fj‘.’—s@al gﬁ’—a@yl
—%;m/ﬂ s¢ (79 ) dsZm( )
+injﬁ/jj 597 1(#)(1 1f(8a$(5))d5
“ _ 5—890‘1 s,x(s - £g—a97
:;nj/a g ( 0 ) . (Oc()))ds(HK;n’( 0 ) 1)

:% Z / P 59_59> lf(s,a:(s))ds.

Linking (15) and (16), it follows that

QIl 2773 z(&;)-

Applying 2D}, to both sides of (4), from Lemmas 2.10 and 3.1 if follows that
(17) Dy () = DG f (k2 (1)),

Since x € C_, ,[a, T}, from the definition of C7_

1—~,ola, T'] we have

®Dyx € Ci—yla,T] then ng_(‘_l_a)f = 699Ii;B(1_a)f € C14,0la, T

For f € Ci_,la,T], obviously 9I1_B(1_a)f € Ci—y,0la,T], then 911_’6(1_@]” €

C’f +.0la; T]. This means f and QII 5(1 O‘)f satisfy the conditions of Lemma 2.9.

Lastly, applying QIaJrB(1 ) o both sides of (17), Lemma 2.9 helps us to obtain

opl—B(1-0) e s
DgPa(t) = f(t,x(t) — Loy f(a)(t Qa )B(l -

LBl —a))

By Lemma 2.12, it is easy to see that QI;;ﬁ(lfa)f(a) = 0. Hence, it reduces to

Defa(t) = f(t.x(1))-

Hence, the sufficiency is proved. This completes the proof of the lemma. O
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4. EXISTENCE OF SOLUTIONS

In this section, we state and prove the main results concerning the existence of a
solution of NIVP (3). We consider the following hypotheses:

(Ho1) f: (a,T) x R — R is a function such that f(-,z(-)) € Clﬁ 17;1 [a,T] for any

z € C1—,0la,T] and there exists a positive constant L > 0 such that for all
z,T € R,

[f (@t a(t)) — f(£,2(t)] < L]z — 2.

(Ho2) The constant

m g,g_ga . o
(Sl ()

where K is as in (5).

Now we prove the first existence result for NIVP (3) by using Kasnosel’skii fixed
point theorem.

Theorem 4.1. Suppose that (Ho1) and (Hoe) are satisfied. Then NIVP (3) has

at least one solution in C}__ [a,T] € CF [a,T).

1-— vg[ 1—v,0

Proof. In the light of Lemma 3.2, it is sufficient to prove the existence of a
solution for mixed-type integral equation (4). Define N: Ci_, ola,T] = Ci1— ,[a, T
by

m

18) (Na)(0) = 75 () > [ () satenas

N %@) /at SHCQ - SQ)“_lf(s,x(s)) ds.

Clearly, the operator N is well defined.
Set f(s) = f(s,0) and

== e (K () (7 e

7j=1

Consider a ball

B, ={z € Ci_,la,T]: |z|c,_,, <7}, wherer> %, 0 <1.
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Now, we subdivide the operator N into two operators P and ) on B, as follows:

19) (Pt — o (M) TS, / e () e s

(@t o et 0

and

1 t 10 — g0\ a—1
(20) Q)0 = [ 1 (F5T)" Healo)ds
L) Ja 0
The proof is given in the following several steps:
Step 1. For any x,T € B, we prove Px + QT € B,. For operator P, multiplying
both sides of (19) by ((t¢ — a?)/0)' ™7, we have

(Pa (=) = %in / Yoot () ) s,

0
then
Pa)e) (=) | < 15 ﬁ;m [ o () tesatentas
< LS [ o () W nto) ~ .01+ 1500 s

(Llz(s)] +[f(s)]) ds

0’—1(89 — a@)’y—l
0

() et + (F) G ) ds

m & B £9 — 50\ a— _ —
%;m/& 52 1(]98) 1(599a9)v1

x (Llzlg, ., , +1fle,_,,)

K| gjﬁ?_ae O‘—H_l/l a—=1, ~-1
=— n-( ) (I—w)" "u" " du

I(c) ; ’ 0

N
O E
[
S :
T~
V)
i
/N /_H\ /N
s}

)
& — 8"’)“—1
)

N
OE
[
I
—
&
V)
i
XS
!
V2l
s

N

%

x (Llzlc,_, , +Iflle, )

K €9 — a?\atv—1 ~
W;m( YT B Ll + 1Tl )
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This gives

|K| +v-1 —
(21) npxncl_w\ Z ( T Wl + 1Tl )
For operator Q,

(=) o = i | oot (& )T () et as

using the same fact that we used in the case of operator P again, we obtain
t@ _ a@ )1—’)"

@)1 (—

< [ ()T () s o
< () T [ () e+ s

BIEO;;Y) (T @> (L), ., + 17 le, )

~

This implies

I'(y)

22 <
2 1@sle,., < Fats

T _ go\a _
() W@, + TG le, )
Linking (21) and (22) for every z,T € B, we obtain

1Pz +Qalle, . <IIPalo, . +1Qalle, . <Or+w<r,

which infers that Pz 4+ Q% € B,.

Step 2. Operator P is a contraction mapping. Let ©,T € B, for operator P we

have
()0 - (Pa)O) (=)
-4 jfjlm [ o (B ot - sts.atemyas
< LKl i’” [ (Y 0rts.0t6) - S 2o as
< %in / Ve (8 ) ie(s) — 7(s)l s
o B $7, (S22 g,
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which is

) L|K|F S et G e _
||P£L'—Px||cl—'y,9 = Oé+')/ Zn ( ) ||=’E—£CH01__Y’Q <9Hx—x|\cl_%g.
j=1

Thus, by assumption (Hgs), operator P is a contraction mapping.
Step 3. Operator Q is compact and continuous. Since f € Ci_, o[a,T], by the
definition of Ci_, ,[a, T, it is obvious that () is continuous. By Step 1, we can write

L'(y)
Iy +«

Tl.)_a@a _
1Qalle, ., < () Welle,, +17le, )

this means @ is uniformly bounded on B,.
To prove the compactness of @, for any 0 < a < t; < to < T we have

(23)  1(Qu)(tr) — (Q2)(ta)]
/“ (m@ - ) [(s.2(5)

0 ')
_ /t2 S,Q—l(tQ'Q - Sg)“—lf(s,x(s)) ds‘
a 0 ')
< |f£((f;—)ve /t1 g0 1 <t1g Q— 59 )(’—1 (59 ; ag)'y—l ds

ta — _
tof — g2 \a—1 g0 _ g@~\v—1
/ ¢ 1(2 ) ( ) 5
a o 0

< Hf”cl_wF(’Y) ‘ (tlﬁ’ - a9)0+7—1 B (tg‘g - ag)aJrv—l‘
Ila+7) 0 0 '

Observe that the right-hand side of inequality (23) tends to zero as to — t; either
a+v < 1or a++v > 1. Thus, @ is equicontinuous. Hence, in the light of Arzela-Ascoli
theorem, @) is compact on B,..

By Kasnosel’skii fixed point theorem, NIVP (3) has at least one solution z €
1—7, g[a” T] by
repeating the process from the proof of Lemma 3.2. The proof is thus complete. [

Ci—~,0[a,T]. One can easily show that this solution is actually in C]

We will study the next existence result by using Schauder fixed point theorem.
For this, we modify hypothesis (Ho;) to the following one:

(H11) f: (a,T] x R — R is a function such that f(-,z(-)) € Clﬁ(lv ;) [a,T] for any

x € Ci—y,0a,T], and for all x € R there exist L > 0 and M > 0 such that
[f(t2)] < Ll + M.

Theorem 4.2. Suppose that (H;1) and (Hopz) hold. Then NIVP (3) has at least

one solution in C]__ [a,T] C Cf‘;ﬁmg[a, T].

1—7v,0
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Proof. Let B. = {x € Ci1—,,[a,T): Hx||cl_w) < e} with e > Q/(1 —6) for
0 < 1, where

M|K| i (ff—ag)“+ M (T@—a9>a—v+1
T T+ & Tla+ D\ o '

Consider the operator N on B. defined in (18). We prove the theorem in the following
three steps:

Step 1. We check that N(B:) C B.. By assumptions (H;;) and (Hpg), for any
z € C1y,0[a, T] and ||z, _  we have

e (—=) |
- £ —a®\oty— 0 _gona
S (Ffji— 2y) ;77] (T) ' 1+ Ff’yr—(f—’y;) (T 0 ) )'x”clw,g
- £ —a%\e 0 _ go\a—vy
+F(oﬁl);m< 0 ) +F(a]\/{|—1)<T 0 ) "
This is

INlle,  <bet+Q<e,

which yields N(B.) C B..

Now we shall prove that N is completely continuous.

Step 2. N is continuous. Let x, be a sequence such that z,, = z in B.. Then for
each t € (a,T] we have

(Nz)(zn) = (Nx)(t)

e — g )7—1‘

m & — s\ a—
< s’-’lf Y9~ St s

() T [ sgfl(tg I (s wa(s) — Fls. (5D s

o
|K|F ) i §f—a9 a+vy—1
O Ji_jlm( ) I ma ) = Fa e,
T? —a?\e T(v)
() ) = Ol

™ fg—agawl 2 _ glra
'y—i—a( |Z773( >+ +(TQ ))
N Can() — oz <->>||cl_w,
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this implies

s 59_a9a7 0 _ go\o
INzo = Nalig,_ , < 5 7+a<:|§:m( )+ 1+(T 0 >)
[[fCan() = fEa( e, -

Thus, N is a continuous operator.

Step 3. N(B:) is relatively compact. Since N(B.) C B, it follows that N(B) is
uniformly bounded.

Furthermore, by repeating the same process as in Step 3 in Theorem 4.1, one can
easily prove that N is equicontinuous on B..

As o € v < 1 and noting (23), for any 0 < a < t; < to < T one has

[(Nz)(t1) — (N)(t2)]

Wl JKITG) 6 = ayers
< T(a+7) ZUJ( )
(=) - (B=)7) + Qo) - @a)a)
||f||cl,mg|K|F('7) “ £ —a%\o+r-1 to? — 119 '
= Ta+7) an( ; 0 ) (t12 — a?)(t22 — a?)

=1

Hf”cl,wF(’Y) } (tlg — ag)aJrV*l _ (tg‘g — a9>a+“/*1} 50
I'(v+a) 0 0

as to — t1. Thus, @ is equicontinuous.
Hence, N(B.) is an equicontinuous set and therefore N(B;) is relatively compact.
As a consequence of Steps 1 to 3 together with Arzela-Ascoli theorem, we can
conclude that N: B. — B. is completely continuous. By applying Schauder fixed
point theorem, we conclude the theorem. ([

Next, we will prove the following existence theorem by using Schaefer fixed point
theorem. For this, we again change assumption (Hj1) into the following one:

(Ha1) f: (a,T] x R — R is a function such that f(-,z(-)) € Clﬁ(lv ;) [a,T] for any
x € Ci—y,pla,T], and for all z € R there exist a function p(t) € Ci_, pla, T

such that
|f(t, )] < p(t).

Theorem 4.3. Suppose that (Ha1) holds. Then NIVP (3) has at least one solution

inCy_ [a,T]C Cf‘;ﬁmg[a,T].
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Proof. As in the proof of Theorem 4.2, one can repeat Steps 1 to 3 and
show that N: Ci_, ,[a,T| = Ci_ o[a,T] defined in (18) is a completely continuous
operator. It remains to prove that S = {z € Ci_,,[a,T]: z = oNz for some
o € (0,1)} is a bounded set. It follows that

o ("5) | < oo ()

_ Clele, .,
P(a+7)
Y

x (|K|j§m(f” )T () e

and ||z| < C1, which implies the boundedness of the set .S. By using Schaefer
Cl—’v,e

fixed point theorem, the proof can be completed. O

Remark 4.4. The results in [28] for Hilfer fractional differential equations with
nonlocal initial condition can be obtained for ¢ — 1 from the main results of this

paper.

Remark 4.5. The results in [16] for Cauchy problem involving Riemann-
Liouville fractional derivative with nonlocal initial condition can be obtained for
8 =0, 0 — 1 from the main results of this paper.

Remark 4.6. The continuous and integrable solution of Cauchy-type problem
(see [6]) for Hilfer-Hadamard fractional differential equations with nonlocal condition
can be obtained for ¢ — 07 from the main results of this paper.

5. EXAMPLES
We consider the following illustrative examples for the NIVP (3).

Example 5.1. Consider the nonlocal problem

ep*Py -
(24) {(Da-i- ) = f(t,z(t), te(1,2],

() (1+) =22(3), y=a+B(1-a).

Denoting o = %, 8= % gives v = %. Let o= % > (0 and set

12 — 1\—1/16
)

2 — 1\15/16
( ) sin x.
0

0

] =

fit.2) = (
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We can see that

(tl/zl_ 1>1/8f(t,x(t)) = (tl/i_ 1)1/16 + %(tl/z — 1)17/16 sinz € C[1,2]
2

N [=

i.e. f(t, IE) € 01/8,1/2[1a 2]
Moreover, | f(t,z) — f(t,Z)| < |z — Z|. Some elementary computations gives us

|K| = ‘(F(O.875) _ 2((%)1/%>—1/8>—1

~ I'(0.875) (52 -1 5/8 91/2 _ 1\3/4
m(|[(|x2<f + I ~ 0.6763 < 1.

~0.9521 <1

and

2

2

All the assumptions of Theorem 4.1 are satisfied with |K| ~ 0.9521 and 6 ~ 0.6763.
Therefore, NIVP (24) has at least one solution in C g 1/2[1, 2].

Example 5.2. Consider the nonlocal problem

(Delw)(t) = f(t,x(t), te(1,2],
25
(25) {(%;U:)( 14) = 3z(2) + 22(3).
Denoteazé,ﬁ—éandg—%>0So'y—znd({l % (fg—%). Set

) <
f(t,x) = sin (3|z|) for t € (1,2]. It is easy to see that f(¢,z(t)) € Cy/s,1/2[1,2] and
|f(t,z)| < %|a:| Moreover,

(25 2) o850

and

~0.1973 < 1

2

2

I(0.875) (512 —1\Y® (A2 -1\
=0 (K| <3 —— o] (R LA ~0.71 < 1.
3T(1.375) (' [ ( T + 1 <

With the values of |K| and 6, the NIVP (25) satisfies all the conditions of Theo-
rem 4.2. Thus, NIVP (25) has at least one solution in C /g 1/2[1, 2].

Example 5.3. In the NIVP (25), we denote o = %, 8= %, 0= % and change
f(t,z) into f(t,x(t)) = ((t2 —1)/0)"*/® = u(t) for t € (1,2]. It is easy to see that f
so defined is in C /5.1 /2[1, 2] and pu(t) € Cy/s5,1/2[1,2]. Now we can apply Theorem 4.3
and easily deduce that NIVP (25) has at least one solution in C g 1/2[1, 2].
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6. CONCLUSIONS

In this paper we have obtained the existence results for a general class of fractional
differential equations with nonlocal initial condition by using fixed point theory.
Results obtained in this paper generalizes the existing results in the literature. The
existence of solution is assured and some suitable illustrative examples are given in
the support of our main results.
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