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Abstract. We give a classification of pseudo-Riemannian weakly symmetric manifolds in
dimensions 2 and 3, based on the algebraic approach of such spaces through the notion of
a pseudo-Riemannian weakly symmetric Lie algebra. We also study the general symmetry
of reductive 3-dimensional pseudo-Riemannian weakly symmetric spaces and particularly
prove that a 3-dimensional reductive 2-fold symmetric pseudo-Riemannian manifold must
be globally symmetric.
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1. INTRODUCTION

The goal of this paper is to give a complete classification of 2- or 3-dimensional
reductive weakly symmetric pseudo-Riemannian manifolds. Let us first explain our
motivation to consider this problem. In the literature, there are several well-known
important extensions of the theory of Riemannian symmetric spaces. Weakly sym-
metric spaces, introduced by Selberg in 1956 (see [8]), play key roles in number
theory, Riemannian geometry and harmonic analysis. Pseudo-Riemannian symmet-
ric spaces, including semisimple symmetric spaces, play central but complementary
roles in number theory, differential geometry and relativity, Lie group representation
theory and harmonic analysis. As the common extension of these two branches of
symmetric space theory, pseudo-Riemannian weakly symmetric manifolds were intro-
duced by the second author and Wolf in [2]. The study in [2], [3] shows that many
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results in the Riemannian case are no longer true for pseudo-Riemannian weakly
symmetric manifolds, although some can actually be generalized to the pseudo case.
On the other hand, as a special class of homogeneous pseudo-Riemannian mani-
folds, weakly symmetric pseudo-Riemannian manifolds will hopefully be very useful
in the study of some physical problems. Therefore, a careful study of the geometric
properties of such spaces will be of great interest.

In the positive definite case, the geometry of Riemannian weakly symmetric spaces
has been studied rather extensively. As a central problem in this direction, the clas-
sification of Riemannian weakly symmetric spaces of certain special cases has been
achieved [1], [10], [11]. However, all the classification results are obtained through
a careful analysis of some other classes of homogeneous spaces and an algebraic
approach was not available until the third author introduced the notion of weakly
symmetric algebras in [4]. It turns out that the notion of a weakly symmetric Lie
algebra is very useful in the study of weakly symmetric spaces. In particular, using
this algebraic approach, the third author of this paper successfully classified weakly
symmetric Finsler spaces of dimensions 2 and 3.

In this paper, we shall modify the notion of a weakly symmetric Lie algebra to
include the pseudo case and use that to study pseudo-Riemannian weakly symmetric
manifolds. We first show that any pseudo-Riemannian weakly symmetric manifold
gives rise to a pseudo-Riemannian weakly symmetric Lie pair, and conversely, given
any pseudo-Riemannian weakly symmetric Lie pair, one can construct a (not neces-
sarily unique) pseudo-Riemannian weakly symmetric manifold. Using this intrinsic
algebraic interpretation, we are able to classify reductive pseudo-Riemannian weakly
symmetric manifolds in dimensions 2 and 3.

Our main results show that in the 2-dimensional case, no essentially new examples
arise. However, in the 3-dimensional case, there appears several new types of weakly
symmetric spaces, some of which are rather complicated. This phenomenon entails
the fact that a further careful and serious study on pseudo-Riemannian weakly sym-
metric spaces would be rather interesting and may lead to more new phenomena.
Moreover, we also study the general symmetry of 3-dimensional pseudo-Riemannian
weakly symmetric spaces and particularly prove that a 2-fold reductive symmetric
pseudo-Riemannian manifold must be globally symmetric. This result leads to the
following open problem:

Problem. Is a 2-fold symmetric pseudo-Riemannian manifold globally symmetric?

We conjecture that in the Lorentian case the answer is positive. But in the general
case, there may exist counterexamples.

The paper is organized as follows. In Section 2, we recall some basic defini-
tions and results on pseudo-Riemannian weakly symmetric manifolds. In Section 3,
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we introduce pseudo-Riemannian weakly symmetric Lie pairs and reduce the study
of pseudo-Riemannian weakly symmetric manifolds to that of pseudo-Riemannian
weakly symmetric Lie algebras. In Sections 4 and 5, we give the classification of
reductive Lorentzian weakly symmetric Lie algebras in dimensions 2 and 3, which
implies the classification of pseudo-Riemannian weakly symmetric Lie algebras since
the Riemannian cases in dimensions 2 and 3 are given in [4]. Finally, in Section 6,
we study the symmetry of general 3-dimensional pseudo-Riemannian manifolds.

2. PRELIMENARIES

In this section, we recall some definitions and fundamental results.

Definition 2.1. A pseudo-Riemannian manifold (M, (-,-)) is a smooth mani-
fold M with a non-degenerate inner product (-,-) on the fibers of its tangent bun-
dle TM. Denote the signature of (-,-) as (n4,n_), where ny +n_ = dim M. The
manifold (M, (-,-)) is called Riemannian if (-, -) has signature (dim M, 0), i.e., if the
inner product is positive definite at any tangent space.

The following proposition is well known (see, e.g., [6]).

Proposition 2.1. If a Lie group acts transitively on a connected manifold, then
so does the identity component of the Lie group. In particular, if (M, {-,-)) is
a connected homogeneous pseudo-Riemannian manifold, then the identity compo-
nent I(M, (-,-))° of its isometry group is also transitive.

There are a number of equivalent conditions that can be taken as the definition
of weak symmetry for a Riemannian manifold. For the pseudo-Riemannian case, we
use the one on reversing geodesics.

Definition 2.2. Let (M, (-,-)) be a pseudo-Riemannian manifold. Suppose that
for every m € M and every nonzero tangent vector X € T,, M there is an isometry
0 = om,x of (M,(-,-)) such that o(m) = m and do(X) = —X. Then we say
that (M, (-,-)) is a pseudo-Riemannian weakly symmetric manifold. In particular, if
(M, {(-,-)) is a Riemannian manifold, then we say that (M, (-, -)) is weakly symmetric.

For the pseudo-Riemannian case, we have:

Proposition 2.2 ([2]). Let (M, (-,-)) be a connected pseudo-Riemannian weakly
symmetric manifold. Then (M, (-,-)) is a pseudo-Riemannian homogeneous space
G/H, where G = I(M, {-,-))°.
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The following result is very useful in the study of invariant weakly symmetric
pseudo-Riemannian metrics on homogeneous manifolds.

Proposition 2.3. Let G be a Lie group and H a closed subgroup of G. Suppose
that the coset space G/H is reductive, i.e., there exists a subspace p of the Lie
algebra g of the Lie group G such that g = h-+p is a direct sum such that Ad(h)(p) C p
for any h € H. If for any X € p there exists h € H such that Ad(h)(X) = —X, then
any G-invariant pseudo-Riemannian metric on G/H is weakly symmetric.

The proof is similar to the Riemmannian case in [12], so we omit it here.

3. PSEUDO-RIEMANNIAN WEAKLY SYMMETRIC LIE ALGEBRAS

In this section, we will use the notion of a pseudo-Riemannian weakly symmet-
ric Lie algebra to describe simply connected pseudo-Riemannian weakly symmetric
manifolds. As usual, we only consider connected manifolds.

Definition 3.1. Let g be a real Lie algebra and h a subalgebra of g. The
pair (g,h) is called a weakly symmetric Lie algebra if there exists a series (finite
or countable) of automorphisms {og = id,01,02...,} of g satisfying the following

conditions:

> (WSL1) Each 0;,i=0,1,2,..., preserves the subspace b, i.e., ;(h) = b.
> (WSL2) For any pair ¢,j > 0 there exists £ > 0 and a vector X;; € b such that
o0 = e X

> (WSL3) For any Y in the quotient spaces g/h there exists Xy € h and an index

ii gy, where ad denotes the adjoint representation of g.

my such that XY .5 (Y) = —Y here we use the same notations ad and o; to
denote the induced actions on the quotient space g/b.

We usually say that the pair (g,h) is weakly symmetric with respect to {og =
id, 01, 09,...}. If there exists an ad(h)-invariant non-degenerate inner product on
the quotient space g/h such that the induced action of any ¢;, 4 =0,1,..., on g/b is
isometric, then the pair (g,bh) is called a pseudo-Riemannian weakly symmetric Lie
algebra. A weakly symmetric Lie algebra (g, b) is called of finite type if the set of
automorphisms {0, 01, ...} can be chosen to be a finite set.

Now we give an algebraic description of weakly symmetric pseudo-Riemannian

spaces.

Theorem 3.1. Let (M, (-,-)) be a pseudo-Riemannian weakly symmetric mani-
fold. Then there exists a Lie group G and a closed subgroup H of G such that
M = G/H and (-,-) is G-invariant. Furthermore, the Lie algebra pair (g, ), where g
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and b are the Lie algebras of G and H, respectively, is a pseudo-Riemannian weakly
symmetric Lie algebra.

Proof. Fix x € M. By the definition, for any v € T, (M) there exists an isom-
etry 7 of (M, (-,-)) such that 7(z) = x and dr(v) = —v. Let G be the full group
of isometries of (M, (-,-)). Since a weakly symmetric pseudo-Riemannian manifold
is homogeneous, G acts transitively on M. Then the unity component G of G also
acts transitively on M. Let H be the isotropy subgroup of G at . Then M is
diffeomorphic to the coset space G/H and the pseudo-Riemannian metric (-,-) is
G-invariant. Now we prove that the pair (g,h), where g = LieG, h = Lie H, is
a pseudo-Riemannian weakly symmetric Lie algebra. Identify the quotient space g/b
with the tangent space T,(M). The isotropic action of H on T,(M) corresponds
to the action of H on g/h induced by the adjoint action of H on g. Let e be the
unit element and H. be the identity component of H. Note that H has at most
countable components and H, is a normal subgroup of H. Now let {e, hq,ha,...}
be a subset of H such that {eH,h1H,hoH,...} are all the (distinct) elements of
the quotient group. Let oy be the identity transformation of g and o; = Ad(h;),
j = 1,2,... Then we assert the set {og,01,02,...} satisfies conditions (WSL1),
(WSL2), (WSL3). In fact, (WSL1) is obviously satisfied. Now for any pair i, j, sup-
pose that in the quotient group H/H. we have h;H.hjH. = hiH., then there exist
mi,me, ms € H, such that hymihymae = hiyma, ie., hih; = hk(mgmgl(hjmflhjl)).
Since hjmflh;1 € H,., we have m = mgmgl(hjmflhjl) € H,. Since H, is con-
nected, it is generated (as a group) by the elements of the form exp(X), X € b.
Hence there exist X1, Xs,...,X; € b such that exp(X;)exp(Xa)...exp(X;) = m.
Then we have Ad(m) = eddX1eadXe | eadXi  Denote Xij = X1+ Xe... + X,
Then we have 0;0; = oe®dXii = Ukeadx"'faglak = 2@k (X5)) . gy e, (WSL2)
is satisfied. Now we prove (WSL3). By the definition, for any Y € p we can select
h € H such that Ad(h)(Y) = =Y. Suppose h lies in the component h;H.. Then
there exists ho € H. such that h = h;hg = h;hoh; 'h;. Since hihoh; ' € H., we
can write h = h;expYiexpYs...expYs for some Y7,Y5,...,Ys; € h. Then we have
Ad(h) = erdViead Y2 | ad(Y) Aq(h;) = e2d(Vi++Y) Ad(h;). From this we easily see
that (WSL3) is satisfied. This completes the proof of the theorem. O

Now we consider the converse statement of the above theorem. We will show that
any pseudo-Riemannian weakly symmetric Lie algebra can give rise to a pseudo-
Riemannian weakly symmetric manifold, although in general the spaces constructed
from a pseudo-Riemannian weakly symmetric Lie algebra are not unique.

Theorem 3.2. Let (g,h) be a pseudo-Riemannian weakly symmetric Lie algebra.
Suppose that G is a connected simply connected Lie group with the Lie algebra g
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and H is the unique connected Lie subgroup of G with the Lie algebra . If H
is closed in G, then there exists a G-invariant pseudo-Riemannian metric (-,-) on
the coset space G/H such that (G/H, Q) is a pseudo-Riemannian weakly symmetric
space.

Proof. The proof of this theorem is also very similar to the Riemannian case.
However, for the completeness of the paper and for the convenience of the read-
ers, we give a detailed proof here. Identify the tangent space T,(G/H) with g/b,
where o = eH is the origin of the coset space G/H. Since (g,h) is a pseudo-
Riemannian weakly symmetric Lie algebra, there exists a non-degenerate inner prod-
uct (-,-) on g/h which is invariant under ad(h) as well as the induced action of oy,
1=1,2,...,s, on g/h. We assert that (-,-) is also Ad(H )-invariant. In fact, for any
h € H and any index j, we have Adh-7; =7, - (Tfl -Ad h-7;). Since H is connected,
it is generated by the elements of the form exp(X), X € h. Hence, h can be written
as exp X1 exp Xo...exp X, where X; € h, i =1,2,..., k. Then we have

,7_'71 Adh - T = ead‘rleead‘rsz » .eadeXk.
J

From this, our assertion follows. Now using (-,-) we can construct a G-invariant
pseudo-Riemannian metric @ on the G/H whose restriction to T,(G/H) = p is
equal to (-,-) (see [7]). We assert that the homogeneous pseudo-Riemannian mani-
fold constructed above is weakly symmetric. Note that G is connected and simply
connected, hence each automorphism 7; of g can be lifted to an automorphism of G
(see [6]), denoted by 7;, j = 0,1,2,... Since 7;(h) = b, we easily see that 7;(H) C H.
Hence 7; induces a diffeomorphism of G/H, denoted by 7;, by sending gH to 7,(g)H.
The diffeomorphism 7; keeps the origin o = eH invariant and its differential at o is
just the induced action of 7; on g/h. From this we see that 7; keeps the Riemannian
metric @) invariant, or in other words, 7, lies in the isotropic subgroup (at o) of
the full group of isometries of (G/H,Q). By (WSL3), for any Y € p = T,(G/H)
we can choose Xy € h and index iy such that e*dXv 7, (V) = —Y. This means
that the isometry Te.p(x,)Tiy of the pseduo-Riemannian manifold (G/H, @), where
h(gH) = hgH, h € H, reverses the tangent vector Y. Since (G/H, Q) is homoge-
neous for any m € G/H and Y € T,,(G/H) there exists an isometry f such that
fim) =m and df|,(Y) = =Y. Thus by Proposition 2.3, (G/H, Q) is weakly sym-
metric. O

816



4. PSEUDO-RIEMANNIAN WEAKLY SYMMETRIC MANIFOLDS OF DIMENSION 2

In this section we shall give a classification of reductive pseudo-Riemannian weakly
symmetric manifolds of dimension 2. Since the classification of Riemannian weakly
symmetric manifolds in dimension 2 has been given in [4], we only need to consider
Lorentzian metrics.

The following result is well known.

Lemma 4.1. The isotropic representation o of H on T.(M) is faithful, i.e., the
mapping o: h— dh|x, h € H, is one-to-one.

Now we have:

Theorem 4.1. Let (G/H,(-,-)) be a reductive Lorentzian weakly symmetric coset
space of dimension 2, and g, ), p and o be the corresponding pseudo weakly symmetric
Lie algebra as in Section 3. Then (g, ) must be one of the following:

(1) dimg = 2, dimb = 0, and g is an abelian Lie algebra. In this case, the set of
automorphisms can be chosen as {id, —id}.

(2) dimg =3, dimbh =1, and g = h + p (direct sum), where there exists a basis X
of b and {e1,e2} of p such that

[(X,e1] =e2, [X,e2] =¢€1, [e1,62] =aX.
In this case, the Lorentzian metric (-,-) on p can be defined by
(e1,€1) = —(e9,82) =1
and the set of automorphisms can be {id, o}, where o is defined by

o(X)=X, o(e1)=—e1, o(e2) = —ea.

Proof. By Lemma4.1,dim H = dim o(H). Since o(H) is a subgroup of SO(1, 1),
we have dim o(H) < 1. Let g = h+p be a reductive decomposition of the Lie algebra
and identify the tangent space T, (M) with p.

If dim o(H) = 0, then we have H = {e}. Hence M is itself the Lie group G. By
Theorem 3.1 and the assumption that (M, (-,-)) is the Lie algebra, g admits finitely
many automorphisms {og =id, o1,...,0s} such that for any Y € g = p there exists
an index jy such that o, (Y) = =Y. Let V; = {Y € g: 0;(Y) = =Y}. Then V;
are subspaces of g and g = (JV;. Therefore there exists some jo such that Vj, = g.
Thus for any X,Y € g,

_[Xv Y] = Jjo[Xv Y] = [Ujo(X)vajo(Y)] = [_Xv _Y] = [Xa Y]

817



This implies that g is abelian. That is, G is a two-dimensional connected commuta-
tive Lie group.

If dim o(H) = 1, then we have dim H = 1, since g is a faithful representation. So
in the weakly symmetric Lie algebra (g, ), dimh = 1. Then there exists a Lorentzian
inner product (-,-) on p which is invariant under the actions of o(H). Thus, there
exists a basis {€1,e2} of p satisfying

(eiej) = (=1)"16; Vi, j=1,2.

Moreover, there exists X # 0, X € b, such that the matrix of ad X with respect to

the above basis is (? (1)) Then we have

[Xa [51, 52]] = [[Xvel]a 52] + [517 [Xa 62]] =0.

Hence, there exists a € R such that [e1,£2] = aX. Define an endomorphism ¢ on g
by
o(X)=X, o(e1)=—e1, o(e2) = —ea.

It is easy to check that o keeps the Lie brackets invariant. Thus, ¢ is an auto-
morphism of the Lie algebra. Moreover, we have 02 = id. It follows that (g,b) is
a Lorentzian weakly symmetric Lie algebra with respect to (id,o). This completes
the proof of the theorem. O

5. PSEUDO-RIEMANNIAN WEAKLY SYMMETRIC MANIFOLDS IN DIMENSION 3

In this section we consider the classification of 3-dimensional reductive pseudo-
Riemannian coset spaces. As in the 2-dimensional case, we only need to consider the
Lorentzian spaces. The main result is the following theorem:

Theorem 5.1. Let (G/H,{-,-)) be a reductive Lorentzian weakly symmetric coset
space, and g, b, p and ¢ be as in Section 3. Then (g,b) must be one of the following
cases:

(1) dimg = 3, b = {0}, and g is an abelian Lie algebra. In this case, the set of
automorphisms can be chosen as {id, —id}.

(2) dimg = 4, dimh = 1, and g is an abelian Lie algebra. In this case, the set of
automorphisms can be chosen as {id, —id}.

(3) dimg =4, dimbh =1, and g = h + p (direct sum), where p is an abelian ideal
of g and there exists a basis X of h and {e1,e2,e3} of p such that

[(X,e1] = —e2, [X,e2] =e1, [X,e3]=0.
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In this case, the Lorentzian metric (-,-) on p is defined by
(e1,€1) = (e2,€2) = —(e3,e3) = 1,
and the set of automorphisms can be chosen as {id, o'}, where o is defined by
o(X)=-X, o(e1)=—e1, o(e2) =€2, o(e3)= —e3.

dimg =4, dimbh = 1, and g = b + n (direct sum), where n is an ideal of g. In
this case, there exists a basis {1, £2,e3} of n such that [e1,e2] = €3, i.e., n is the
3-dimensional Heisenberg Lie algebra. The action of a nonzero vector X of b
on n is the same as that in case (3), and the Lorentzian metric and the set of
automorphisms can be chosen in the same way as those in case (3).

dimg =4, dimb = 1, and g = b + su(2) (direct sum), where su(2) is an ideal
of g. In this case, there exists a basis {€1,€2,€3} of su(2) such that

[e1,e2] = €3, [e2,e3] =€1, [e3,€1] = ea.

The action of a nonzero vector X of b on su(2) is the same as that in case (3),
and the Lorentzian metric and the set of automorphisms can be chosen in the
same way as those in case (3).

dimg =4, dimh =1, g = b + sl(2) (direct sum), where sl(2) is an ideal of g.
That is, there exists a basis {€1,€2,e3} of I(2) such that

[e1,€2] = €3, [e2,e3] = —e1, [e1,e3] = ea.

The action of a nonzero vector X of b on sl(2) is the same as that in case (3),
and the Lorentzian metric and the set of automorphisms can be chosen in the
same way as those in case (3).
dimg =4, dimbh =1, g = b+ p (direct sum), where there exists a basis X of b
and {e1,e2,e3} of p such that

[X,e1] =0, [X,e2] =e3, [X,e3] =¢2,[e1,62] = [e1,83] =0, [e2,83] =aX.
In this case, the Lorentzian metric {-,-) on p can be chosen in the same way

as that in case (3) and the set of automorphisms can be chosen as {id, o},
where o is defined by
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(8) dimg =4, dimbh =1, and g = h + p (direct sum), where there exists a basis X
of h and {e1,£2,e3} of p such that

[X,e1] = —e2, [X,eo]=¢1+¢€3, [X,e3]=¢2,

[51562] - [52563] = aX7 [51563] = 0

In this case, the Lorentzian metric and the set of automorphisms can be chosen
in the same way as those in case (7).

(9) dimg = 6, dimbh = 3, and g = b + p (direct sum), where there exists a basis
{A,B,C} of h and {e1,¢e2,e3} of p such that

[A, B] = =C, [A,C] = [B,C] = A,
[A,e1] = —eq, [A,e2] = &1, [A,e3] =0,
[B,e1] = e3, [B,e2] =0, [B,es] =
[C,e1] =0, [C,e2] = €3, [Cyes] =

[ [ [

61752] —ClA+bE3, 51,63] = aB + bes, 52,63] = aC — be;y.
In this case, the Lorentzian metric {-,-) on p can be chosen in the same way
as that in case (3) and the set of automorphisms can be chosen as {id, o},

where o is defined by

The classification of 3-dimensional pseudo-Riemannian weakly symmetric mani-
folds follows from Theorem 5.1, Theorem 3.1, Theorem 3.2, and the classification of
Riemannian weakly symmetric manifolds in dimension 3 given in [4]. The rest of
this section is devoted to proving Theorem 5.1.

Proof of Theorem 5.1.  First note that o(H) C SO(2,1), where SO(2,1) is
defined to be the identity component of the group of linear isometries of the inner
product on p. If o(H) # SO(2,1), then we have dim o(H) < 3(3 —1)(3 —2) =1 by
a result of Montgomery and Samelson (see [9]). Therefore we have the following cases:

Case 1: dimp(H) = 0. The situation here is very similar to the 2-dimensional
case. In fact, we can prove in exactly the same way as in the above section that g is
a 3-dimensional abelian Lie algebra.

Case 2: dim o(H) = 1. In this case, we have dim H = 1 since g is a faithful rep-
resentation. So in the weakly symmetric Lie algebra (g,h), dimh =1. Let g=hDp
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be the corresponding reductive decomposition. Then there exists a Lorentzian inner
product (-,-) on p which is invariant under the actions of o(H). Thus, there exists
a basis {e1,€2,e3} of p satisfying

(e1,€1) = (e2,e2) = —(e3,e3) = 1 and others zero
Oca
such that for any X € b the matrix of ad X is (—c 0 b) with respect to {e1,e2,e3}.
ab0

First assume that ¢ = 0. If a = b = 0, then for any X # 0, X € b, !X acts on
p as the identity transformation for any ¢ € R. Thus, there must be some jo such
that 0;,(Y) = =Y for any Y € p. It follows that for any X,Y € p

_[va] - Ujo[va] = [Ujo(X)vajo(Y)] = [_X7 _Y] = [Xa Y]

Hence, p is an abelian ideal of g. Assume that neither a nor b is zero. Let

1 1
! - _ ! - ! .
gl = = (be1 — agq), €= 0 (aey + beg), €5 =es.

Then we have

(eh,€1) = (e}, e5) = — (e, e4) = 1 and others zero

000
and the matrix of (ad X)/va? + b? is (0 0 1) with respect to {e/,e},e5}.
010

010
Next assume that ¢ # 0. If a = b = 0, then the matrix of ad(X/c) is (—1 0 0).
000
Now we further assume that neither a nor b is zero. Let

1 1
(bey — aeg), ¢eh=——o=(acy +bea), &5 =c3.

JEI P R

o~

gl =
Then we have
<€/17511>: <5/275,2>:_<5§3a€£’>>:1a <€;a€;’>20 for i # j

and the matrix of ad X with respect to {&],eh,e%} is

0 1 0
-1 0 va? + b2
0 vVa?+b2 0

010
If Va2 + b2 = 1, then the matrix is equal to <1 0 1). If 0 < Va2 + b2 <1, let
010

6// _ 511 + v a? + b25§3 6// _ 6/ E” _ Vv a? + b25/1 + 5%
1 /71 — (a2 T b2) ’ 2 29 3 /71 — (a2 T b2) .

821



Then we have

<5/1/a€/1/> = <5/2/75/2/> = _<€ga€g> =1, <5;/a€;'/> =0 fori#j,

010
and the matrix of (ad X)/y/1 — (a® + b?) is (1 0 0> with respect to {e, e}, e}, If
000
1 < va?+ b2, let
o — Va2+b25/1+5/3 " / //_5/1+ Va2+b2€§
1= Y =

, €9 =€y, £
vaz+b2 -1 2o Va2 +b2 -1
Then we have

(e1,€1) = (e5,e3) = —(e5,e3) =1, (&/,€j) =0 fori#j,

000
and the matrix of (ad X)/va? + b2 —1is (0 0 1) with respect to {,el,e4}.
010

In summary, we have proved:

Proposition 5.1. Let (M, {(-,:)) be a reductive Lorentzian weakly symmetric
space and (g, h) be the corresponding Lorentzian weakly symmetric Lie algebra with
a reductive decomposition g = § @ p, where dimfh = 1 and dimp = 3. Then there
exists a basis {e1,€2,e3} of p and X # 0, X € h such that

<51)€1>: <52)€2>:_<€37E3>:17 <51)€1>:0 fori#j7

and the matrix of ad X is

0 0 0 0 1 0 0 0 O 01 0
0 0 O or -1 0 0 or 0 0 1 or -1 0 1
0 0 0 0 0 O 01 0 01 0

with respect to {e1,€2,€3}.

If the matrix of ad X is

0 00
0 0 0],
0 00
then e*d*X acts as the identity transformation on p for any ¢ € R. Therefore there

exists a jo such that o;,(Y) = =Y for any Y € p. Thus for any Y7,Y> € g,
_[Yla Yé] = Ojo [Yla Yé] = [Ujo (Yl)a Tjo (}6)] = [_Yla _YQ] = [Ylv YQ]
That is, g is an abelian Lie algebra of dimension 4.
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If the matrix of ad X is 0
01,
0
then for the basis {X,e1,e2,e3} of g,

[X,&l] = —&9, [X, 52] =£&1, [X, 53] =0.

Let V be the subspace of p spanned by {e1,e2}. It is easy to see that ad X (g) C V.
Now we determine the Lie brackets [e;,¢;] for 4,7 = 1,2,3. Taking into account
the skew-symmetry of the Lie bracket, it is enough to determine [e1, €3], [1,€3] and
[e2,e3]. By the Jacobi identity, we have

[Xa [51, 63]] - [[ngl]a 63] + [617 [Xa 83]]'

Thus [X [e1,¢e3]] = —[e2,e3]. It follows that

(5.1) [e2, €3] = aey + bes.

Similarly, we have [X| [e2, €3]] = [e1, e3]. Taking into account equation (5.1), we have
(5.2) [e1,e3] = ber — aea.

Now from the identity
(X, [e1, e2]] = [[X, e1], €2] + [e1, [ X, €2]] = [—e2,82] + [e1,61] =0,
we know that [e1,e2] € span(X, e3). Therefore we can write
(5.3) [e1,82] = dX + ces.
Clearly, there exists a ¢ such that
(5.4) 24X g (61 4+ zen + 2e3) = —(e1 + weo + 2%€3)
for infinitely many = € R. Assume that
oi(e1) = a1e1+azeatazes, 0i(e2) = bie1+baea+bzes, 0i(e3) = cre1+cacatcaes.
Plugging this into equation (5.4) and comparing the coefficients of £3, we have
as + xbs + 23 = —x2.
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It follows that
a3:b3:0, C3:—1.

Since o; keeps the Lorentzian metric invariant, we have
c1 =co =0, a%—ka% :b%—kbg =1, ai1b; + azxby =0.
Applying o; to both sides of [e1,e3] = be1 — aeq, we get
—(a1b + aga)er + (a1a — agzb)es = (a1b — bra)er + (a2b — baa)es.

It follows that
2a1b = (—ag + bl)a, 2a5b = (a1 + bg)a.

Then we have
2b = 2a%b + 2a§b = (—ag + b1)ara + (a1 + b2)aza = (a1by + azbz)a = 0.
Therefore the Lie brackets of the Lie algebra g are determined by

[(X,e1] = —e2, [X,e2] =e1, [X,e3]=0,

[e1,€2] = dX +ce3, [e1,e3] = —aea, [e2,€3] = aey,

where a,b,c,d € R. If d # 0, we set

eh=X+ 263 and p’ = span(ey,ez,eh),
then we have g = h+p’, [h, p’] C p’, and the above brackets are still valid. Therefore
it is enough to study the case when d = 0. Now we have the following subcases.

Subcase 2.1: ¢ = 0. In this case, let ¢ = aX + &3 and p’ = span(e1, €2,¢5). Then

g = b+ p’, where p’ is an abelian ideal of g, and the action of X on p’ is given by

[X,e1] = —e2, [X,e2]=¢e1, [X,e5]=0.
Let (-,-) be the Lorentzian metric on p’ defined by

(e1,€1) = (€2,82) = —(e5,¢4) =1, (ei,e;) =0 fori#j

and let o be the endomorphism on g defined by

o(X)=—-X, o(e1) =—e1, o(e2) =¢2, ofey) = —ch.
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Then it is easy to check that (-,-) is ad X-invariant, that o keeps the Lie brackets
invariant, i.e., it is a Lie algebra automorphism, and that ¢2 = id.

Now we prove that (g, h) is a Lorentzian weakly symmetric Lie algebra with respect
to S = {id, o}. For this, we only need to check (WSL3) in Definition 3.1. Note that
et X (eh) = &}, Thus e*'X keeps Vi = span(eq,e2) invariant and on V; it has the

cost sint
—cost sint

adtX

matrix

with respect to the basis {¢1,e2}. Hence e is a rotation of ¢t angle since {e1,e2} is

an orthonormal basis with respect to (-, -). Now for any element ¢ = z161+z2e2+236%
in p we have o(e) = —x161 + 2262 — x3eh. There exists to € R such that

20X (g1 + w9en) = —a181 — T80
since —x1€1 4+ X262 € V7 has the same length as —x167 — x262. Then

10X 5(e) = 20X (—p1e) + moeg — w36h) = —x161 — Tagy — T3eh = —€.
Therefore (g, h) is a Lorentzian weakly symmetric Lie algebra.

Subcase 2.2: ¢ # 0 and a = 0. Without loss of generality, we can assume that
¢ = 1 by replacing €3 by ce3 if necessary. Then p is a three-dimensional Heisenberg
Lie algebra with the Lie brackets

[e1,62] = €3, [e1,€3] = [e2,€3] =0,
and the action of X on p is given by
[X,e1] = —e2, [X,e2) =1, [X,e3]=0.
Let (-,-) be the Lorentzian metric on p defined by
(e1,€1) = (g2,€2) = —(e3,e3) =1, (e4,e;) =0 fori#j,
and let o be the endomorphism on g defined by

U(X) = _Xa 0(51) = —¢€1, 0'(62) = &9, 0'(53) = —¢3.

Then a similar argument as in Subcase 2.1 shows that (g, ) is a Lorentzian weakly
symmetric Lie algebra with respect to S = {id, o}.
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Subcase 2.8: ac > 0. Let €] = e1/+/ac, €5, = e2/+/ac and €5 = e3/a. Then p is an
ideal of g with the brackets

[e1,e5] = €5, [e5,€1] =5, [e5,e5] =€),
and the action of X on p is given by
[Xag/l] = _5/27 [X7512] :E/lv [X,&g] =0.

Clearly, p is isomorphic with the real compact simple Lie algebra su(2). Let (-,-) be
the Lorentzian metric on p defined by

(e1,61) = (e5,65) = —(e5,e3) =1 and (gj,5) =0 fori#j,

and let ¢ be the endomorphism on g defined by
o(X) ==X, o(eh)=—l, o(ch) =ch oleh) = —ch

Then a similar argument as in Subcase 2.1 shows that (g, ) is a Lorentzian weakly
symmetric Lie algebra with respect to S = {id, c}.

Subcase 2.4: ac < 0. Let € = e1/v/—ac, ey = e2/\/—ac and e} = —e3/a. Then p
is an ideal of g with the brackets

[Ella 6,2] = 5%7 [5,175/3] = E/Qa [5,275/3] = _glla
and the action of X on p is given by
[X,€/1] = _6/27 [XvEIQ] 25/17 [X7513] =0.

Clearly, p is isomorphic with the real simple Lie algebra s[(2,R). Let (-,-) be the
Lorentzian metric on p defined by

(heh) = (heh) = —(ehoeh) =1 and (ghef) =0 fori+j,

and let ¢ be the endomorphism on g defined by
o(X)=-X, o(e) =—¢1, oley) =¢h o(es) = —b.

Similarly as in Subcase 2.1, (g, h) is a Lorentzian weakly symmetric Lie algebra with
respect to S = {id, o}.
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If the matrix of adX is
0 0 O
00 1],
0 1 0
then with respect to the basis {X,e1,e2,e3} of g,
[X,&l] :O7 [X,€2] = &3, [X,&g] = &9.

Let V be the subspace of p spanned by {e2,e35}. It is easy to see that ad X (g) C V.
Now we determine the Lie brackets [e;,¢;] for 4,7 = 1,2,3. Taking into account
the skew-symmetry of the Lie bracket, it is enough to determine [e1, €3], [1,€3] and
[e2,e3]. By the Jacobi identity, we have

[X, [ex, es]] = [[X, 1], €3] + [e1, [ X, €3]]
Thus [X, [e1,e3]] = [e1,€2]. It follows that
(5.5) [e1,€2] = agg + bes.
Similarly, we have [X [e1, e2]] = [€1,€3]. Therefore we have
(5.6) [e1,€3] = bea + aes.
Now it follows from the identity
(X, [e2, €3]] = [[X, €2], €3] + [e2, [X, e5]] = [e3, €3] + [e2,€2] =0,
that [e2,e3] € span(X,e1). Therefore we can write
(5.7) [e2,e53] = dX + cey.
Suppose 0;(X) = an. Since [X, e3] = €3, we have
05(25) = 051X, 23]) = [03(X), 05(62)] = a¥ [X, 75(e2)] € ad X (g) € V.
Similarly, o;(e2) C V. Clearly, there exists a ¢ such that
(5.8) X (g1 + xen + we3) = —(£1 + T + 263)
for infinitely many = € R. Assume that
oi(e1) = a1€1 + azes + ases, 04(e2) = baca + bses, oi(e3) = cag2 + c3e3.
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Plugging the above equations into equation (5.8) and comparing the coefficients of 1,
we have

a1 = —1.

Since o; keeps the Lorentzian metric invariant, we have
(5.9) ag=a3=0, b3—bi=1, cZ—c2=—1, bacy—bzc3=0.
Applying o, to both sides of [e1,e2] = aga + bes, we get
—(baa + bsb)ea — (bab + bsa)es = (baa + cab)es + (bsa + c3b)es.

It follows that
(5.10) 2bsa = —(ca + b3)b, 2bsa = —(ba + c3)b.
Then we have

2a = 2b3a — 2b%a = —by(ca + b3)b + by (by + c3)b = (bzcz — baca)b = 0.
Now we assert that b = 0. In fact, if b # 0, then by equation (5.10) we have

by = —c3, b3 = —ca.

Then it follows from equation (5.8) and the fact that [X,e2 — 3] = —(e2 — €3) that

—(&1 4+ zeg + xe3) = eadtxai(al + xe9 + wE3) = eadtx(—sl + x(by — bs)(e2 — €3))

= —¢e1 +e ta(by — b3)(e2 — £3),
which is a contradiction. Thus b = 0. A similar argument shows that
by =c3, bg=co.
Applying o, to both sides of [ X, €3] = 3, we have
a;*by = by, a;*by = b3,
which implies that a;* = 1. Now applying o; to both sides of equation (5.7), we have

dX 4 ce1 = daiXX — Cceq.
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It follows that ¢ = 0. Consequently, Lie brackets of the Lie algebra g are deter-
mined by

[X,e1] =0, [X,e2] =e3, [X,e3]=c¢9, [e1,69] =][e1,€3] =0, [e2,e3]=dX.
Let (-, -) be the Lorentzian metric on p defined by
(e1,€1) = (€2,€2) = —(e3,e3) =1 and (e,¢;) =0 fori#j,
and let ¢ be the endomorphism on g defined by
o(X)=X, o(e1)=—e1, ole2)=—e2, o0(e3)=—¢s.

Then it is easy to check that (g,b) is a Lorentzian weakly symmetric Lie algebra
with respect to S = {id,o}.
If the matrix of ad X is

01 0
-1 0 1],
01 0

then with respect to the basis {X,e1,e2,e3} of g,

[X,e1] = —e2, [X,e2]=¢e1+¢e3, [X,e3]=e0.
Assume that
(5.11) [e1,82] = aX + bey + cea + des.
Since [X, [e1,e2]] = [[X, 1], €2] + [e1, [X, e2]] = [e1, €3], we have
(5.12) [e1,€3] = ce1 + (d — b)ea + ces.
Since [X, [e1, €3]] = [[X, 1], €3] + [e1, [X, €3]] = —[e2, €3] + [€1,€2], we have
(5.13) [e2,e3] = aX + (2b — d)ey + ce2 + bes.

Clearly, there exists a ¢ such that
(5.14) X (e + zeg + (1 — 2%)e3) = —(e1 + zea + (1 — 2°%)e3)

for infinitely many x € R. Here we can require that z is bigger than any fixed positive
real number. Assume that

oi(e1) = are1+ageatases, o04i(e2) = bie1+baea+bses, oi(e3) = cre1+c2c2+cses.
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Clearly {e] =1 + £3,€2,e3} is another basis of p and the action of ad X is
[(X,e1] =0, [X,e2] =6, [X,e3]=e¢a.
Let fi(x) = a; + biz + ¢;(1 — 2?) for i = 1,2,3. It follows that

eathO'i(El T ozey + (1 _ 1‘2)53) = eath(fl(J))El + f2($)€2 + f3(33)€3)
= X (1 ()] + fo(x)ez + (f3(2) — fi(2))es)

= —(e1 + xea + (1 — 2?)e3) = —€) — zey + 2°e3.
Comparing the coefficients of e3, we have f3(x) — f1(x) = 22, i.e.,
a3—a1—1+(b3—b1)m+(03—cl+1)(1—x2) =0.

It follows that
az=a1+1, by3=0by, c3=c1—1.

Since o; keeps {(e1,¢e1), (€2,€2) and (e3,¢€3), then we have
(5.15) a3 =2a;+2, b3=1, c3=—2c.
Since o; keeps (g1,¢2) and (g2,¢3), we have

(5.16) asby = by, baco = —by.

It follows that as = bibs and co = —biby. Let 0;(X) = aX X. Applying o; to both
sides of [X,e2] = &1 + €3, we have

aXba(er +e3) = (a1 + c1)er + (az + c2)ea + (az + c3)es = —(e1 + €3).

It implies that af(bg = —1. That is, af( = —by. Comparing the coefficients of €] in
equation (5.14), we have

t t?
ay —|—b1x—|—cl(1—x2)+5(a2+b2x—|—02(1—x2))+E(ag—al—l—(c;g—cl)(l—xQ)) = -1,
that is,
(5.17) t22? 4 3t(bgx — cax?) + 6(byx — c12?) = 0.

Then the determinant of equation (5.17) is not less than 0, i.e.,
9(box — czfc2)2 — 24x2(b1x — 01x2) = —c%:cQ —2bixz+3 > 0.
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By the choice of x, we must have co = 0. It follows that
ap=c3=—-1, ay=a3=by =b3=cy =cy=0.
Comparing the coefficients of €5 in equation (5.14), we have
tx? +2(by + 1)z = 0.
Together with equation (5.17) we must have by = —1. Then aX = 1. That is,
0i(X)=X, oi(e1) =—e1, o0i(e2) = —e9, o0i(e3) = —cses.
Applying o; to both sides of [e1,e2] = aX + be1 + ce2 + des we have
b=c=d=0.
Up to now, we know that Lie brackets of the Lie algebra g are determined by

[Xagl] = —¢&2, [Xv 62] =é&1+¢€s, [Xv 63] = &2,

[e1,e3] =0, [e1,e2] = [e2,€3] = aX.
Let (-,-) be the Lorentzian metric on p defined by
(e1,e1) = (g2,€2) = —(e3,e3) =1 and others zero
and let o be the endomorphism on g defined by

o(X)=X, o(e1)=—e1, o(e2) =—€2, o0(e3) = —es.

It is easy to check that (g,b) is a Lorentzian weakly symmetric Lie algebra with

respect to S = {id, o}.
Case 3: o(H) =S0O(2,1). Let {e1,e2,e35} be a basis of p satisfying

(e1,€1) = (e2,e2) = —(e3,e3) =1 and others zero.

Since g is faithful, we know that there exists a basis {A, B, C'} of H such that

[A,e1] = —e2, [A,ez) =e1, [A,e3]=0,
[Bagl] = E£3, [3762]:07 [B,Eg] =£1,
[C,e1] =0, [Cie2] =3, [C,e3] =ea.
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It follows that
[A,B]=-C, [A,C]=B, [B,(C]=A

Assume that [e1,e3] = a1 A 4+ a2B + a3C + a4e1 + aze2 + azes. Since [A, [e1,e3]] =
—[e2, €3], we get
[e2,e3] = —asB + a2C — aseq + aqéo.

Since [A4, [e2, 3]] = [e1, €3], we get

[61,53] = asB + a3C + ase1 + ases.

Since [C, [e1,e3]] = [e1,€2], we get
[e1,€2] = —asA + ases.
By [Cv [Ela 52]] = [51753]7 we get

[e1,€3] = aaB + asea.
By [B, [e1,e2]] = —[e2,¢€3], we get
[e2,e3] = a2C — aser.
Let o be the endomorphism on g defined by
0(A)=—-A, o(B) =B, o(C)=-C, o(e1) = —¢1, o(e2) =2, o(ez) = —e3.

For any element € = 161 + 2262 + x3¢3 in p we have o(e) = —x161 + 2262 — T3€3.
There exists tg € R such that

dtoA
etto (—1‘161 + 1‘262) = —IT1E1 — T2E2
since —x1€1 + z2e2 € Vi has the same length as —x161 — z262. Then

6adt0X0'(€) = eadtox(—l‘lé‘l + Xog0 — 1‘353) = —X1E] — T2E2 — X3E3z = —€.

Therefore (g, h) is a Lorentzian weakly symmetric Lie algebra.
The proof of Theorem 5.1 is now completed. 0
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6. SYMMETRY OF LOW DIMENSIONAL PSEUDO-RIEMANNIAN MANIFOLDS

This section studies some problems related to the symmetry of pseudo-Riemannian
manifolds based on the classification of the 3-dimensional pseudo-Riemannian weakly
symmetric manifolds in the previous section.

We first generalize the definition of k-fold symmetric Riemmanian manifolds to
the pseudo-Riemannian case. Let (M, Q) be an n-dimensional connected pseudo-
Riemannian manifold, where n > 3. If given any point p € M and k tangent
vectors &1,&2,...,&, there exists isometry o of (M, Q) such that o(p) = p and
do|p(&) = =&, i = 1,2,...,k, then (M, Q) is called k-fold symmetric. Obviously,
a 1-fold symmetric space is just a weakly symmetric space, and if k > 2, then a k-fold
symmetric space is globally symmetric. It is the main result of [5] that any 2-fold
symmetric Riemannian manifold must be globally symmetric.

Let G/H be a homogenous space with a reductive decomposition g = b+ p, where
g and h are the Lie algebras of G and H, respectively. If [h,h] C b, [h,p] C p and
[p, p] C B, then there exists an involution o of g such that

oly =id, o, = —id.

It follows that G/H is a symmetric space. This observation combined with Theo-
rems 4.1 and 5.1 implies the following theorems.

Theorem 6.1. Any reductive Lorentzian weakly symmetric coset space of dimen-
sion 2 is a symmetric space.

Theorem 6.2. Let G/H be a reductive Lorentzian weakly symmetric coset space
in dimension 3. Then G/H is a symmetric space if and only if G/ H is one of cases (1),
(2), (3), (7), (8), and case (9) with b =0 in Theorem 5.1.

Now we can prove the following theorem.

Theorem 6.3. Any reductive 2-fold symmetric pseudo-Riemannian weakly sym-
metric manifold is globally symmetric.

Proof. It suffices to prove that the spaces in cases (4), (5), (6), and (9) with
b # 0 in Theorem 5.1 are not 2-fold symmetric.

First assume that a space in cases (4) and (5) in Theorem 5.1 is 2-fold symmetric.
Then for e5 and 2e1 + 2 + 3 there exists linear isometry o (induced by the isotropy
representation of the space) of p such that

0'(62) = —&q, O’(2€1+€2+€3) = —2¢1 — €9 —€3.
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Then o(2e1 + £3) = —2¢1 — e3. Since 2¢1 + €3, €2, £1 + 2¢3 form an orthogonal basis
of p, we have
o(e1 + 2e3) = (g1 + 2e3).

If 0(61 + 263) = —(61 + 263), then
(6.1) ole) =—e Veenp.

If o(e1 + 2e3) = &1 + 2e3, then

(6.2) o(e1) = —gal - geg, o(e2) = —e2, ofe3) = %51 + gag.
If o satisfies identity (6.1), then the Lorentzian space must be globally symmetric,
which is a contradiction to Theorem 6.2. If o satisfies identity (6.2), then it con-
tradicts the action of o on the bracket [e2,e3] and the fact that the action of o is
induced by the adjoint action of the isotropy representation, hence must keep the
Lie brackets of the elements.

Next assume that a space in case (6) in Theorem 5.1 is 2-fold symmetric. Then
for 1 and €9 + €3 there exists a linear isometry o on p such that

0’(51)2—81, 0’(52+E3)=—52—83.

It contradicts the action of o on the bracket [e1,e2 + €3].
Finally assume that a space in case (9) for b # 0 in Theorem 5.1 is 2-fold symmetric.
Then for 7 and €5 + €3 there exists a linear isometry o of p such that

o(e1) = —e1, o(ea+e3) = —e3—e3.

It contradicts the action of o on the bracket [e1,£2 + €3]
The theorem is now proved. O
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