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Abstract. A higher order pressure segregation scheme for the time-dependent incompress-
ible magnetohydrodynamics (MHD) equations is presented. This scheme allows us to decou-
ple the MHD system into two sub-problems at each time step. First, a coupled linear elliptic
system is solved for the velocity and the magnetic field. And then, a Poisson-Neumann
problem is treated for the pressure. The stability is analyzed and the error analysis is ac-
complished by interpreting this segregated scheme as a higher order time discretization of
a perturbed system which approximates the MHD system. The main results are that the
convergence for the velocity and the magnetic field are strongly second-order in time while
that for the pressure is strongly first-order in time. Some numerical tests are performed to
illustrate the theoretical predictions and demonstrate the efficiency of the proposed scheme.

Keywords: magnetohydrodynamics equations; pressure segregation method; higher order
scheme; stability; error estimate
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1. INTRODUCTION

In this paper, we consider the numerical approximation of the incompressible
magnetohydrodynamics (MHD) equations

(1.1) w, — (Re) *Au+ (u-V)u+ Vp+Sb xcurl b=f in Q x [0,77,
V-u=0, V-b=0 in Q x (0,77,
b; + (Rm)~! curl(curl b) —curl(u x b) =g in Q x [0,T],
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where  is an open bounded domain in R? (d = 2,3), T > 0 is the given final
time, the unknowns are the velocity u, the pressure p and the magnetic field b, the
vector-valued functions f and g represent the body forces applied to the fluid and
the known applied current with V-g = 0, respectively. Moreover, Re, Rm, and S are
three positive constants which denote the Reynolds number, the magnetic Reynolds
number, and the coupling number, respectively. These constants are defined by
Re := oUoL/u, Rm := noUyL, S := B2/(noUg), where By denotes the characteristic
value of the magnetic field, Uy the characteristic value of the velocity, ¢ the density,
7 the magnetic permeability, p the viscosity of the fluid, o the electric conductivity
and L the characteristic length scale. We consider the initial conditions

(1.2) u(z,0) =ug, b(x,0)=by in Q,

and assume the no-slip boundary condition for the velocity, and the perfectly con-
ducting boundary condition for the magnetic field, namely,

(1.3) u=0, b-n=0, curlbxn=0 ondQ x[0,T],

where n denotes the unit outward normal vector on 92. It is necessary to require
that ug and by satisfy the compatibility conditions V -uy = 0 and V - by = 0,
respectively.

The MHD equations (1.1)—(1.3) model incompressible, resistive and electrically
conducting fluids under electromagnetic fields. It can be seen that testing the first
equation and the third equation of (1.1) by u and Sb, respectively, and adding the
resulting equations yields the energy identity

| ~

1 S
2 2 1 2 2 _
(Il + S|bII2) + 2= [IVul + = [leurl b|[* = (£,u) + S(g.b) ¥t >0.

DN | =
o

t

About the regularities of the weak solutions, we can see [28].

In the last decades, more and more attention has been attracted to the numerical
methods of the incompressible MHD equations. We can refer to [11] for a review of
the numerical methods of the MHD equations. For the stationary MHD equations,
various numerical approximations have been proposed, mostly concentrated on the
stabilized finite element method [10], [18], [27]. For the numerical methods of the
time-dependent MHD equations, we can refer to [3], [4], [13], [21], [26], [25], [32],
[34], [38], [39] for more details. About the long-term dissipativity of time-stepping
schemes for the time-dependent MHD equations, we can see [3], [32]. Recently,
Ravindran [25] proposed and analyzed a fully implicit, linearly extrapolated sec-
ond order backward difference time stepping scheme for solving the time dependent
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non-homogeneous MHD system. Roughly speaking, the MHD system includes not
only the incompressibility and strong nonlinearity, but also the coupling between
the Navier-Stokes equations and the Maxwell’s equations, which causes that solv-
ing the numerical solutions of the MHD equations becomes a very difficult task. If
we solve the system (1.1)—(1.3) directly, even by using the time-stepping extrapol-
ation methods [3], [32], it means that we need to find the unknown variables u, p
and b simultaneously, and a large discrete algebraic system is formed. Thus, it is
expensive to find the numerical solutions of such a large coupled system directly by
the standard Galerkin methods. For dealing with these difficulties, in the 1960s,
Chorin [9] and Temam [33] proposed the origin of the projection method for the
Navier-Stokes problems, which is a two-step scheme, solving firstly an intermedi-
ate velocity via a linear elliptic problem and secondly a velocity-pressure pair via
a solenoidal (divergence-free) L2-projection problem. For the variants of the projec-
tion methods, we can refer to [16], [15], [17], [14], [22], [31], [36]. However, there are
also some drawbacks of such projection method, for example, the end-of-step velocity
does not satisfy the exact boundary conditions and the discrete pressure satisfies an
“artificial” Neumann boundary condition. To avoid using artificial boundary condi-
tions of pressure type, some fractional-step schemes for the Navier-Stokes problems
were introduced and studied in [7], [6]. It is a two-step scheme in which the in-
compressibility and the nonlinearities of the Navier-Stokes problems are split into
different steps, and it allows the enforcement of the original boundary conditions in
all sub-steps. To the author’s best knowledge, inspired by these projection methods,
for the time-dependent MHD equations (1.1)—(1.3), Prohl [23] proposed a projec-
tion scheme. Moreover, it was proved that this scheme provides the weakly order %
approximations of the velocity and the magnetic field in H'(£2). Badia et al. [5] pro-
posed several very interesting splitting procedures based on double projection steps.
Some unconditionally energy stable numerical schemes based on the standard and
rotational pressure-correction schemes were proposed by Choi and Shen [8]. An [2]
proposed a new linearized projection scheme, which is unconditionally stable, and it
was proved that it provides the weakly first-order approximations of the velocity and
the magnetic field in H'(€2), the strongly first-order approximations of the velocity
and the magnetic field in L2(f2), and the weakly first-order approximation of the
pressure in L?(£2) under some additional regularity assumptions.

On the contrary, inspired by the higher order projection methods for the Navier-
Stokes equations proposed by Shen [30] and for the natural convection problem pro-
posed by Qian and Zhang [24], we propose a higher order pressure segregation scheme
for the time-dependent MHD equations in this article. This scheme allows us to de-
couple the MHD system into two sub-problems at each time step. First, a coupled
linear elliptic system is solved for the velocity and the magnetic field. And then,
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a Poisson-Neumann problem is treated for the pressure. The stability is analyzed
and the error analysis is accomplished by interpreting this segregated scheme as
a higher order time discretization of a perturbed system which approximates the
MHD system. We prove that it provides the strongly second-order approximations
of the velocity and the magnetic field in L?(f2), the strongly order % approxima-
tions of the velocity and the magnetic field in H!(£2), while the strongly first-order
approximations of the pressure in H'(£2). Numerical results in both the two and
three dimensional spaces are presented to illustrate the theoretical predictions and
demonstrate the efficiency of the method.

The rest of the paper is organized as follows. Section 2 introduces some notation,
preliminary results and assumptions, which will be used throughout this article, and
gives out the higher order pressure segregation scheme for the time-dependent MHD
equations. Stability of the second-order pressure segregation scheme is presented
in Section 3. In Section 4, we establish rigorously the convergence of the proposed
scheme and prove that it provides the strongly second-order approximations of the
velocity and the magnetic field in L?((2), the strongly order % approximations of the
velocity and the magnetic field in H'(£2), while the strongly first-order approxima-
tions of the pressure in H'(Q2). Numerical experiments are shown to confirm the
theoretical predictions and demonstrate the efficiency of the method in Section 5.
Finally, we conclude the article.

2. MATHEMATICAL PRELIMINARIES

We now describe some of the notation, definitions and preliminary lemmas which
will be used in the analysis. Let 2 C R? (d = 2,3) be an open, bounded convex
polygonal or polyhedral domain with Lipschitz-continuous boundary 0€2. We will
use (+,-) and ||-|| to denote the scalar product and the norm in L?(Q2), respectively.
Let W*P(Q) (k € N, 1 < p < 00) denote the standard Sobolev space. The space
H*(Q) is the standard Hilbert Sobolev space of order k with norm ||-|| z«. All other
norms will be clearly labeled. In addition, the vector spaces and vector functions will
be indicated by boldface type letters, e.g., the spaces H*(Q2), W*?(Q) and L?(Q)
represent the vector Sobolev spaces H*(Q)?, W*?(Q)? and LP(Q)?, respectively.
Let Z be a Banach space, we denote by L?(0,T; Z) the time-space function space

T 1/p
(/ ll% dt) it1<p< oo
p— 0

esssup ||v]| z if p = o0.
te[0,T]

equipped with the norm

”UHLP(O,T;Z)
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For convenience, we often use the abbreviated form LP(Z) := LP(0,T;Z). We also
introduce the time discrete space IP(Z) associated with LP(Z); IP(Z) is the space of
sequences w := {w": n = 1,..., N} with the norm || - ||;»(z) defined by

N-1 1/p
(At Z ||w"+1|%) if 1 <p<oo,
n=0
max [|w" Y|z if p = 0.
o<n<N—-1
Hereafter H* and L? denote the vector spaces H*(Q2) and L2(f2) or the scalar
spaces H*(Q)) and L2(12), respectively.
The following Sobolev spaces are introduced by

Hw”lP(Z) =

V=H}Q)={veH (Q): v=0o0n 00},
X ={veH (Q): v-n=0o0n0Q},

M=13(Q) = {q € L*(Q): /qux = o}.

The symbols C,C,Cy,Cy,... are used to denote generic positive constants inde-
pendent of the time step size At.

In addition, we recall that the following two formulas hold:
(2.1) (axb)xc-d=(axb)-(cxd)=—(axb)-(dxc),

(2.2) /cur1u~vdx:/u'curlvdx+/ nxu-vdsS.
Q Q o9

Under the above two formulas, the weak formulation of the MHD system (1.1)-
(1.3) is derived by: Find (u, p, b) € (V, M, X) such that for all (v,q,w) € (V, M, X),
(2.3) (ug,v) + a1 (u,v) + b(u,u,v) —d(p,v) + S(b x curl b,v) = (f,v),

d(¢g,u) =0,
(btvw) + a2(b,W) - (u X bv curl W) = (gaw)v

where

1
ai(u,v) :R—/Vu: Vvdx Yu,veV,
Q

€

1
as(u,v) :%/ﬂ(curlu@urlV+(V'u)(V~v))dx Vu,v e X,
d(p,v):/ﬂpdivvdx Vv eV, pEM,

b(u,v,w):/Q(u'V)v~wdx+%/Q(V-u)v'wdx

:1/(U'V)V~wdx—l/(u-V)w'vdx Yu,v,we V.
2 Q 2 Q
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It is easy to verify that the trilinear form b(-,-,-) is skew-symmetric with respect
to its last two arguments, i.e.,

(2.4) b(u,v,w) = —b(u,w,v) Yu,v,weV.
We will frequently use the algebraic relations

(25)  2(a—b.a) = [a* = o]* + [a — %, 2(a—b,5) = |a]* — b — |a — b]".
(a—b,a+b) = [af> - |b[.

The following standard skew-symmetric form for the convection term will be used:

1
B(u,v) =(u-V)v+ §(V ‘u)v Yu,veHY(Q).
We recall the inequality ([12], page 52, Lemma 3.4)

(2.6) IVl < C(lewlv] + [divv]) vveX,

and the continuous embeddings [1]

(2.7) HY(Q) — LYQ), g € [1,00) ifd=2,
HY(Q) — LYQ), g€ [2,6] ifd=3,
H?(Q) — L>(), d=2,3,
H?(Q) — Wh3(Q), d=2,3,

which will be frequently used in the analysis.
Furthermore, the Young’s and Poincaré’s inequalities as follows will be used fre-
quently

€ e—a/p
ab < —adP +
p

—_

b, a,b,p,q,e €R, —+—-=1, p,qg€ (1,0), € >0,

’BIH
<

vl < GplVvll Vv eV, C,=Cy(Q).

Let 0 =ty < t; < ... <ty =T be a uniform partition of the time interval [0, T]
with time step size At = T/N (0 < At < 1) and tp41 = (n+1)Atfor 0 < n < N—1.
The proposed higher order pressure segregation scheme is the following two-step
scheme:
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Algorithm 2.1 (Higher order pressure segregation scheme). Let p° be given,
and taking u® = ug, b? = by, we find u™*', p"*!, b"*t! by the following two-step
scheme:

Step 1. Find u™*! and b"*! such that

(28) WU L g2 4 g wrt1/2) 4+ gbr
At Re ’
x curl b2 4 Vp" = £(t,4159) inQ,
bn+1 — b

1
A7 + T curl(curl b"1/2) — curl(u™ /2 x b") = g(tny1/2) in Q,

V-b"" =0 inQ,

't =0, b""!.n=0, crl b" xn=0 on 99,

where u"t1/2 = L(u"t! 4+ un), b*tY/2 = (bt 4 b)),
Step 2. Given u™t! from Step 1, find p»+! such that

(2.9) aAt(Ap™tt — Ap™) =V - u"T! in Q,
V(™ —p")-n=0 on 09Q,

where « is a constant to be determined.

Remark 2.1. Notice that p° is not part of the initial data of our problem.
Under suitable compatibility and smoothness assumptions on the initial data and
forcing terms, this quantity can be computed by solving a Poisson equation

Ap® = div(fy — (up - V)ug — Sbg x curl bg) in £,
vy’ on= (fo + RLAuO — (ug - V)ug — Sbg x curl bo) -n on 0f).
e

For convenience, we assume p° is exact or pg = p° in our analysis, here py denotes
the initial value of pressure.

Remark 2.2. The numerical solution of the velocity u"*! solved by (2.8) may
not belong to the divergence-free function space. Then we improve it from (2.9).
Since p" and p™t! are two successive iterative solutions, the difference between Ap™
and Ap™*! tends to zero as n — 0o, therefore we know that V-u”t! — 0 as n — oo.

Remark 2.3. Algorithm 2.1 avoids solving an intermediate velocity, which

causes that it can save a large amount of computation cost. What’s more, the

1

constant o only must satisfy o > 7, this choice is more flexible than the other

projection schemes [29].
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Remark 2.4. The linear extrapolation method is used in (2.8), we only need
to solve a linear problem at each time step, which avoids using the nonlinear it-
eration. Noticing that the velocity and pressure in (2.8)—(2.9) are decoupled from
each other, the space discretizations for the velocity and the pressure can be chosen
independently, and they need not satisfy the inf-sup stable condition.

The purpose of this paper is to prove some temporal error estimates for the time-
discrete scheme (2.8)—(2.9), and hence we assume that the initial data and the reg-
ularities of the solution (u, p, b) satisfy:

T
(A1) luollzz> + [[boll > +/0 UEOI + le@]) dt < C,

(A2) tes[l(l)%](l\u(t)llm +b@lla + w@)[ar + [be@) ]z + [ Vpe(0)]]) < C,

(A3) /O (e @)l a2 + [[bee (@) 2 + [[VPer (8) ]| 11

+ [[ueee ()| 2 + [[beee(t)] 22) dt < C.

3. STABILITY ANALYSIS

Now, we give out the a priori energy estimates of Algorithm 2.1 in the following
theorem, which shows that Algorithm 2.1 is conditionally stable.

Theorem 3.1. Under the assumption (A1), let (u"*!, p"*! b+l € (V, M, X,)
be the solution of Algorithm 2.1 if the initial discrete pressure p° satisfies
At||Vp°||?2 < Co, where Cy is a constant. Then, for o > i and all 0 <1< N -1,
there exists a constant Cy = C1(Re, Rm, S, f, g, ug, bo, Co, Cp,,T) > 0 such that

1
(31) (1= ) u' )2 + S|+ 2

l
1 S
+ AtZ(EHVu"“/QHQ + %chrlb"“/QHQ) < Ch.
n=1

Proof. Testing the first equation and the second equation of (2.8) by 2Atu”+1/2
and 2SAtb"t1/2 respectively, and applying the identities (2.5) and the formula (2.2)
along with (2.4), one has

2At
(3:2) [P = w2+ S Va2 4 2488 (b7 x curl b2 )

+ 2A4(Vp™, u"t2) = 2At(F(t 41 2), u"T2),
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and

25 At

n+1)2 _ n|2
(3.3)  SUP™" = ™[I + ——

[|curl b™+1/2)2

— 2AtS (w2 x b", curl bT2) = 25Ak(g(ty41/2), D" T).

Next, taking the sum of (2.9) for two consecutive time-steps, we have

aAt(Ap™t — Ap"TH =V (0" 4+ u™) in Q,
V"t —p" ) -n=0 on Q.

Thus, by integration by parts, (2.4) and (2.8), we deduce

(3.4) 2AH(Vp", u"t1/2)
= At(Vp",u" ! +u")
= — At(p", V- (u"T +u")) (by integration by parts)
AP AT APY) (by (28))
= aAt*(Vp", Vp" T — Vp"~1) (by integration by parts)
aAt?

= — LAV I+ VP ) = (Ve [* + IV )

— [|Vp" = Vp" > + [[Vp" — Vp" ] (by (2.4)).

Making use of the vector identity
(3.5) (ux curl v,w) = (w x u, curl v) Vu,v,we H(Q)

and (3.4), and adding equations (3.2) and (3.3), we obtain

2At
(3.6) a2 = Jlu)? + EHVH"H/Z’H2
25 At
Tt S [ S e TSR R
+——[lIvp U+ V" 1) = (Ve 12+ V"))
aAt?

= ——(IVp"" = Vp"||* = [ Vp" = Vp" )

+ 20t (£t 1/2), 0" T2) + 25 At(g(tni1/2), BVT/2).
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For the last two terms on the right-hand side of (3.6), applying the Cauchy-Schwarz,
Young’s and Poincaré’s inequalities and (2.6), we arrive at

(BT)  2AHE () wt) < 26, AL £t o) [[ V0"

N

At
ST 4 R AL 8t )

(3.8)  25A(g(tn+1),b" ") < 25Atg(tn11/0)| [lcurl b1/

<
< 25CAt|g(tns1/2) b2

A
< SRmE leurl b™/2 |12 4 CRmSAL|g(tn 1 2)]>-

Taking the sum of (3.6) fromn =1to! (1 <1< N —1) and using (3.7) and (3.8),
we have

l
1 S
I+12 1+12 n+1/2)2 n+1/2)2
(3:9)  u P+ SR 4 ALY (Va2 4 ewr b))

n=1

aAt?
+ T(HVPZHHQ +1ve1?)

aAt? aAt?
< Jla'|]? + S|b'||* + TIIVP“rl —Vpl|? - —— Vo' = vp'|®

aAt? !
+ T(IIVplII2 +IVP1?) + ReCRAL Y || (tns1y2)]

n=1
l
+ CRmSAt Z ||g(tn+1/2)H2'

n=1

Choosing n = [ in (2.9), and testing (2.9) by p!** — p!, one has

aAt|Vp Tt — VRl = (0T, Vpi Tt — vph) < Jlu | VR - VR

< 220Vpt - T 4
This leads to
(3.10) QAR VP - VP <
Thus, we find
alt® ne o Loz, QAP 412 12
(3.11) —5 VP = VPP < Sl == Ve + V).
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Noticing that

aAt? 1 02 2 12 012
(3.12) ——5 VD" = VI|I" < aAt*([[Vp7||” + [[VP7I5),

and then substituting (3.11) and (3.12) into (3.9), yields that

1
(313) (1= )l + S|

!
1, S
+AtZ(EHVu /22 4 -

|

\curlb”“/QHQ)

n=1

3aAt?
—5 (VeI + Vp°l1?)

< Jlatff* + Sibt* +

To complete the proof of the theorem, we need to bound |u'l?, |b'||?, and
At?||Vp'||?. Testing the first equation and the second equation of (2.8) at n = 0
by 2Atu'/? and 2Atb'/2, respectively, and then adding the resulting equations and
applying (3.5), we have

(314) | — )+ 220 Tut2)2 SO~ 7)) + 222 12y
= —2AH(VP°, ul/?) + 24t (£ (L) )5), u/?) + 2SAL(g(t1 /), b/?)
< %HVHUQH2 + %chrlblﬂﬂ2 + 2ReCIAL||Vp°|?
+ 2ReCIAL||f(t12)]|* + CRmSAt|g(t12)]1*.

Thus, it holds that
At SAt
12 12 1/2))2 1/2))2
(3.15) [[u*||* + S|b| +R6HVU I+ o [lcurl b*/=|

< [’ + S|b°|? + 2ReC2 At VPO ||?
+ 2ReCLAL||f (1 /2) 1> + CRmMSAt||g(t1/2)|*.

Under the condition At||Vp°||? < Cp, we obtain

At At
(3.16) o2+ SB 2+ Bovut2? + S 12y
< |[u’)? + S|b°|? + 2ReC2Co
+ 2ReCy | f[[7 2y + CRmS gl 12

Taking [ = 0 for (3.10), we can deduce
1
(3.17) AZ|[Vp* = AP(VP|* < AL VD' — VPOI* < —flul|?,
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Combining (3.16) and (3.17) with (3.13), we obtain the desired estimate and complete
the proof. O

4. ERROR ANALYSIS

In this section, we will obtain error estimates for the velocity, the pressure and
the magnetic field. For this, let ¢, /o = (n + 1)At. For any function w(t) and any
sequence of functions {f"}_, we define

@(f/nJrl/Q) = %( ( n+1) —|—w( ))7 fn+1/2 — %(fn-i-l + Jcn)7

and the errors at t = ¢, (n=0,1,...,N) by

We can rewrite the first equation and the second equation of (1.1) at t = ¢, 412,
respectively, by

(n M 200D LG o) + (k) - V)l 2) + V()

+ Sb(tn) x curl b(ty41/2) = £(tnr1j2) + RET,

and
(4.2) W + Rim curl(curl b(t,,41/2))
— curl(@(tpi1/2) X b(tn)) = gltnt12) + Ry
where
Ryt = [MEt] 280 )] (At 2) - A 2)
+ [(u(tn) - V)U(tny1/2) — (Utnta/2) - V)ultngse)]
+[Vp(tn) = Vp(tni1/2)]
+ [Sb(ty) x curl b(tyy1/2) — Sb(tni1/2) X curl b(tni1/2)]
=Ry + R+ R R R
and

Rp+L = [W - bt(thrl/Q)}

1 -
+ R—m[curl(curlb(tn+1/2)) — curl(curl b(t,11/2))]

+curl(u(tng1/2) X b(tny1/2) — W(tny1/2) X b(tn))
=R+ RGT + R
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Subtracting the first equation and the second equation of (2.8) from (4.1) and (4.2),
respectively, we arrive at

entl —er 1 .
(13) S AT 4 Blel it ) + B el ) Vel
+ Sep x curl b( nt1/2) +Sb™ x curl e n+1/2 = R,
and
n+1
— 1
(4.4) % + B curl(curl e"+ /2 ) — curl(e"1/2 x b™)
m

—cwrl(@(ty11/2) x ep) = Ry

Lemma 4.1. Under the assumptions (A1)—(A3), there exists a positive constant
C > 0 such that for all 0 < n < N — 1, the following estimates hold:

(4.5) IR < CAL, R < CAt.

Proof. Set ¢ e C3(0,T). By the Taylor series expansion with integral remain-
der, we know

O(tny1) — @(tn)

At — pe(tny1/2)
1 tn41 ) tn ,
= 35 [ / (tns1 — 1) pree(t) dt — / (tn — t)%0u (t) dt |,
bnt1/z tny1/2

w — @(tny1/2)

1 [in+t 1 [t»
—5 | = teudt s g [ (=Dt
n+1/2 nt1/2

o(tnin) — pltn) = / " b dt,

n

where ¢ can be replaced by u, p or b, respectively. Thus, we have

tnta I
R < H (tng1 — )Wy dt — —— (tn — )" Wt dtH
28t )y 20t Jiia)a
< CAt 3/2 |uttt||L2(tn,tn+1?L2)'
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Similarly, |R"5*| < CAt3/2||utt||L2(tn,tn+1;H2)~ Notice that

Rig' = (Qltns1/2) - V)(tniay2) — (A(tgry2) - V)u(teir)o)
+ (u(tn) —U(tny12) - V)u(tng/2)
= (U(tny1/2) —ultngiy2)) - Valtnii/z)
+u(tpr1/2) - V(U(tpg1/2) —ultnii/2))

B %(u(thrl) —u(tn)) - Vu(tyi1/2),

RIS = (Vp(tn) — Vi(tni1/2)) + (Viltni1/2) — Vo(tai1)2))

= — %(Vp(twrl) = Vp(tn)) + (VD(tni1/2) — Vp(tngi/2)),
and

RZ;I = Sg(tn_;’_l/g) x curl B(tn+1/2) — Sb(tn+1/2) x curl b(tn+1/2)
+ S(b(tn) = b(tn+1/2)) X curl b(t,11/2)
= S(b(tpt1/2) = b(tnt1/2)) ¥ curl b(t,11/2)

+ Sb(tny1/2) x curl (b(t41/2) — b(tni1/2))

S

= 5 (b(tns1) = b(t)) x curl b(tni1)2)-

By the Holder inequality and the Sobolev embeddings (2.7), we have
IR < la(tnt1/2) — utniry2) eVt r1/2)l s
+laltns1/2) 2= IV (@(tni1/2) = ultniis2))ll
+ %IIU(%H) —u(ty)llzs[Valtna/2)lle
< CAP e L2 00 [0(En 1 2) | 122
+ CALag][ioe () [[a(tng1/2) | 52,
and
IR < SEIVpilm 1) + A Dl i
IR < CA 2D L2ty 1050 (g 2) 2
+ CAU[by |1 (1) Bt s j2) | 12

By the regularity assumptions (A2) and (A3), we obtain ||R*!|| < CAt.
Next, we bound R}"'. With the same techniques as above, we know ||R;;™| <
2—14At2||uttt||loo(L2). Using the ldentlty

curl curl A = V(V - A) — AA,
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we find
1

Ry ' = _%A(B(tn-i-lﬂ) —b(tni1/2))

and thus
HRnJrlH < CAtB/QHbtt||L2(tn,t,,+1;H2)~

Next, we decompose R;’; D as

Rg:;rl = curl((u(th/Q) - ﬁ(tn+1/2)) X b(tn+1/2))
+ Curl(ﬁ(tn+1/2) X (b(tn+1/2) — b(tn+1/2)))
L & n n n
+ 5 Curl(u(thrl/Z) X (b(tn-i-l) - b(tn))) Rb?jil + Rbg;gl + Rbg;gl-

Using the formula
(4.6) curl(u x v) = (divv)u— (u- V)v+ (v V)u — (divu)v,
we have

IRy = | = (a(tng1y2) — Ultns1y2)) - VB (tng1)2)
+ (b(tny1/2) - V)(tng1/2) — Ultng1y2))ll

< Cllu(tnyryz) = altngry2)m [Ib(tnray2) a2
< CA*? HuttHLz(tmtn+1 w2y ||b(tnr1/2) | a2
Similarly,
IRGS N < CAL2(beell L2t i) 8t 2) 2,
IRE5 < CALbtlao a0y (g p2) 12
Thus, we know |R; || < CAt and complete the proof. O

Theorem 4.1. Under the assumptions (A1)~(A3) and a > 1, there exists a pos-
itive constant C' > 0 such that for all 0 < n < N — 1, the following error estimates
hold:

47) [lef P + llepTHIZ + AtVep ™2 < CALY, [[Ver™ |12 + lep HI7n < CAE,

where C depends on Re, Rm, S, o, f, g, ug and by.
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Proof. Testing (4.3) by 2Ate"+1/ and noticing that b(u,v,v) = 0 for all
u,v € H}(Q), we deduce

(4.8) [lel ™ — lle* + HV VPP 4 Al(Vep et +el)

pCu
— —2Atb(eu,u( ni1/2), €0 TY2) — 28 At (el x curl b(t,11/9),e"F1/?)

» U

— 2AtS(b" x curl e /2 &1 H1/2) L AR e H1/2),

Similarly, testing (4.4) by ZSAﬁenH/2 leads to

2SAt ntl/2
(49)  Slley ™ = llef*) + = lleurl e} ™|
= QSAt(eZH/Q x b, curl eg+1/2)

+ 25 At((tn11/2) X ef, curl e T/2) + 25 ARy e T1/).

Adding and subtracting the terms u(tn+1), p(tn+1) in (2.9), we find
aAt(—AeZH + Aey) + aAt(Ap(tny1) — Ap(tn)) = =V - entl,

Testing the above equation by ¢ € M, we obtain

(4.10) OcAt(Ve;)”rl = Ve, ,Vq) — aAt(Vp(tni1) — Vp(ta), Vq) = (et Vq).

Choosing ¢ = Atey; and using (2.5), we know

aAt2

(4.11) (IVep™H1* = [Vep|* = [Vep™ — Ver|?) — aAt*(Vp(tn 1)
—Vp(tn),Vep) At(e] ntl ger )

By adding (4.8), (4.9) and (4.11), and applying (3.5), one has

(412) ey |* = llel|* + IIV "“/2||2 (IIV 2P = 1Vepl?)

n+1/2||2

+5(||e£‘“|\2 lep %) + ||C rle

aAt?
= — At(Ve? +—||V nth— Ver|)?

P u)

+ aA (Vp(tns1) — Vp(tn), Ver) — 2Atb(el, Ut 11/2), ef/?)

»ru

— 25At(e}! x curl b(t ni1y2), € HY2) L QAH(RIT ent1/2)
+ 28 At(A(t,11/2) x ef curl e T%) + 25AHRY T o) T2

8
=) T
i=1
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Now, we estimate 71, ...,Zg, below. By the Cauchy-Schwarz and Young’s inequali-
ties, we estimate Z; as:
Ty < [lelll? + CAL [ Vep |

For bounding Z,, we set € = o — % and choose g = e”‘|r1 e, in (4.10), and then we
have

alt|| Vel — ver|?

= (ep™, Vet — Ver) + aAL(Vp(tns1) — Vp(tn), Vel T — Vel)

At(4a — 3
¢ e -3) - ) |gentt — ver| +

3€At

2 n+1(2
Atfda 3y len |

[Vertt — Ve |2 + CAL|V (p(tns1) — p(ta))]|?

2 n
A+o)Al len 1% + CAt3||ptHl2°°(H1)a

aAt
< —Hv nH— Ver||? +

which leads to

4
alAt?|Veptt — Vep|? < 119 e ™12 + CAL [pell i gy
Hence,
1+ te)aAt? 1 - Le)aAt?
1-2 _ ( 24) Hveg-i-l _ veZHQ + ( 24) Hveg-l-l _ veZHQ
1+ 3e (1— Le)ant?
<a +E) lex ™™ I* + CAtY e[l o gy + 2 (IVertt* + [ Ver|).

By the Holder, Cauchy-Schwarz and Young’s inequalities and the Sobolev embed-
dings (2.7), we bound the remaing terms as follows:

T3 < al|[Vp(tnir) = Vp(ta) Ve | < CAL|[Vep |* + CAL |Ipellie a1y,
I4 < At||e HLGHVU( n+1/2)HL3Hen+1/2”
£
< — 5 |lent1/2)2 £ AP 9
Sl + oo vl
£
< e s— n+1 2 - - n|2 At ni2
Aol el + cadver)?,
15 < 2SAtHeb HLGHCurlb( n+1/2)||L3||en+1/2||
S m” et 2|2 + CAL e} 131 [B(tn s 2) e
£
< ——— n+1 2 R PR AtQ 9 .
12(14—@”‘3 I”+ (1+ )He ull” + CAL e[| 7
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To bound the term Z7, we use (2.2) and the following formula (4.6) and derive that

Ir = 2SAt(curl(u(t,41/2) X €y), ezz+1/2)
258t eurl(@(tn1/2) ) lef ™|
2SN (tns1/2) - el + 11 (€] - V)ltnins2)Dlle

25At([a(tnr1/2)llelepllm + llep oI Valtnri/2)lies)lle,
n+1/2||

N

n+1/2||

NN N

SAt([a(t n+1/2)||H2||eb e+ lleg |l l[altn1/2)lm2)lle,

S
< gllep ™%+ 5 ||eb|\2+CAt llep 17
For the remaining terms, we can deduce that

<20t R len 2 < lel 1

n||2 n+1 2

+1/2 Sion
<28t RyH lep 2 < || ”+1||2—|—Z||eb||2+C'At2||RZL+1H2.

12(1+6)

Combining the estimates Z; to Zg with (4.12), we find

(4.13) el 1% + H TP+ S Ve

5
41 +¢)

+

At? 25 At n
«Q 5”V n+1H2 R—churleb+1/2H2

< C(IleZ||2 + e |I* + AL |[Vep ) + CAH pellfe s
+ CAL(|Vey || + [leurlep|®) + CAL (R + | REH ).

Now, we prove the conclusions of Theorem 4.1 by mathematical induction.
Firstly, we prove the results hold for n = 0. Noticing that ) = eg = eg =0, and
applying (4.5), we deduce

S 2At
(4.14) leall® + 5 llesl® + =11 Vey/ ||

5
4(1+¢)

aAt €

25At
+ Ve pH2 mﬂcurle;/QHQ
< C(||eu|\2 + [lep]|? + AL Ved||?) + CAt < CAE!.
From (4.14) and the triangle inequality, we deduce that
lewl® + llesl|* + At?|[Vep|* < CAtY,

Ve, ” < 2([2Ve,/2|” + [ Vel||?) < CAt,

leurlep |2 < 2(||2 curl e)/?||? + [[curl el ||?) < CAL.
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Secondly, assuming the conclusion holds for alln < m —1 (m < N — 1), we have

lellI* + llep|I” + Ae*||Vep|* < CAt,
_1
IVell* < 2(2Ven *|* + [ Ve ~'[|*) < CAE,

1
n—3

[curley|® < 2(||2curl e, || + [[curle) %) < CAE®.

Finally, we need to prove the conclusion holds forn =m (m < N—1). Let n =m
in (4.13), we know

3

S 2At
m—+1)2 Milam+1y2 \V/ m+1/22

At? 25 At m
o : €|‘vegl+1”2 4 R—chrleb +1/2||2
m

< O(llel” + llegl|* + A% | Ve |?)
+ CA|pe i (1r) + CAL (| Ve ||* + [[curley||?)
+OALP (R + Ry %) < oA,

Hence, we arrive at

Ve > < 2(|2Ve 12|12 + | Verr|?) < OAE,

2 < 2()2curl e T2 + [leurlef ) < CAE,

||curle,”

and the proof is completed. ([

Remark 4.1. If we assume the initial data (u®, p°, b?) for the scheme (2.8)—(2.9)
satisfies
[u” = || + [b” — bo|| < CAL,

IV (0® = o) || + [[B° = bo|| i < CAE2,
IV(° = p(0)]| < CAt,
then we know that the convergence for the velocity and the magnetic field are strongly

second-order in L?(), strongly of order % in H!(Q), and for the pressure is strongly
first-order H'(), and these results are consistent with those in Theorem 4.1.
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5. NUMERICAL EXPERIMENTS

In this section, we perform some numerical experiments both in two and three
dimensional spaces to validate the effectiveness of the proposed higher order pressure
segregation scheme. We first introduce the finite element approximation of the time
discrete scheme (2.8)—(2.9). Let 7, = {2} be a quasi-uniform partition of {2 into
triangles or tetrahedrons with diameters h (0 < h < 1). We consider the finite
element spaces Vi, C 'V, X; C X and My C M associated with a regular family of
triangulations 73,. Define I, and J, to be the interpolation operators from L? to V),
and X}, respectively. Now, we give out the full discrete scheme corresponding to the
time discrete scheme (2.8)—(2.9) as follows:

Algorithm 5.1 (Full discrete scheme). Choosing p? as an approximation of p°,

taking uf) = I up, b)) = J;bg, we find uZ“,pZH, bZ“ by the following two steps:
Step 1: Find uZ'H and bZ'H such that
HZH —uy nt1/2 n . ntl/2 "
(51) (Tavh) +a1(uh avh) +b(uh7uh 7Uh) + (Vp}mvh)
+ S(bj x curl bZ‘H/Q,Vh) = (f(tng1/2), Vi) Vvi € Vi,
bn+1 - bn n n
(hTth’wh) + ag(bh+1/2,wh) — (uhﬂ/2 x by, curl wp,)

= (g(tny1/2), wn) Ywp € Xy,

where w; /% = J(u ! ug), BT = (b 4 ).
Step 2: Let uZ‘H be given from Step 1, then find pZH such that

(5.2) aAt(V(ppt —pi), Van) = (W)™, Van) Vg, € My,

where « is a constant to be determined.

We first test the problem with the known analytical solution to confirm the es-
tablished theoretical findings. Next, the lid driven cavity flow problem in both two
and three dimensional space is simulated, and we use this physical model to verify
the efficiency of the developed numerical scheme. We choose linear polynomials to
approximate the velocity, the pressure and the magnetic field. The domain € is
subdivided into triangles. All simulations were run using the public finite element
software package freefem-++ [19].

Firstly, we set the parameters Re = 1.0, Rm = 1.0, S = 1.0, and the domain
Q =10,1] x [0,1]. The forcing functions f and g and boundary values of (u,p, b) are
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given so that problem (1.1) has the analytical solution

u = (sin(t) sin(2ny) sin(nz)?, — sin(t) sin(2nz) sin(ny)?) T,
p = (sin(2nx) + sin(2ny)) exp(—t),
b = (sin(t) sin(rnz) cos(ny), — sin(t) sin(ny) cos(nz)) .

We examine the errors and the convergence orders of the higher order pressure segre-
gation scheme. The purpose of this test is to verify the time convergence order, so we
fix the mesh width h = 1/128 and the final time 7' = 1.0. In Table 1, we present the
numerical results with varying time step size At. From these data, we can see that
the errors become smaller and smaller as the time step size decrease. The results
in Table 1 suggest that the convergence for the velocity and the magnetic field are
second-order in L?(€2) and of order £ in H'(12), and for the pressure it is first-order
in H*(Q2). The numerical results are in good agreement with the convergence rates
predicted by the theoretical analysis.

At [lu—u"|2 Rate |lu—u"||zx  Rate |p—p"|m Rate
0.125 0.0819886 0.605373 2.17762
0.0625 0.0202001  2.02106 0.227014 1.41504 1.03106 1.07862
0.03125 0.0053656  1.91254 0.0815380 1.47v723  0.543186  0.924610
0.015625 0.00145792 1.87984  0.0289970 1.49157  0.292672  0.892162

At [lb—b"||2 Rate ||b—Db"||gzx  Rate
0.125 0.0245068 0.175177
0.0625 0.00611660 2.00238  0.0640519  1.45150
0.03125 0.00155896 1.97215  0.0225844  1.49754
0.015625 0.000442682 1.81624 0.00797788 1.50125

Table 1. The errors and convergence rates for analytical test problem by using the higher
order pressure segregation scheme.

Secondly, we consider a famous test problem used in fluid dynamics, known as
driven cavity flow. It is a model of the flow in a cavity with the lid moving in one
direction: In this example, both the 2D domain Q = [~1,1]? and the 3D domain
Q = [—1,1]? are considered. Set the source terms f = 0, g = 0. For the 2D case, the
boundary conditions are imposed as

u=20 onzr==1, y=-1,
u=(1,0) ony=1,

bxn=byxn on 0f),
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where Bo = (1,0). For the 3D case, the boundary conditions are imposed as

u=20 onzr==1, y==+1, 2 = -1,
u=(1,0,0) onz =1,

bxn=byxn on 012,

where by = (1,0,0).

We choose the parameters Re = 1.0, Rm = 10.0, S = 1.0 and the time step size
At = 0.01. The numerical results are shown in Figures 1 and 2. Figure 1 shows the
velocity field and the magnetic field at different times (¢ = 0.4,0.8,1.0) computed
with the mesh width h = % in the 2D domain. We can see that, as time goes
on, a small vortex of the velocity is formed at the lower left corner of the cavity,
and the magnetic field gradually moves to the lower right due to the coupling effect.
The solution computed with the mesh width h = % in the 3D domain is shown
in Figure 2, from which we find that the flow vectors on slice (y = 0) demonstrate
a behavior similar to the 2D case. These results confirm to the actual physical law
(see [13]), hence, the proposed numerical scheme is very eflicacious for the MHD

equations.

6. CONCLUSIONS AND FUTURE WORKS

A higher order pressure segregation scheme for time-dependent MHD equations
was proposed in this article. The stability is analyzed and the error analysis is accom-
plished by interpreting this segregated scheme as a higher order time discretization
of a perturbed system which approximates the MHD system. We have proved that
this scheme provides strongly second-order approximations of the velocity and the
magnetic field in L2(f2), strongly order % approximations of the velocity and the
magnetic field in H!(Q), while strongly first-order approximations of the pressure
in H'(Q). Finally, some numerical tests are performed to validate the theoretical
predictions and the efficiency of the numerical scheme. Such segregated scheme also

can be extended to other complex models, such as in [20], [35], [36], [37].
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