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Abstract. Let @ be a finite union of Dynkin quivers, G C Aut(kQ) a finite abelian group,
Q the generalized McKay quiver of (Q,G) and I'g the Auslander-Reiten quiver of kQ.
Then G acts functorially on the quiver I'g. We show that the Auslander-Reiten quiver

of kQ coincides with the generalized McKay quiver of (To,G).
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1. INTRODUCTION

Let @ = (I, E) be a quiver, let Aut(@), Aut(k@) be the automorphism groups
of @) and the path algebra k@, respectively. For the skew group algebra k@ * G
corresponding to the pair (Q, G) with G C Aut(Q), there has been a lot of literature
on k@ * G (for example see [8], [10], [11], [15], [17]).

It is shown in [15] that if @) has no oriented cycles and G C Aut(Q) is a cyclic
group, then the skew group algebra k@G is Morita equivalent to the path algebra of
another quiver I. The authors illustrate this through several examples. In [10], [11],
Hubery showed the duality of (@, G), that is, there exists an action of G on T' such
that kI" * G is Morita equivalent to k). More generally, for an arbitrary finite
group G and an action of G on the path algebra k@ permuting the set of primitive
idempotents and stabilizing the vector space spanned by the arrows, Demonet in [3]
defined a quiver @ (we call it the generalized McKay quiver) and proved that the
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skew group algebra k@ * G is Morita equivalent to Ik@. Obviously, if G C Aut(Q)
is a cyclic group, the generalized McKay quiver @ coincides with the I' constructed
in [10], [11], [15].

For the relationship between Q-representations and k@ *G-modules, the paper [17]
gives a detailed description whenever G C Aut(Q) is cyclic. By a similar technique,
for a quiver ) with relations in % and a finite abelian group G C Aut(Q) pre-
serving the relations in %, we gave in [8] the condition for a (Q,%)-representation
to be a A * G-module and determined the number of non-isomorphic indecompos-
able A * G-modules which are induced from the same (Q, Z)-representation, where
A =kQ/(#). In the paper [9], we discussed the duality of (@), G) in the case that
G C Aut(kQ) is finite abelian, and by the duality, gave the correspondence between
the indecomposable @-representations and the positive roots of the valued graph
of (Q,G). In this paper, we consider the duality of the Auslander-Reiten quiver
of kQ.

The Auslander-Reiten quiver I'g of k(@) codifies the structure of the category of
finitely generated k@-modules. Vertices are the indecomposable k@-modules, ar-
rows are the irreducible morphisms between them. Note that an automorphism
o € Aut(k@) also acts functorially on the category of Q-representations and this
determines an action on the set of isomorphism classes. That is to say, ¢ induces
a quiver automorphism of the Auslander-Reiten quiver I'g of k@. If k is the al-
gebraic closure of a finite field F, and F' is the Frobenius morphism induced by o,
Deng and Du have shown that the Auslander-Reiten quiver of the fixed point algebra
(kQ)F is just the F-species associated to (T'g, o) (see [4], [5]). If Q is a connected
Dynkin quiver, the order of ¢ is only 1,2, or 3. In this case, Zhang showed that
the generalized McKay quiver I/‘Z) of (T'g, o) is just the Auslander-Reiten quiver I‘@
of @ via case-by-case analysis, where @ is the generalized McKay quiver of (Q,0)
(see [16]). Here, we will give a uniform proof for this result whenever @ is a finite
union of Dynkin quivers and G C Aut(kQ) is a finite abelian group.

Let @ be a finite union of Dynkin quivers, G C Aut(k@) a finite abelian group,
@ and I'g the generalized McKay quiver of (@, G) and the Auslander-Reiten quiver
of kQ. Then G also acts functorially on the quiver I'g. By the duality of (Q,G)
discussed in [9], there is an action of G on @ so that it also induces an action on the
quiver I‘@. Our main result is:

Theorem 1.1. Let I/‘Z) and f‘zj be the generalized McKay quivers of I'g and I‘@,
respectively. Then

Ig=Tq and Tg="Tj.
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That is, the group action also induces a dual for the Auslander-Reiten quiver of k@
and Ik@. Since path algebra Ik@ is Morita equivalent to kQ+G, we identify " o with the
Auslander-Reiten quiver of k@ * G. Based on the understanding of the relationship
between indecomposable k@-modules and indecomposable k@ * G-modules, and the
relationship between the almost split sequences in the category of k@Q-modules and
in the category of k@ * G-modules, we give a proof of this theorem.

This paper is organized as follows. In Section 1, we shortly review some ba-
sic concepts of representations of quivers, Auslander-Reiten quivers and generalized
McKay quivers. In Section 2, we discuss the relationship between indecomposable
k@-modules and indecomposable k@ * G-modules. In fact, similarly to [8], Sec-
tion 2, we show that all finite dimensional k@) * G-modules can be obtained from
k@-modules, and the number of non-isomorphic indecomposable k@ * G-modules
induced from the same indecomposable G-invariant k@-module can be determined.
In Section 3, we apply the results of Section 2 and Reiten and Riedtmann’s results
about the almost split sequences in categories of k@Q-modules and k@ * G-modules
to give the proof of our main theorem. In the last section, we use an interesting
example to show the duality of (Q,G), (I'g, G) and the valued quiver corresponding
to (@, G), respectively.

Throughout this paper, G will denote a finite group, k denotes an algebraic closed
field whose characteristic does not divide the order of G, mod-A denotes the category
of finite-dimensional right A-modules for any Artin algebra A. Unless otherwise
stated all modules we consider are finite-dimensional and ® : = ®y.

2. PRELIMINARIES

We recall in this section some basic facts about quivers and their representations,
Auslander-Reiten quivers and generalized McKay quivers.

A quiver Q = (I, F) is an oriented graph with I the set of vertices and F the set
of arrows. Quiver @ is called finite if I and F are finite sets. For any given quiver @,
we have an associative k-algebra k@, called the path algebra of @Q (see [1], [2]).
A representation X = (X;, X,) of a quiver @ over k consists of a family of k-vector
spaces X; for ¢ € I, together with a family of k-linear maps X,: X; — X; for
a: i — jin E. A morphism ¢: X — Y between two representations X and Y
is given by k-linear maps ¢;: X; — Y; for all ¢ € I, satisfying ¢; 0 Xo = Yo 0 5
for each arrow «: ¢ — j. It is well-known that the category of finite-dimensional
Q-representations over k is naturally equivalent to the category mod-k@. Thus in
this paper, we identify a @Q-representation with a k@-module. For background on
the representation theory of quivers, the reader is referred to [1], [2] and [6].
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The important notion of Auslander-Reiten quivers was introduced in the 70’s by
Auslander and Reiten and since then it has played an essential role in the represen-
tation theory of Artin algebras. Recall firstly that a homomorphism f: X — Y in
mod-k@ is called irreducible if f is neither a section nor a retraction, but for any
factorization f = fi fy either fs is a section or f7 is a retraction. If @ has no oriented
cycles, then the Auslander-Reiten quiver I'g of path algebra k@ is defined as follows:
the vertices of I'g are the isomorphism classes [X] of finitely generated indecompos-
able kQ-modules X; for two vertices [X] and [Y] in ', the arrows [X] — [Y] are in
bijective correspondence with a basis of k-vector space Irr(X,Y"), where Irr(X,Y) is
the set of all irreducible morphisms from X to Y. It is well-known that the quiver I'g
for a connected quiver @ is a finite quiver if and only if @ is a Dynkin quiver of type
Ap, (n>1), Dy (n>4), Es, E7 or Eg, and then I'g contains no multiple edges.

Assume that A is a k-algebra and G acts on A; the skew group algebra of A under
the action of G is by definition the k-algebra whose underlying k-vector space is
A ®k k[G] and whose multiplication is linearly generated by

AN ®g)=rW\)®gd

for all \,\ € A and g,¢’ € G (see [15]). For convenience, we denote this algebra by
A % G and denote the element A ® g in A * G by Ag. One sees that A and k[G] can
be viewed as subalgebras of A x G.

Let A = k@ be the path algebra of the quiver Q = (I, E'). We consider an action
of G on k@ permuting the set of primitive idempotents {e;: i € I} and stabilizing
the vector space spanned by the arrows. Let .# be a set of representatives of the
orbits of I under the action of G. For any i € I, there exists g € G such that
g~ (i) € .. We fix such a g and denote it by «;. For (i,5) € .#2, G acts on 0; x 0;
diagonally, where 0; and 0 are the orbits of ¢ and j under the action of G. A set
of representatives of the classes of this action will be denoted by .%;;.

For i,j € I, define E;; C k@ to be the vector space spanned by the arrows from %
to j. Let G; be the subgroup of G stabilizing e;. We regard E;; as a left and right
k[G;j] := k[G; N G;j]-module by restricting the action of G. In [3] Demonet defined
the quiver @ = (f, E) as

I= U {i} x irr G,
€s
where irr G; is a set of representatives of isomorphism classes of irreducible represen-
tations of G;. The set of arrows of Q from (i, g) to (j, ) is a basis of

@ Homy (., ,)((0 - ki)lG, i, (0 Kj)lG,, @ Eijr),
(i',5")EFsj
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where the representation ¢ - k;; of G is the same as p as a k-vector space, and
(0 Kir)g = gm/gniTI for g € Gy = /<;;,1Gi/<;if. Furthermore, Demonet proved the
following theorem.

Theorem 2.1 (see [3]). The category mod-kQ is equivalent to the category
mod-kQ@ * G.

In particular, if the quiver @ is a singular vertex with m loops, we can view G as
a subgroup of GL,,, (k). Then the quiver @ is just the McKay quiver of G, see [7], [14].
Thus, we view the quiver @ as a generalized McKay quiver and call it the general-
ization of the McKay quiver of (@, G). Moreover, for any factor algebra kQ/.J, it is
easy to see that the skew group algebra (kQ/J) * G is Morita equivalent to a factor
algebra of [K@. That is to say, the generalized McKay quiver can realize the Gabriel
quiver of A x G for any basic algebra A.

3. CONSTITUTING k@ * G-MODULES

Let @ = (I, E) be a finite quiver, G C Aut(kQ) a finite abelian group. In this
section, we show that all finite dimensional k@ * G-modules can be obtained from
k@-modules, and the number of non-isomorphic indecomposable k@ * G-modules
induced from the same indecomposable G-invariant k()-modules can be determined.

Let X be a k@-module, g € G. We define a twisted kQ-module YX on X by taking
the same underlying vector space as X with the action - A = zg=1()\) for x € X
and A € k@. Then, for each g € GG, we have an additive autoequivalence functor

Fy: mod-k@ — mod-k@
X —9X,

where 99 := Fy(¢)) = 9 for any morphism ¢: X — Y in mod-k@Q.
Consider the subpace
X®g={r®g: ze X}

of X ®kokQ+G. Then X ® g has a natural kQ-module structure given by (z®g)A =
rg1(A\)@gforany 1@ g€ X ®g and ) € kQ. It is easy to see that 9X = X ® g as
k@-modules.

Recall that a kQ-module X is said to be G-invariant if Fy(X) = X for any g € G;
a G-invariant k@Q-module X is said to be indecomposable G-invariant if X is nonzero

and X cannot be written as the direct sum of two nonzero G-invariant k@Q-modules.
For each X € mod-kQ), let

Hx ={g € G: Fy(X) = X as kQ-modules}.
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Clearly, Hx is a subgroup of G. We denote by Gx a complete set of left coset
representatives of Hx in GG. Then one can see that any indecomposable G-invariant
k@-module has the form

D x

9€Gx
for some indecomposable X € mod-k(@), and the full subcategory of mod-k@ gener-

ated by the G-invariant k@Q-modules is a Krull-Schmidt category.
For the G-invariant k@-modules and the k@ * G-modules, we have:

Proposition 3.1. A k@Q-module X is a kQ * G-module if and only if X is

G-invariant.

Proof. Let X be a k@ * G-module. We first show that X is G-invariant, i.e,
9X =2 X for any g € G. For each g € G, we define a map f,: 9X — X by
fo(x) =xg~! for all x € X. Then, f, is a kQ-module isomorphism since

folz - A) = (2-Ng™" = (zg7 (\)g ™" = (297 A = fy()A

for all A € k@ and =z € X.

Conversely, if X is a G-invariant k@-module, that is, there exists a module isomor-
phism 6,: 9X — X for any g € G. Then, as observed in [??], page 95, there exists
1_‘g‘<pg 0...0 9_1<pg 0 g = idsy,
where |g| is the order of g. We define an action of kQ * G on X by x-Ag = @41 ()
for any A\g € k@ * G and = € X. One can check that X is a k@ * G-module under
this action. O

a k@Q-module isomorphism ¢, : 9X — X such that 9

For a given G-invariant k@-module X, the map ¢, is not unique in general. Thus,
it is possible that there are many k@ * G-module structure on X induced by different
maps ¢4, g € G. How many non-isomorphic k@) * G-module structures are induced
on a given G-invariant k@-module? We can give an answer by the following lemmas.

Note that Hx is an abelian group. It follows that the regular representation kH x

kHx = P oi,
i=1

where all the g; are one dimensional irreducible H x-representations, r = |Hx| is the
order of Hx, and o; 2 o; if ¢ # j.

Since X is a natural Hx-invariant kQ-module, X has a kQ * H x-module structure
by Proposition 3.1. Therefore, o; ® X is also a k@ * Hx-module defined by

can be decomposed as

(l@x)Ag=lgRx-\g
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for any A\g € kQ *x Hx and [ ® = € p; ® X. Consequently, Homy (X, 0; ® X) is
a kH x-module given by

(fag)(@)=f(z)-g
for f € Homyq(X,0i ® X), g € Hx, and = € X; p; ® Endkg(X) is a kH x-module
given by

(®flg=lg® fag
for I® f € p; ® Endikg(X) and g € Hx. Note that all the representations p; are one
dimensional as k-vector spaces, one can check that

Homy (X, 0; ® X) = p; ® Endig(X)
as kH x-modules. Therefore, we have:

Lemma 3.2. Let X be an indecomposable kQ)-module. Then
(1) 0;®X = X ask@-modules and p; ® X is indecomposable as a kQ * Hx-module
for eachi € {1,2,...,7};
(2) ;X 20, ®X as IkQ x Hx-modules if i # j;

(3) X ®uo kQ x Hx = @ 0; ® X as kQ * Hx-modules;

(4) for any kQ* Hx —modu]e Y, if Y &2 X as kQ-modules, then there exists a unique
1€ {1,2,...,r} such that Y = p; ® X as k@ * Hx-modules. Hence there are r
non-isomorphic kQ * H x-modules induced from X.

Proof. (1) Note that for each 0 # [ € p;, there is a k@Q-module isomorphism
f+ X = 0; ® X given by x — | ® . We obtain that ¢; ® X is an indecomposable
k@-module, and hence an indecomposable k@ * H x-module.

(2) If 0 ® X = 0; ® X, we have 9; ® Endio(X) = 0; ® Endyq(X). Since
Endyg(X)/radEndig(X) = k and radEndyg(X) is closed under the action of Hx,
we have

0; ® Endyg(X)/radEndig(X) = 0; ® Endig(X)/radEndyg (X).

This means o; = o; as kH x-modules and we get a contradiction.

(3) By [13], Lemma 3.2.1, (0; ® X) @ X | (0; ® X) ®kq kQ * Hx, that is, o; ® X
is a direct summand of (g9; ® X) Qo k@ * Hx as k@ * Hx-modules. Then we
have 9, ® X | X Qi kQ * Hx, since g; ® X = X as k@Q-modules. Note that
0i ®X 2 0; ® X if i # j, hence we get that (@ Q“@X)‘X@kQ k@ x Hx, so that
X Qo kQ * Hx = @Qz ® X by [15], Proposition 1.8.

(4) Let Y be a IkQ * Hx-module such that ¥ = X as k@)-modules. Then Y is an

indecomposable k@ * Hx-module. Since Y | Y Qo kQ * Hx = X Qug kQ * Hx, it
is easy to see that there exists a unique ¢ € {1,2,...,r} such that Y 2 o, @ X. O
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Lifting to the k@ * G-module, we have:

Lemma 3.3. Let X be an indecomposable kQQ-module. Then

(1) (0i ® X) @osrix kQ*G = @ 9X as kQ-modules;

9e€Gx
(2) (0; ® X) Quowhx kQ * G is an indecomposable kQ * G-module;
(
(

)
3) (0i®X)Qugerx KQ*G 2 (0; ® X) ®uguix kQ * G as k@ * G-modules if i # j;
4) X @k kQ «G =2 P (0i @ X) Quowryx kQ x G as kQ * G-modules.

i=1

Proof. (1) Note that (0;® X)Quo«rx kQ*G = P 0;9X®gand ;X = X

9€Gx
as k@-modules, so we have (9; @ X) @ko«ux kQ+G= P X g P 9X.
g€Gx 9€Gx
(2) The result follows from the fact that (0; ® X) @xo«rx kQ*G = & 9X is an
geGx

indecomposable G-invariant k@-module.
(3) Suppose that (0; @ X) Qxosryx kQ * G = (0; @ X) Qugwryx kQ * G. We have
that o, @ X @ e | (0, @ X) Quortx kQ *G = P p; ® X @ g for the unit e of G.
IfoX®eXp ®X ®e, then g; ® X & Qjetg)f)( as k@ * Hx-modules. This is
a contradiction. If g; ® X ® e = p; ® X ® g for some e # g € Gx, we have X = 9X
as k@-modules. This is also a contradiction.
(4) Note that (9; ® X) Quoxrx kQ * G | (0; @ X) Quo«rx kQ * G Qg kQ * G,

by the statement (1) we have (0; ® X) Quo«ryx k@ * G &b 9X) ®kg kQ * G
9geGx
and (0, @ X) Quosax kQ * G | X ®kg kQ * G for any i € {1,2,... r}. Thus,

( @(91®X)®[KQ*HXU(Q*G> X®[KQ[KQ*G so that X®kaQ*G = @(Qz@X)®kQ*HX

i=1 i=1

k@ * G by [15], Proposition 1.8. O

By the above discussion, we get the main result of this section.

Theorem 3.4. Let G C Aut(kQ) be a finite abelian group. For any indecompos-

able kQ-module X and k@ x G-module Y such that Y = @ 9X as k@Q-modules,
geGx
there exists a unique i € {1,2,...,7} such that Y = (9; ® X) Quo«ux kQ * G. That

is, there are r non-isomorphic k@Q * G-modules induced from the indecomposable

G-invariant kQ-module @ 9X.
geGx
Therefore, a finite dimensional kQ-module Y is an indecomposable k@ * G-module

if and only if Y is an indecomposable G-invariant kQ)-module.

Proof. Let Y be a k@Q*G-module such that Y = @ 9X for some indecompos-
geGx
able k@Q-module X. Then Y is an indecomposable k@ * G-module. Note that since

Y|Y®kaQ*G%( 62 9X)®kaQ*Gand9X®kaQ*G%X®kaQ*Gfor
9elGx
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any g € G, we have Y | X ®kg k@ * G. Thus there exists a unique ¢ € {1,2,...,7}
such that Y = (9; ® X) Quowmy kQ * G.
Following from Proposition 3.1, we get that an indecomposable G-invariant

k@-module Y is a k@ * G-module and indecomposable. Conversely, for an indecom-

posable k@ * G-module Y, we have Y = ( P X j) with some indecomposable
=1 \geGx, s
k@-modules X1, Xs,...,X,. Since Y | Y Qo kQ+G = P P X, Qug kQ * G,

J=19€Gx;
J .
there exists j such that ¥ | X; Qg k@ * G. We denote by kHx, = @o! the irre-
Ti=0

ducible decomposition of k Hx; as Hx,-representations. Then there exists a unique Qg

such that Y = (o} ® X;) Ouqutx, kQ* G = @D X, as kQ-modules, so that Y is

indecomposable. 9€Cx; O

Following from this theorem, for any indecomposable k@-module X there are |H x|

indecomposable k@ * G-module structures on € 9X which are {(0; ® X) Quq+Hx
9€Gx
kQ*G: 1 < i< |Hx|}. And all the irreducible k@ * G-modules can be obtain in

this way.

For convenience, we denote
X = (0i ® X) Qugaerry kQ x G

foralli e {1,2,...,|Hx|}.

4. PROOF OF MAIN THEOREM

Let @ be a finite union of Dynkin quivers, let G C Aut(k@) be a finite abelian
group. In this section, we discuss the structure of the quivers I/‘c; and I‘@, and show
the duality of the Auslander-Reiten quiver I'g of k@Q).

For any g € G, we have obtained in Section 2 an autoequivalence functor Fj:
mod-k@ — mod-k@, X — 9X. Therefore, for any finite dimensional k@Q-modules
X,Y and Z,

(1) X %Y is an irreducible morphism if and only if 9X ENIS is;

(2) X % Y is a (minimal) left (or right) almost split morphism if and only if
ax % 9y is;

(3) a short exact sequence 0 — X oz By o 0 is an almost split sequence if
and only if 0 — 9X 2% 97 "2y 0y 4 0 s,

Denote by I'g the Auslander-Reiten quiver of k). Note that the quiver I'g con-
tains no multiple edges, Iy o Fyy = Fgyr and Fy-1 0 Fy = Idoa-xq for any g,¢’' € G,
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there is a natural action of G on I'g given by
g([X]) = PX],  g([X] = [Y]) = [’X] = [?Y],

such that G C Aut(T'g). Thus we obtain the generalized McKay quiver I:Zg of (Tg,G)
by the definition.

Let I denote the vertex set of I'g, ie, I = {[X]: X is an indecomposable
k@-module}; let J denote the set of representatives of the classes of I under the
action of G; let G denote the subgroup of G stabilizing i, for each i € I. Obviously,

Gi=Hx ={g€G: Fy(X) = X as kQ-modules},
if i = [X] for an indecomposable k@-module X. By the definition, the vertex set I
of I'g is
U{l} xirr Gy = {(i,0): i€ 3,0 € irrGi},

ied
where irr G; is the set of representatives of isomorphism classes of irreducible repre-
sentations of G;. Now, we write G as the product of some finite cyclic group, i.e.,

G = (g1) X (g2) X ... X (gn),

where the order of g; is m; for 1 <1 < n. Then, each G; has the form

ds di ds,,
Gi=1(91") x(g27°) X ... X (gn"™),
where v, := |<g;ji">| =my/di,, 1 <1< n, so that
G|
i =|ﬁi| = |G1| Zdil Xd12 X, Xdin.
For each [ € {1,2,...,n}, we assume that & is a primitive m;th root of unity. Let

€(i,s1, ,Sip,--»5ip ) be

Vip — 1 Vig — Vi, —1

i J18i ipJ28i Jnsi, digJ1_diyjo di,, jn
E § § §1 1§2 2...§nln”‘ng11 9527 L gn?m

J1=0 j2=0 Jn=0

Then one can check that {eg s, s,....s,)0 Si, € £/15,Z for all 1 <1< n}is a com-
plete set of primitive orthogonal idempotents of k[G;]. Note that each €(i,51, 51y r-rr51p )
corresponding to a unique irreducible representation ¢ of Gj is defined by the group

. d; s . ~
homomorphism ¢,: Gi =k, g;" — ¢dusu 1 <1< n; we reindex I by
T={(i,si,,50,.--,5,): 1€7T, 51, € Z/13, 7 for all 1 <1< n}.

Obviously, [T = 3 |Gil.

ied
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For any i = [X], j = [Y] € J, we consider the group G;; = GiNGj = (gt x
(g5) x ... x {gi»), where t; is the least common multiple of d;, and dj, for 1 <1 < n.
Note that the vector space Ejj spanned by arrows a: i — jin I'g is a k[Gjj]-bimodule
and is 1-dimensional as a k-vector space, the action of g = gil ggz ...gkr on Ejj is an
identity.

Next, we calculate

e(.ixsjws.m7 75.in)ae(i Siy»SigseeSipn )

T vi, —1vj —1 Vin =

E E E E g diy p18iy +djy q1sj, Ezinpnsinerjnqnsjn

2
|G| p1=0 pn=0 ¢1=0 qn=0
dj, q1 dj,, qn di; p1+dj; q1 di,, Pn+dj,, an
gt g (a)gy ! L gn Indn
We write
my 14
di,pr = Pty + ds, p}, where 0 < P < —, 0<p2<d—,
1 i
my tl
dj:,ql:]Dl,tl—’_djlql/ﬂ WhGI‘GOé.Pl/<?, O<q2<d—,
Ji

di,ki = (P, + P))t; + ds,p; modm;, where 0 < k; < 14,

for all 0 < I < n. Then the right-hand side of the equation becomes

ml/tl M [tn—

|G|2 Z §P tl(‘;n_gll) Z EP tn (85, —Siy,)

l/,l—l Vi, — 1t1/d —1 t/d‘1

Edu kysiy +dj, a5 é‘din kn siy, +dj,, a7, 85,

ki=0  k,=0 ¢,=0 q,=0
ds, ¢ ds,, @, diy krtdj, a5 di, ke +di,, @,
gt g () gy .o On .

It is easy to see that

ty
Skl<uil,0 ql'<—

Ju

forlglén}

ds, q ds,, q, diy k1+dj, diy, kntds, d,
{91Jl g (a)gy ! T gn e 0

is a linearly independent set. Thus €(5,55, 185 re-nr85 ) € (81, 151 v 511, ) # 0 if and only
if s5, = s5, modmy/t; for all 0 <1 < n. It follows that, for any arrow i — j in I,
we get an arrow (i, si,, Siy, .., 51,) = (J 85158520+, 8j,) in I'g for each sequence
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(SiysSigs -+« 3SinsSjisSjas- - -+ Sy, ) satisfying s;, = s5, modm;/t; for all0 <! < n. And
all the arrows in I/‘Z) can be got in this way.

In particular, if G5 O Gj, there are |G|/d; arrows from (i, si,, Sip, ..., Si,) tO
(J: 85148520+ -5 Sj,) In f‘;, for any irreducible morphism i — j. More precisely, if

n
|Gi/G;| = k, ie., > d;/di = k. Then, for any fixed vertex (j,sj,,Sjss- - Sj.)
=1

in I:Zg, there are k vertices (i, si,, i, - - -, Si, ) satisfying s;, = s;, modm;/d;, for all
0 <! < n. Thus we can reindex the set {(i, si,, Siz, ..., 5i,): i, € Z/v3,Z for all 1 <
| < n} by

{Gy 8545 Sjor - - -»850) s 1<t < kand s; € Z/v;,Z for all 1 <1< n},

so that there is an arrow (j, j,, Sjss - - -5 Sjn )" = (3 Sj1s Sjas - - - » Sj, ) for all t.
Similarly, if |Gj/Gi| = k, we can reindex the set {(j, Sj,, Sjps - - -, Sjn )¢ Sj, € Z/v3,Z
for all 1 <1< n} by

{(i, 51y, Sig, -+, 51,) 0 1 <t < kands; € Z/15,Z for all 1 <1 < n},

so that there is an arrow (i, Si; , Siy, - - -, 81, ) — (1, Siy, Sig, - - -, 55, )¢ for all £.

On the other hand, we consider the Auslander-Reiten quiver F@ of Ik@, where we
identify I‘@ with the Auslander-Reiten quiver of k@ * G. Following from the result
in Section 2, all the indecomposable k@ * G-modules (up to isomorphism) are

1:={2% [X]€7,1<i<|Hx|}.

Obviously, the vertex set | of I's satisfies [I| = ° |Hx|= Z |G| = 1.
X]ed ieJ
Before characterizing the arrows in I‘@, we need some facts.

Lemma 4.1 (see [15]). Let X,Y be indecomposable kQ-modules, let X', Y’ be
indecomposable k@ * G-modules. Then
(1) if X = Y is a minimal left (or right) almost split morphism in mod-kQ), then
X o kQ*G — Y Qo kQ + G is the direct sum of some minimal left (or right)
almost split morphisms in mod-k@ * G;
(2) if X’ = Y’ is a minimal left (or right) almost split morphism in mod-kQ * G,
then X' — Y’ in mod-kQ is the direct sum of some minimal left (or right)
almost split morphisms.

Lemma 4.2 (see [2]). Assume that XY, Z, 7' € mod-kQ and X,Y are indecom-
posable. Then
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(1) a morphism 8: Z — Y is irreducible if and only if there exists a morphism
B': Z' =Y such that (8,5'): Z® Z' — Y is a minimal right almost split
morphism in mod-k@;

(2) a morphism «: X — Z is irreducible if and only if there exists a morphism
o X — Z'suchthat (J)): X — Z&Z' is a minimal left almost split morphism
in mod-k@.

Let @ = (I,E) be a finite quiver. For any Q-representation X = (X;, X,), we
denote Ix :={i € I: X; # 0} and call it the support of X.

Lemma 4.3. Let Q = (I, E) be a finite union of Dynkin quivers and G C Aut(kQ)
a finite abelian group. For any indecomposable Q-representations X = (X;, X,,) and
Y = (V;,Y,), if the supports of X and Y are in the same connected component of @,
then we have
Hx CHy or Hy C Hx.

Proof. Let vertices i and j be in the same connected component of (). Suppose
that there exists an arrow between ¢ and j and |0;| > |0}|. Note that the connected
component is Dynkin, and there are at most three edges connections in Dynkin
diagram; we get |0;| = n|0}|, where n = 1,2, or 3. Clearly, G; = Gj if |0;| = |0}],
and G; C G; if |0;| > |0;|. By induction, we have G; C G, or G; C G, for any two
vertices ¢ and j in the same connected component of Q.

Moreover, it is easy to see that

HX: m Gi and Hy: ﬂ Gi.
i€lx i€ly

Hence Hx = G; for some i € Ix and Hy = G; for some j € Iy. We get the lemma.
O

Now, we consider the arrows in F@. Let X — Y be an irreducible morphism
in mod-k@. We suppose that Hx O Hy and denote Hx/Hy = {g1 + Hy,g2 +
Hy,...,gr+ Hy}. By Lemma 4.2, there exists a k@Q-module M satisfying 9Y is not
a summand of M, such that

k
X — (@ 9iy> oM
i=1

is a minimal left almost split sequence in mod-k@. By Lemma 4.1,

k
X @o kQ G — (@%YeakaQ*G) S M &g kQ * G,

i=1
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e, Z1@.. .0 ZMHxl 5 (V) g @ (Y NEE @ M ®yo kQ * G is the direct
sum of some minimal left almost split sequence in mod-k@ * G, where (@ i)@k =
Yip... oW forl <i< |Hy |.

—_——

k fold
Thus, there exist |Hx| arrows in I's corresponding to the irreducible mor-

phism X — Y. More precisely, by Lemma 4.1, there exists a permutation w on
{1,2,...,|Hx|} such that for each i there are irreducible morphisms 2 “() — %
forall ik <j<(i+1)k—1.

For the case Hx C Hy and |Hy /Hx| = k, we can get a similar conclusion: there
exists a permutation w on {1,2,...,|Hy|} such that there is an irreducible morphism
2t — < forall 1 <i<|Hyx|and ik <j < (i+1)k—1.

We are now in a position to give the proof of Theorem 1.1.

Proof of Theorem 1.1. Define a map ®: F@ — I/g as follows. For each irre-
ducible morphism X — Y in mod-k@, by Lemma 4.3, Hx = G; 2 Gj = Hy or
HX:GigG_j:Hy.

(1) If HX = Gi 2 G_j = Hy and |Hx/Hy| = k, k 2 1, then

P: @i’—)(j,Sjl,sz,...,Sj")
%W(j) = (ia Siyy Sigy e e Sin) = (ja Sj1sSjar - Sjn)t7
where ¢ = j mod k¢ and €(j,55, 155 rmr55,) 1 the idempotent of k|[Gj] corresponding
to the irreducible representation p; of Gj. Note that |Hx| = |Gi| and |Hy| =

|Gj|; ® defines two one-to-one correspondences between {27: 1 < j < |Hx|},
{Z%: 1 < i < |Hyl|} and {(i, si,, Sig,---»8i,): si, € Z/15,Z forall 1 < I < n},

{G) 8515 Sjas -+ S5n) Sj € Z/v5, Z for all 1 <1 < n}, respectively.

In this case, for the irreducible morphism X — Y, there are an arrow 2 «“() — &
in I'5 and an arrow (35 Sjrs Sjas - -5 85)" = (s Sjus Sjas - - -5 Sj,) 1D f(\g Let ® map
L9 5 W40 (3, 8515 Sias -+ -850 )" = (s 851 Sjas - - - Sy )-

(2) if Hx = Gj - Gj = Hy and |Hy/Hx| = k, k> 1, then
D %iH(i,sil,siz,...,si”)
@w(j) = (jvsjlvsjza .- 'asjn) = (iasinsiza .- ~asin)t7

where ¢ = 7 mod ki and €351, 81y 051, ) 1S the idempotent of k[Gj] corresponding
to the irreducible representation g; of Gj. Similarly, ® defines also two one-to-one
correspondences between the vertices in I‘@ and I'g corresponding to X and Y,

respectively.

In this case, for the irreducible morphism X — Y, there are an arrow 2% — #«(9)
in I'5 and an arrow (i, si,, si,,- -, 8i,) — (i, Siy s Sipy - -+, 8i,)" in f(\g Let ® map
X = U to (i, 84, 8y -5 51, ) = (1,51, Sigs - - - 51, )
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Then, it is easy to see that ®: I‘@ — I/‘Z) is a quiver isomorphism, and I'5 = I/‘ZQ

By [9], Propsoition 3.6, there is an action of G on I/‘Z) such that f‘zj = I/‘Z) =T¢q. The
proof is completed. O

5. AN EXAMPLE

In the end of this paper, we use an example to show the duality of (Q, G), (T'g,G)
and the valued quiver corresponding to (Q, G), whenever @ is a finite union of Dynkin
quivers and G C Aut(kQ) is abelian.

Let Q = (I, E) = Q1 U Q2 be the quiver

e————¢f e——————¢

5 o4 4 5 o) 4

and consider the group G = (a) x (b) = 7/27 x 7/27. We consider an action of G
on k@ as follows:

€1 €9 €3 €4 €5 ey ey €ezr  e4q ey
a €és €4 €3 () €1 €5 €eqr €ezr egyr eqr
b e1r €egr e3r ey ey €1 () €3 €4 €5

ap ay az ag o aofh oy a

a|l —ay —ag —ae —a1 —a) —ah —ah —a)
! /! /! !

b o] ah o3 oy o a3 oy

where ¢e; is the idempotent element of k@) corresponding to a vertex i, i € I. Then
one can calculate directly that the generalized McKay quiver of (@, G) is

Q\Z '(37Q0)

L

Y
o2
a \
B
where we take .# = {1,2,3} and gg, 01 are the non-isomorphism irreducible repre-
sentations of G3 = (a) = 7/27.

° (3’ 91)
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Since G is abelian, all the character of G are linear, i.e., the group homomorphism
X: G — k. The group of all the characters of G with multiplication xx'(g) =
x(9)x'(g), g € G, is also an abelian group, denoted by G. Setting v: G — G as
©0(9) = xg, Xg(g') = (—1)1r51Ht252 if g = g"1p'2 and ¢’ = a®1b%2, where t1,t9, s1, 52 €
{0, 1}, then ¢ is a group isomorphism.

Following from [15], we can define a linear action of G on k@ * G by g(Ah) =
Xg(R)AR, g € G, Ah € kQ * G. Then G C Aut(k@ * G) and under this action, we
can prove that (k@ * G) * G is Morita equivalent to k@ (see [9], Proposition 3.7).
Let e := > e; € kQ C k@ * G. Since ekQ * Ge = [k@ (see [3], Theorem 1) and the
action oflé'jon k@ * G stabilizes e, the action of G on k@ * G naturally induces an
action of G on Ik@ as follows:

| &1 e e@o) €GBy @ B 7
al ef €5 €3 €Bo) S0 &7 &P
bl e3 e €3 €30) & &8 &6y

where £1,£4,8&5,&6 € {1,—1}, the idempotent element e; corresponds to the vertex i,
i€ {T, 2, (3,00),(3,01)} and fg,Afg € k satisfy €364 = 1. Then, one can check that
the generalized McKay quiver @ of (Q, G) is just the quiver Q.

For any quiver (Q with an action of G on the path algebra k@, we can construct
a symmetric matrix B = (b;;) indexed by .# by setting

b 2|ﬁi|7 t=7;
v —|{edges between vertices in 0; and O;}|, i # j.

Let d; := %bm‘ = |0;| and D = diag(d;). Then C = (¢;;) = D™ B is a symmetrizable
generalized Cartan matrix indexed by .#. We write I' for the corresponding valued
graph, that is, I" has the vertex set .# and we draw an edge i—j equipped with the
ordered pair (|c;;|, |ci;|) whenever ¢;; # 0.

For our quivers Q and @, we denote by I' and T the corresponding valued graphs
(Q,G) and (@,G), respectively. By direct calculation, it is easy to see that the
generalized Cartan matrices of I' and T are

2-1 0 2-1 0
C=1-1 2-1 and C=[-1 2-2
0-2 2 0-1 2

Obviously, C is the transposed matrix of C'. Therefore I" and T are dual valued
graphs, in the sense of [12].
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Let I/‘Zg denote the generalized McKay quiver of (I'g, G) and I‘A the Auslander-
Reiten quiver of IkQ For the quiver Q Q1UQ> and the action of G ~7/27x7/27
given as above, we now show that I‘Q =I5 and I‘Q = I‘Q First, we consider all
indecomposable representations of Q. For 1 <i < j <5, we denote by X;; =
(X;, X,) the representation of Q1 with

k, ifi<<l<y; 1, ifa: k—1, wherei <k, <j;
X, = X0 =
0, otherwise, 0, otherwise.

We denote by P;, I; and S; the projective, injective and simple representation cor-
responding to vertex i, respectively. It is well-known that all the indecomposable
(Q1-representations are

Xu=Pi=5, Xieo=»P»h Xs=5L X, X5 = P,
Xoo = S, Xoz =1y, Xou, Xos, X33 = I3 =53,
X3q = Iy, Xss =15, Xua=0854, Xss=Fs, Xss=F=255

and the Auslander-Reiten quiver I'g, is

[P5] [S4] [11]
\ \ .
[P4] [X14] [12]
N\
[P5] [X24] [13]
\ NS
[Xas] [14]

Thus the Auslander-Reiten quiver I'g is a double copy of I'g, .
Secondly, following from the action of G on k@, the action of G = (a) x (b) =
2)27 x 7/27 is as follows: b(X;;) = X},
| X111 Xip Xi3 Xiy Xi5 Xpo Xoz Xos Xos Xsz Xsu X35 Xau Xus Xss
a|Xss Xus X35 Xos Xi5 Xas Xss Xos Xia Xsz Xog X1z Xoo X12 Xu

and the the action of a on X;; is given by a(X};) = X}, if a(Xi;) = Xy, where X,
is the indecomposable Qg-representatlon defined similarly to X;;. It is easy to see
that the action of G commutes with the Auslander-Reiten translate.
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By direct calculation, we have

—

A AVAYA
NN

This quiver coincides with the Auslander-Reiten quiver F@ of k@, so that fc\j =Tq.

At last, we remark that if the group is non-abelian, the conclusion is not true in
general. For example, let Q) be the quiver

-
.

We consider the action of Sz, the quiver automorphism group of Q). Accordingly, we
obtain the generalized McKay quiver @ of (Q, Ss) as follows:

It is well-known that the Auslander-Reiten quivers of k@) and Ik@ are

fo « NN\
\/\/\ NN
SN NN
NN\

One can check that there exists no subgroup G’ of Aut(lk@) such that the gener-
alized McKay quiver of (Q,G’) is Q, there exists no subgroup G’ of Aut(kQ@) such
that the generalized McKay quiver of (I'g, G’) is Is.
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