Czechoslovak Mathematical Journal

Dawood Hassanzadeh-Lelekaami; Hajar Roshan-Shekalgourabi
Associated primes of local cohomology modules of generalized Laskerian modules
Czechoslovak Mathematical Journal, Vol. 69 (2019), No. 4, 1101-1109

Persistent URL: http://dml.cz/dmlcz/147918

Terms of use:

© Institute of Mathematics AS CR, 2019

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/147918
http://dml.cz

Czechoslovak Mathematical Journal, 69 (144) (2019), 1101-1109

ASSOCIATED PRIMES OF LOCAL COHOMOLOGY MODULES
OF GENERALIZED LASKERIAN MODULES

DAwWOOD HASSANZADEH-LELEKAAMI,
HAJAR ROSHAN-SHEKALGOURABI, Arak

Received February 6, 2018. Published online June 4, 2019.

Abstract. Let T be a set of ideals of a commutative Noetherian ring R. We use the notion
of Z-closure operation which is a semiprime closure operation on submodules of modules
to introduce the class of Z-Laskerian modules. This enables us to investigate the set of
associated prime ideals of certain Z-closed submodules of local cohomology modules.
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1. INTRODUCTION

Throughout the paper, R is a commutative Noetherian ring with identity and all
modules are unitary. Also, a is an ideal of R and V'(a) is the set of all prime ideals
of R containing a. Let M be an R-module. For each ¢ > 0, the ith local cohomology
module of M with respect to a is defined as

Hy(M) = lim Extg(R/a", M).
neN

For the basic properties of local cohomology the reader can refer to [2] of Brodmann
and Sharp. An interesting problem in commutative algebra is determining when
the set of associated prime ideals of the local cohomology module H:(M) is finite.
Huneke in [7] raised the following conjecture: If M is a finitely generated R-module,
then the set of associated primes of H:(M) is finite for every ideal a and every i > 0.
Singh in [12] and Katzman in [8] gave counterexamples to this conjecture. However,
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this problem has been studied by many authors and it was shown that this conjec-
ture is true in many situations. In particular, it is shown in [9], Theorem B that if
for a finitely generated R-module M and an integer s, the local cohomology mod-
ules HE(M) are finitely generated for all i < s, then the set Assg(HZ(M)) is finite.
A few months later, it was shown in [1], Theorem 2.2 that under this assumptions,
Assp(HZ(M)/N) is finite for any finitely generated submodule N of HE(M).

Throughout the paper, Z denotes an arbitrary set of ideals of R. The notion of
Z-closure as a semiprime closure operation on submodules of modules was introduced
by the first author in [6].

Definition 1.1. Let M be an R-module and P a proper submodule of M.

(1) For a set of ideals Z of R, P is said to be Z-prime if P = (P :p; I) for each
I € T (see [6], Definition 2.1).

(2) Let N be a submodule of M. Recall that by the closure of N with respect to T
(or Z-closure of N), we mean the intersection of all Z-prime submodules of M
containing N, and designate it by Clz(IN). Moreover, N is said to be Z-closed
if N = Clz(N) (see [6], Definition 3.1).

Example 1.2. Suppose xi,...,z, is an M-sequence, where M is an R-
module, and I; = (z1,...,x;) is the ideal of R generated by z1,...,z; for each
jeA{l,...,n—1}. If 7 is the set of all ideals of R containing 1,...,z,, then I;M
is an Z-prime submodule of M for each j € {1,...,n —1}.

According to Kirby [10], a nonempty set Z of ideals of R is said to be closed if it
has the following properties: (1) If I C J and I € Z, then J € Z. (2) If {ar}rea

generate an ideal I of Z and {Ix}xea C Z, then > axIy € Z. For example, if p is
AEA
a prime ideal of R, then {I < R; I ¢ p} is closed. The intersection of all closed sets

of ideals which contain Z is called the closure of Z and is denoted by Z (for more
details see [10], Definition 4).

Lemma 1.3. If M is an R-module, then for each submodule N of M we have

Clz(N)={me M: Jm C N for someJEf}.

Proof. See [6], Theorem 3.8. O

Lemma 1.4. Let R be a commutative ring with identity and Z any set of ideals
of R. Then for any submodule N of M,
(1) if J € T for some ideal J C Ann(M), then Clz(N) = M, and
(2) if T = {R}, then Clz(N) = N.
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Proof. (1)Itis a direct consequence of Lemma 1.3. (2) By definition, Z = { R}
is a closed set of ideals of R. Thus, Lemma 1.3 implies that Clz(N) = N. O

Roughly speaking, if 7 is big enough, then Clz(—) is the biggest possible closure
operation, whereas if 7 is small enough, then Clz(—) is the smallest possible closure
operation. And then there is a lot of room in between.

In this paper, we first use the notion of Z-closure operation to introduce the
class of Z-Laskerian modules. This class includes all Noetherian modules and also
all Artinian modules. Moreover, this class is large enough to contain all weakly
Laskerian modules as well as all Laskerian modules. Notice that if we are able to
prove a statement about the submodule Clz(0) of M where 7 is arbitrary, then by an
appropriate choice of Z we can prove that statement for M. For example, it follows
from Lemma 1.3 that it is enough for us to take Z such that Ann(M) € Z. This
approach provides a common generalization of some previous results. For instance,
if 7 is arbitrary and we investigate associated prime ideals of Clz(0ys), then certainly
we obtain some results on Ass(M). As the main result of this paper, we show that
if M is an Z-Laskerian R-module and ¢ is a natural integer, then there is a finite
subset X of Spec(R) such that the set of associated primes of the Z-closure of the
zero submodule of HE(M) is contained in X united with the union of the sets of
associated primes of the Z-closures of the zero submodule of Ext’,(R/a, Hi(M)),
where 0 <7 < t and 0 < j < t?4 1. This result therefore generalizes the main results
of [1] and [3].

2. THE MAIN RESULT

Definition 2.1. An R-module M is said to be Z- Laskerian if the set of associated
primes of Clz(N)/N is finite for any submodule N of M.

Example 2.2. An R-module M is said to be Laskerian if any submodule of M
is an intersection of a finite number of primary submodules. Obviously, any Noethe-
rian module is Laskerian. Also, an R-module M is said to be weakly Laskerian if
the set of associated primes of any quotient module of M is finite (see [3]). Any
Laskerian module is weakly Laskerian. Obviously, Ass(Clz(N)/N) C Ass(M/N) for
any submodule N of M. Thus, an Z-Laskerian module is a generalization of a weakly
Laskerian module. In particular, any Noetherian module is Z-Laskerian for all Z.

In the sequel, the notation I'z (M) represents the Z-closure of the zero submodule
of M, ie., I'z(M) = Clz(0ar). According to [6], Lemma 3.10, case (3) we have
Clz(N)/N = Clz(0p/n) = I'z(M/N). Thus, M is Z-Laskerian if Assr(I'z(M/N))
is finite. For the purpose of applications throughout the paper, in the following
lemma we list some basic properties of I'z(—).
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Lemma 2.3. Let C(R) be the category of all R-modules and R-homomorphisms.

(1) I'z(—) is a covariant, R-linear and left exact functor from C(R) to itself.

(2) Let 0 - M’ - M — M"” — 0 be a short exact sequence of R-modules.
Then M is I-Laskerian if and only if both M’ and M" are Z-Laskerian. Thus
any subquotient of an Z-Laskerian module, as well as any finite direct sum of
T-Laskerian modules, is T-Laskerian.

(3) Let M and N be two R-modules. If M is Z-Laskerian and N is finitely generated,
then Ext% (N, M) and Tor®(N, M) are Z-Laskerian for all i > 0.

(4) Let M be an R-module such that Suppg(M) is finite. Then M is T-Laskerian.
In particular, any Artinian R-module is Z-Laskerian.

Proof. (1) For each R-module M, I'z(M) = Clz(0ps) is a submodule of M and
for a homomorphism f: M — N of R-modules we have f(I'z(M)) C I'z(N), and so
there is a mapping I'z(f): T'z(M) — T'z(N) which agrees with f on each element
of T'z(M). Tt is clear that, if g: M — N and h: N — L are further homomorphisms
of R-modules and r € R, then I'z(ho f) =Tz(h)oT'z(f), I'z(f +9) =Tz (f) +T'z(g),
Iz(rf) = rT'z(f) and I'z(Idps) = Idp,(ar). Thus, with these assignments, I'z(—)
becomes a covariant, R-linear functor from C(R) to itself.

Let 0 — L o LN 0 be a short exact sequence of R-modules and
R-homomorphisms. We must show that

0 ——T2(L) 2L o) 9 v

is still exact. It is clear that I'z(f) is a monomorphism and it follows immediately
from the last paragraph that I'z(g) o T'z(f) = 0, so that Im(T'z(f)) C Ker(T'z(g)).
To prove the reverse inclusion, let m € Ker(I'z(g)). Thus m € T'z(M) is such that
g(m) = 0 and I'm = 0 for some I € Z by Lemma 1.3. Now there exists [ € L such
that f(I) = m. For each r € I, we have f(rl) = rf(l) = rm = 0, so that rl = 0
because f is a monomorphism. Hence Il = 0. By Lemma 1.3, this implies that
1 € Tz(L), as required.

(2) We may assume that M’ is a submodule of M and M" = M/M’. If M is
Z-Laskerian, it is easy to see that M’ and M’ are Z-Laskerian. Now, suppose that
M’ and M /M’ are Z-Laskerian. Let N be an arbitrary submodule of M. Then by
part (1), the exact sequence

M’+N_>M
N

M
N "+

TN

induces the exact sequence
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Now, since
ASSRFI(M/N) - ASSRFI(M//MI ﬁN) UASSRFI(M/M/ + N)

and the sets Assp'z(M'/M'NN) and AssgT'z(M/M’ + N) are finite, it follows
that the set Assgp I'z(M/N) is finite, and so M is Z-Laskerian.

(3) We only prove the assertion for Ext modules, as the proof for Tor modules
is similar. Because R is a Noetherian ring and N is finitely generated, it follows
that N possesses a free resolution

dn— b 1
Fo: . F,-"ep T Bop MR 0,

t
consisting of finitely generated free modules. If F; = @ R for some integer ¢, then

. . t
ExtR(N,M) = H'(Hompg(F., M)) is a subquotient of @ M. Therefore, it follows
from part (2) that Exti (N, M) is Z-Laskerian for all i > 0.
(4) It is well-known that for every submodule N of M we have

Ass(Clz(N)/N) C Supp(M/N) C Supp(M).

O

Example 2.4. An R-module M is said to be minimaz if M has a finitely gener-
ated submodule N such that M/N is Artinian (see [13]). By Lemma 2.3, it follows
that any minimax R-module is Z-Laskerian for every 7.

Let a be an ideal of R. Then, by [11], Theorem 10.47, there is a Grothendieck
spectral sequence with E5? := Exth(R/a, HI(M)) = Ext% % (R/a, M). Let Fo, :=
P
{EL:} be the limit term of this spectral sequence. In the sequel, we show that if M
is Z-Laskerian, then E?:? is Z7-Laskerian for all p, ¢ with 0 < p < q.

Lemma 2.5. Let a be an ideal of R. If M is an T-Laskerian module, then E?:? is
Z-Laskerian for all p,q with 0 < p < q. In particular, Ass(I'z(E%2)) is finite for all
p, q with0 < p < q.

Proof. By [11], Theorem 10.47, the Grothendieck spectral sequence EY? :=
Ext?(R/a, H{(M)) converges to H?t? := Exth ?(R/a, M), hence, there is a finite
filtration

0= HIC pIHIC...C o'H1C o"HY = HY

of H? such that B2 = oPH? /Pt HY for allp = 0,1,...,q. Since M is Z-Laskerian,
by Lemma 2.3, it turns out that Ext%(R/a, M) is also Z-Laskerian. Hence, any
subquotient of H? is Z-Laskerian, as desired. O
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Theorem 2.6. Let a be an ideal of R. Let M be an T-Laskerian R-module and
let t be a natural integer. Then there exists a finite subset X of Spec(R) such that

Assp(Tz(Exth(R/a, HU(M)) € | Assp(Dz(Extl(R/a, Hi(M)))UX
0<i<t

<G<t?
forl =0,1. AL

Proof. Consider the Grothendieck spectral sequence
ED? = Ext?(R/a, HY(M)) = Ext% *(R/a, M).
P
We define the subset X of Spec(R) as

X:= |J Assp(Tz(Exth(R/a, H)(M)))) UAssp(Tz(EL)) U Assg(Tz(EL)).
0Kt +1

By Lemmas 2.3 and 2.5, X is finite. First, we consider the case [ = 0. So, we must
prove that
Assp(Pz(E9Y) € |  Assp(Pz(EJ")UX.

0<i<t
0<i<t?+1

From the choice of X, it is clear that we may assume M is a-torsion-free. By
Lemma 2.3, the exact sequence

0,t

d; . .
0 — Ker(d>") EYt —— phtmitl

induces the exact sequence

Iz (d)™")
0 B ——

I'z(Ker(d]")) Lz(E") Pr(E; )
Thus, we infer that

Assn(Tz(E}")) € Assp(Tr(Ker(d]"))) U Assp(Pz (B} ™)

for all i 3 2. Since B0 = 0, Ker(a?) = % Hence
(2.1) Assp(Pz(BM)) € Assp(Tz(BL,)) U Assp(Tr(BL )

for all ¢ > 2. Let n > t be an integer, and consider the sequence

d-mittn—1 40t
p-nttn-1 _n Fot
n

n

n,t—n+1
En .
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Since M is a-torsion-free, E™? = 0. Note that for each i > 2, the module

P.q
E'L'

is a subquotient of E}Y. Also, E%/ = 0 if either i < 0 or j < 0. Thus, we have

Ker(d%') = E% and Im(d,,™**"~!) = 0, and so

(2.2) Byt =Ker(d%')/Tm(d ™1y = Ot

~

Using (2.2) successively for all n > ¢, we get E?th1 >~ E?J:Q =~ ... = E%. Now, by

iterating (2.1) for all i = 2, ..., ¢, we deduce that
(2.3) Assp(Tz(EYY) U Assp(Pz(EX"y)u x.
It is enough (for the case | = 0) to show that

Assp(Tz(EH—1) U Assp(Tg(EFH—kithy)

for all i = 3,...,t. By Lemma 2.3, the exact sequence

ki, t—kitk

0 5 Ker(dfz,t—kz—kk) Efz,t—kz-i—k i Ei(k+1)1,,t—(k+1)z+k+1

induces the exact sequence
0—— I‘I(Ker(dfi,tfkwrk)) - I—\I(Efi,tszdrk)

r (dfi,t—ki+k) o .
T FI(Ei(k—i-l)z,t (k+1)z+k+1).

Since
I\I(Ker(dfz,tfkﬂrk)) g FI(Ker(dlzm,tfk'Hrk)) g I\I(E;m,tfkwrk)

and EP? = 0 for all ¢ < 0, by using the above exact sequence successively for

k=1,2,...,t, we deduce that

t
(2.4) AssR(I‘I(E;’t’“r1 U ssp(T Ekzt kz+k))
k=

Therefore, it follows from (2.3) and (2.4) that

Assp(Tz(E3") € | Assp(Tz(ES") U X.

0<i<t
0t +1

By an argument similar to case | = 0 we can show that

Assp(Tz(Ey") € | Assp(Tz(ES') UX.

0<i<t
0t +1

This completes the proof.
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In [5], Hartshorne defines an R-module M to be a-cofinite if Suppr(M) C V(a)
and Ext%(R/a, M) is finitely generated for all i > 0. He asks when the local coho-
mology modules of a finitely generated module are a-cofinite. An R-module M is said
to be a-weakly cofinite if Suppr(M) C V(a) and Exths(R/a, M) is weakly Laskerian
for all 4+ > 0 (see [4]). If M is weakly Laskerian, then M is a-weakly cofinite. In
particular, if either M is finitely generated or Artinian, then M is a-weakly cofinite.
Every a-cofinite module is a-weakly cofinite. As a direct consequence of Theorem 2.6
and Lemma 1.4, case (1), we obtain the following extension of [3], Corollary 2.6
and [1], Theorem 2.2.

Corollary 2.7. Let a be an ideal of R and M an Z-Laskerian module. Lett € Ny
be an integer such that H:(M) is a-weakly cofinite for all i < t. Then, the sets of
associated primes of Tz(H!(M)) and of Tz(Exty(R/a, HL(M))) are finite.

Proof. Lett=0. Then H)(M) is a submodule of the Z-Laskerian module M.
Thus, the assertion follows from Lemma 2.3. Now assume that ¢ > 0, and let
i < t be an integer. Since H:(M) is a-weakly cofinite, for any j > 0 we have
that Ext%(R/a, Hi(M)) is weakly Laskerian, and so AssR(I‘I(Ext%(R/a, Hi(M))))
is finite. We infer from Suppy(HEL(M)) C V(a) that

(2.5) Assp(T'z(Homg(R/a, HL(M)))) = Assg(Hompg(R/a,z(HL(M))))
= Asspr(Tz(HL(M))) NV (a) = Assr(Tz(HL(M))).

Consequently, the result follows from Theorem 2.6. O

As we mentioned, Corollary 2.7 is a generalization of [3], Corollary 2.6 and [1],
Theorem 2.2, since it clearly implies these results by Lemma 1.4, case (1) when
one chooses an Z with Ann(M) € 7 (e.g. T = all ideals). Also, we point out that
according to Lemma 1.4, {all ideals}-Laskerian is the same as weakly Laskerian,
whereas the { R}-Laskerian property is trivially satisfied by all R-modules.

Let M be a finitely generated R-module. It is shown in [9], Theorem B, case (/)
that if ¢ is an integer such that Suppg(HE(M)) is finite for all i < ¢, then the set of
associated primes of H!(M) is finite. By Lemma 2.3, case (4) any R-module with
finite support is Z-Laskerian. Hence, the next corollary generalizes [9], Theorem B,

case (/).

Corollary 2.8. Let a be an ideal of R and M an Z-Laskerian module. Lett € Ng
be an integer such that H:(M) is an Z-Laskerian module for all i < t. Then, the
sets of associated primes of T'z(H%(M)) and of I'z(Exth(R/a, HL(M))) are finite.
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Proof. It follows from Lemma 2.3, case (3) and Theorem 2.6 that the sets of
associated primes of I'z(Homg(R/a, H:(M))) and I'z(Extk(R/a, HL(M))) are finite.
Moreover, in the light of Equation (2.5) we have

Assp(Tz(HL(M))) = Assg(Tz(Hompg(R/a, H,(M)))).

This completes the proof. ([

Acknowledgment. The authors are grateful to the referee for his/her useful
comments which greatly improved the paper.
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