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Abstract. We prove the short-time existence of the hyperbolic inverse (mean) curvature
flow (with or without the specified forcing term) under the assumption that the initial
compact smooth hypersurface of R"™! (n > 2) is mean convex and star-shaped. Several
interesting examples and some hyperbolic evolution equations for geometric quantities of
the evolving hypersurfaces are shown. Besides, under different assumptions for the initial
velocity, we can get the expansion and the convergence results of a hyperbolic inverse mean
curvature flow in the plane R?, whose evolving curves move normally.
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1. INTRODUCTION

The study of curvature flows has been a hot topic in the research of differential
geometry in the past several decades. It is well known that Perelman used the Ricci
flow, an intrinsic curvature flow, to successfully solve the 3-dimensional Poincaré
conjecture. Among extrinsic curvature flows, an important one is the mean curva-
ture flow (MCF for short), which means a submanifold of a prescribed ambient space
moves with a velocity equal to its mean curvature vector. A classical result in the
study of MCF due to Huisken (see [11]) says that for a strictly convex, compact
hypersurface immersed in R"*! (n > 2), if it evolves along the MCF, then the evolv-
ing hypersurfaces contract to a single point at some finite time, and moreover, after
area-preserving rescaling, the rescaled evolving hypersurfaces converge to a round
sphere in the C*°-topology as time tends to infinity. Many improvements have been
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obtained after this classical result. Besides, the theory of MCF also has some interest-
ing applications. For instance, Topping in [21] used curve shortening flow on surfaces,
which is the lower dimensional version of MCF, to get isoperimetric inequalities on
surfaces. The theory of curve shortening flow can also be used to do the image pro-
cessing (see, e.g. [4]). The MCF is called the inward flow, and conversely, the inverse
mean curvature flow (IMCF for short), which means a submanifold of a prescribed
ambient space moves in direction of the outward unit normal vector of the submani-
fold with a speed equal to 1/H (H # 0 denotes the mean curvature), is called the
outward flow. The IMCF is also a very important extrinsic flow, which has many in-
teresting and important applications. For instance, the evolution of non-star-shaped
initial surfaces under the IMCF may have singularities in finite time, but, through
defining a notion of weak solution to IMCF equation, Huisken-Ilmanen in [12] proved
the Riemannian Penrose inequality by using the method of IMCF (the Riemannian
Penrose inequality can also be proved by applying the positive mass theorem, see [1]
for details). Using the method of IMCF, Brendle, Hung and Wang in [2] proved
a sharp Minkowski inequality for mean convex and star-shaped hypersurfaces in the
n-dimensional (n > 3) anti-de Sitter-Schwarzschild manifold, which generalized the
related conclusions in the Euclidean space R™.

The corresponding author Mao has been working on IMCF for several years and
has also obtained some interesting results with his collaborators. For instance, Chen
and Mao in [5] considered the evolution of a smooth, star-shaped and F-admissible
(i.e.,, F' is a 1-homogeneous function of principal curvatures satisfying some suit-
able conditions) embedded closed hypersurface in the n-dimensional (n > 3) anti-de
Sitter-Schwarzschild manifold along its outward normal direction with a speed equal
to 1/F (clearly, this evolution process is a natural generalization of IMCF, and we
call it the inverse curvature flow, we write ICF for short). They proved that this
ICF exists for all the time and, after rescaling, the evolving hypersurfaces converge
to a sphere as time tends to infinity. For warped products I X () N", where I is an
unbounded connected interval of R (i.e., the set of real numbers) and N is a Rieman-
nian manifold of nonnegative Ricci curvature, under suitable growth assumptions on
the warping function A(r), Chen, Mao, Xiang and Xu [6] successfully proved that if
an n-dimensional (n > 2) compact C*“-hypersurface with boundary, which meets
a given cone in I X () N™ perpendicularly and is star-shaped with respect to the
center of the cone, evolves along the IMCF, then the flow exists for all the time
and, after rescaling, the evolving hypersurfaces converge to a piece of the geodesic
sphere as time tends to infinity, which generalized the main conclusion in [15]. In
fact, except these interesting improvements for IMCF or more general ICF obtained
by Mao and his collaborators, recently there are several interesting conclusions also
on this topic, which we would like to mention. The IMCF has been investigated
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deeply in warped cylinders of nonpositive radial curvature by Scheuer (see [19]) and
in warped products (with suitable growth assumptions on the warping function) by
Zhou (see [23]). The IMCF in complex hyperbolic spaces or quaternionic hyperbolic
spaces, whose geometry is richer than that of warped products, has been initially
studied by Pipoli (see [16], [17]), and some interesting results have been shown.

We know that the MCF and the IMCF describe the motion of a prescribed sub-
manifold, that is, the velocity d/dt equals some scalar multiple of the unit normal
vector of the submanifold. If the velocity d/dt is replaced by the acceleration d?/d¢?,
what happens? Yau in [22] suggested the curvature flow

d2X .

where, as before, H denotes the mean curvature and 7 is the unit inner normal vector
of the initial hypersurface X (-,0), and pointed out very little about the global time
behavior of the evolving hypersurfaces. The curvature flow (1.1) can be seen as the
hyperbolic version of MCF, and that is the reason why it is called the hyperbolic mean
curvature flow (HMCF for short). In fact, if M is an n-dimensional (n > 2) smooth
compact Riemannnian manifold and X(-,¢) is a one-parameter family of smooth
hypersurface immersions in R"*! satisfying (1.1), where X (-,0) is the hypersurface
immersion of M into R"*1, then it is not hard to show that (1.1) is a second-order
hyperbolic PDE, which is used to get the short time existence of the flow (see [9],
Section 2 for details). Mao in [14] considered a hyperbolic curvature flow whose form
is given by (1.1) plus a forcing term in the direction of the position vector, that is,

*°X
ot?

= Hii+ c(t)X

with ¢(t) a bounded continuous function w.r.t. the time variable ¢ only, and success-
fully improved most conclusions in [9] under suitable assumptions.

Based on our research experience on the ICF and the HMCEF, it is natural to
consider the hyperbolic version of the IMCF.

Let My be a compact, mean convex, star-shaped smooth hypersurface of the
(n + 1)-dimensional Euclidean space R"™! (n > 2), which is given as an embed-
ding

Xo: S" — R™HL,

where S® C R™*! denotes the unit sphere in R"*!. Define a one-parameter family
of smooth hypersurfaces embedded in R"*! given by

X(1): S" = R
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with X (-,0) = Xo(-). We say that it is a solution of the hyperbolic inverse mean
curvature flow (HIMCF for short) if X (-,¢) satisfies

d2

(1.2) T

X(z,t) = H Y(x,t)(z,t), Yz eS", t>0,

where H(z,t) is the mean curvature of X (z,t), ¥(x,t) is the unit outward normal
vector on X (x,t). If X(-,0) = Xo, dX/dt(-,0) = Xi(z) with X;(z) a smooth
vector-valued function on S™, then one can get the existence of the one-parameter
family of smooth hypersurfaces X (-, ¢) embedded in R"! on the time interval [0, T)
with T' < oo (see Theorem 2.1 for the precise statement). Besides, under different
assumptions for the initial velocity, we separately discuss the expansion and the
convergence of a HIMCF in the plane R2, whose evolving curves move normally, in
the last section (see Theorem 5.9 for the precise statement).

Remark 1.1. As mentioned before, some interesting conclusions about IMCF
or ICF can be generalized from the setting that the ambient space is the Euclidean
space to the setting of warped products (see, e.g. [5], [6]). Hence, one might ask the
following question:

> If we consider the HIMCF or the HICF (see Remark 2.2 (2) below for this notion)
in the warped product I X () N™ with I an unbounded connected interval of R
and N™ a Riemannian manifold of nonnegative Ricci curvature, could we get
results similar to this paper under some suitable assumptions on A(r)?

2. LOCAL EXISTENCE AND UNIQUENESS

Denote by M; the evolving hypersurface under the flow (1.2). Since My is star-
shaped, M; should also be star-shaped on [0,¢) for some sufficiently small € > 0 by
continuity. Let the surface M; be represented as a graph over S, i.e., the embedding
vector © = () now has the components

gt = u(x,t), '’ = xi(t)a
with (%) local coordinates of S™. Furthermore, let £ = (£¢%) be a local coordinate

system of M, which implies the graphic function u can be written as u = u(z(£),t).
Clearly, the outward unit normal vector in (z,u) has the form

7 =v"'(~=Dju,1),
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where

ou
Diu = — = uy,

ox*
v=~1+u"?Du>)"? = (1 +u 26" D;uDju)'/?,

and where (0;;) being the metric of S in the coordinates (z?) and naturally (o%)
being its inverse. Therefore, now, the Euclidean metric can be written as

ds? = dr? + r20ij dz? da.
Then the evolution equation (1.2) now yields

. P 1 @ et
dt? Huv dt? Hvu

On the other hand, by the chain rule, we have

du ou dzt  du

At~ Ozt dt +E’

and

@_( 0%u dij_’_ 8QU)d_xi+8ud2xi+82u dxi_’_@
dt?  \0zidxi dt ~ 9z'0t/ dt ~ 9« dt>  Oxiot dt Ot
Substituting (2.1) into the above equation yields

Pu  d%u Ou d35? 0%u  dzd da? 0%y dz?

o7 = mwar ~ Gwaw ar ar t 2oewdr)

L py Bua O did i

Hv ! Huv Oxrtoxd dt dt ortot dt
:E_( 0%u dijdxi_i_ ﬂdxz)

H Oxi0xd dt dt Oxiot dt /-

Let ¢ = logu. For a graph M, over S™, the metric has the components
gi; = wiwj + w0 = u* (05 + ip;),

and their inverses are

Besides, v can be expressed as
v=(1+ u*20ijDiuDju)1/2 =(1+ aijDigonga)l/Q = (1+ |Dyp|*)'/2,
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and the second fundamental form can be given as

L 1( 2 u uij+ 2
ii — —— | Uj; —UO;; — —U;U; )| = — | OG5 — — —U;Uj
J v J J U J v J U u? J
u< Ui — Uiy uiuj) u(
=—\oy — + = —\0ij — Yij T ip; |-
v J uz ug v J J J

Therefore, the mean curvature is

iy _ Vip;\ U
H=g"hij =u 2(%' - ;23) ' E(UU ~ Pij +WW)

1 ; ; ool i .
:—(n—ffw%j‘FU”sOWj— e +5080<p,__8080</?%0])

uv V2 v2 7Y V2
1 g ol

= —(n+ (—O'” + Sof )Soij)-
wUv v

So, together with (2.1), we can obtain the equation

ny P (Tt o i
’ o2 n+ (=0l + ipi [v2) g Orioxd dt dt oziot dt /)
Note that
ote tha 9o 1ou
ot wuot’
then together with (2.2), we have
0%p 10%u 1 /0u\2 V2
(2:3) —22——2——2(—) = i T ool oo
ot u o2 w2\ ot n+ (=0 4 pipl [v?)p;;
1/ 0%u dz'dal 0%u dat 0p\2
2o arar + 2awa i)~ (5r)
Tt (=0 + il [u2)py
da® dz? da? Jp\ 2
— |(pij + %@])EE + 2(pat + wipt) 1 } - (E) .
Let
02

(b(ma Pijs Pits Piyr Pt SO) = n -+ (—O'ij ¥ SOZSOJ/UQ)SOZJ

da* da? da? Op\ 2
- [teu+ oo G o + 2en + o] - (57)

Consider the matrix

1, dz'da! 1, dz'da"
—gt - ... =g ——
H? dt dt H? dt dt
<8¢ )_ . .
0w, lt= - . . )
T L a1 denden
w2y T a7 mHY T Tar
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which, by a suitable linear transformation, becomes

1 11 1 in
w2t o mY
]‘ nl ]‘ nn
mz? o omY

where Hj is the mean curvature of the initial hypersurface My. Clearly, this ma-
trix is positive definite since My is mean convex, which implies that the evolution
equation (2.3) is a second-order uniformly hyperbolic PDE on some small time inter-
val [0,1). By applying the standard theory of second-order linear hyperbolic PDEs
(see, e.g. [7], Chapter 7 or [10]), together with the inverse function theorem, we have
the following short-time existence.

Theorem 2.1 (Local existence and uniqueness). If the initial hypersurface My is
a compact, mean convex, star-shaped smooth hypersurface of R"*1 (n > 2), which
is given as an embedding
Xo: S" — R

then there exists a constant Tyax > 0 such that the initial value problem (IVP for

short)
dat?
(2.4) ax B
e @0) = i),
X(x,0) = Xo(x),

X(x,t) = H Yz, t)P(x,t), VaeS" t>0,

has a unique smooth solution X (z,t) on S™ X [0, Tyax), where X;(x) is a smooth
vector-valued function on S™.

Remark 2.2. (1) If the IVP (2.4) is replaced by

2
%X(m,t) = H Yz, t)U(z,t) + c(t) X (z,t), Yz S, t>0,
2.5 dX
B9 w0 = x@),

X(J), O) = XO(£)7

with ¢(t) a bounded continuous function w.r.t. to ¢, and other assumptions are the
same as those in Theorem 2.1, then one can also get the local existence and uniqueness
of the forced HIMCF (2.5) since the first evolution equation in (2.5) is a second-order
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hyperbolic PDE by nearly the same argument in this section. Although we only add
a forcing term c(t)X (z,t) in the direction of the position vector, the convergent
situation of (2.5) will be much different from (2.4), which can be seen from examples
shown in Section 3 and Remark 3.3.

(2) Let F' be a symmetric, positive, 1-homogeneous function defined on an open
cone I of R™ with vertex at the origin, which contains the positive diagonal, i.e., all
n-tuples of the form (A, ..., ), A > 0. Assume that F' € C°(T)NC?(T) is monotone,

concave, i.e.,

gﬁ: >0, 1=1,2,...,n,inT,
2
aing <0
and that
F=0 ondl.
We also use the normalization convention F'(1,...,1) = n + 1. Based on Gerhardt’s

work (see [8]) on the ICF in R™*!, we can consider the IVP

2
%X(x,t) = FYa,t)i(x,t), Yz eS" t>0,
2.6 dx
20 e (0.0) = Xi(2),

X(z,0) = Xo(z),

where I’ defined on I is a function of principal curvatures described as above, and
other assumptions are the same as those in Theorem 2.1. Clearly, the IVP (2.4) is
a special case of the IVP (2.6), and the first evolution equation in (2.6) is a hyperbolic
version of the ICF, which leads to the fact that we call it the hyperbolic inverse
curvature flow (HICF for short). We claim that the hyperbolic flow (2.6) also has
a unique smooth solution X (x,t) on S™ x [0,T2) with some T5 > 0. Using the
argument in Section 2, together with the first evolution equation of (2.6), one can
obtain the evolution equation

0% v dz® dad dz? Op\2
2. —_— = —— — iq P )—— ——— 2 i i —_— — | = .
@7) o~ uF [(¢J+Wp3) a ar T Hent o) dt} (5‘t>

Denote by M(I") the class of all real (n x n)-matrices whose eigenvalues belong to I
Then one can define a function F on M(T') as

Fla) = F(X),
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where (A\?) are the eigenvalues of the matrix (a*). It has been proven in [3] that the
monotonicity and concavity of F' now take the form

(2.8) Fij = gj; is positive definite,
and
2
(2.9) Fijrs = % is negative semidefinite.

Consider the tensor

i L K, PP
= o — ik _
h; — g" hk] = o |:(5; + ( ot —+ 02 )QD]W:| .

Define the symmetric tensor

~ 1 . ~
hij = §(Uikh? + ijhf),
where
0ij = 0ij + @ip;-
Set
hij == ;hij =v" (03 — pij + ©ipj),

then, together with (2.7), we have

2 i i i
%Tf N f(%ij) = [+ ‘pi‘pj)%% 20+ %wt)ddit} - (%)2’
where the nonlinearity F depends only on Dy and D?.
Now, we do the linearization process. Setting
Q(p, Dy, D*p) := f(%ij) — |(wij + soisaj)dd—fdd—xtj + 2(pit + %sot)dd—ii} - (%—f)z,
one can obtain
Q 1 OF 0hy  da'da’ 1 9F  da'dal

ij = = — — — — _—— —— — _—
@ 0pij fQ(h”) ah” 0pij dt dt v2F? ah” dt dt

Therefore, we have

0% i dz?
9z Q" pij — 2Pt t I(z, i, 01, 9),

41



where the last term I(z,p;, ¢, ) depends only on z, ¢;, @i, . The coefficient
matrix of the terms involving second-order derivatives of ¢ in the above evolution
equation is

1 _da? _dam
dt o dt
dz! 1 0F datds! 1 0F datdz™
W vFEg. @ d ARG d @
dz™ 1 OF dz™ dat 1 OF dz™ da™
At v Fgp,, At At T WPy dt dt

which, by a suitable linear transformation, becomes

-1 0 - 0
0 1 OF 1 oOF
VAF2 Ohyy,  VAFP 8711n
(2.10) . . ,
0 L 9F L or
UQ]:Q 871n1 o UQ]:Q 8Enn

which, by (2.8) and (2.9), implies that the matrix (2.10) is negative definite. So,
the equation is a second-order uniformly hyperbolic PDE. Our claim follows by the
standard theory of second-order linear hyperbolic PDEs.

(3) Although we can also get the short-time existence of the IVP (2.6), in this
paper we mainly discuss the IVP (2.4) since if the initial hypersurface My is more
special (e.g., sphere, cylinder), the evolution equation of the flow, which in general
is a second-order hyperbolic PDE, degenerates into a second-order ordinary differ-
ential equation (ODE for short) and then the convergent situation of the evolving
hypersurfaces can be easily known by directly checking the explicit solution to the
ODE (for details, see examples shown in Section 3).

3. EXAMPLES

In order to possibly understand the convergence of HIMCF (2.4) well, we would
like to consider the following interesting examples in this section.

Example 3.1. Consider a family of spheres (or circles) in R"*! (n > 1)

X (z,t) = r(t)(cos b1, sin 61 cos ba, sin by sin O3 cos b5, . . .,

sin 07 sin @y sinfs . . .sin 6,1 cos O, sin Oy sinfs sin b5 . . .sin h,,_1 sinb,,),
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where 601 € [—%n, %n], 05 € [0,2n] for § =2,3,...,n. The mean curvature H of the
evolving sphere (or the curvature k of the evolving curve) is

1
H:ﬁ, nz2 (ork=-, n=1).
T r
In this setting, the HIMCF (2.4) becomes

r
Tt = —,

3

(3.1)
r(0) =79 >0, 7:(0)=r,

for some constant r1. Solving (3.1) directly yields

1 1
rt) = 5(7"0 + iy )e V4 5(7“0 — /iy etV

on [0, Tyax) for some 0 < Tiax < 00, and then we have:

> If ro++/nr1 > 0, then Thax = oo (i.e., the flow exists for all the time). Moreover, if
furthermore, rg —/nr1 < 0, the evolving spheres (or circles) ezpand exponentially
to the infinity, and if furthermore, 79 — \/nr; > 0, then the evolving spheres
(or circles) converge first for a while and then ezpand exponentially to the infinity.

> If 7o + /nry = 0, then r(t) = /nrge~ V™", which implies Tiax = oo and the
evolving spheres (or circles) converge to a single point as time tends to infinity.

> If ro++/nry < 0, then Tax = v/n/nin((y/nr1 —ro)/(v/nr1 + o)) and the evolving
spheres (or circles) converge to a single point as t = Tiax.

From the above argument, at least we can get an impression that the convergent
situation of the HIMCF (2.4) is much complicated and has close relation with the
initial data.

Example 3.2. Now, we would like to consider the cylinder solution for the
HIMCF (2.4) in R? which has the form

X(x,t) = (r(t) cos a, r(t) sin o, p),
where « € [0, 27, ¢ € [0, 0o] for some gy > 0. The mean curvature is

1
H=-.
r

Besides, the outward unit normal vector of each X (-, %) is ¥ = (cos «, sin «v, 0). There-
fore, in this setting, the HIMCF (2.4) becomes

(3.2) {7’(0) =79>0, 70)=r1,
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with X;(x) = (r1 cosa, ri sina, o) for some constant r1. Solving (3.2) directly yields

1 1
r(t) = 5(7“0 +ry)el + 5(7”0 - 7“1)67lt

on [0, Tiax) for some 0 < Tipax < 00. It is not difficult to know that:

> If 7o + 1 > 0, then Tihax = oo (i-e., the flow exists for all the time). Moreover,
if furthermore, ro — r; < 0, the evolving cylinders expand exponentially to the
infinity, and if furthermore, 7o — 71 > 0, then the evolving cylinders converge first
for a while and then expand exponentially to the infinity.

> If 7o +r1 = 0, then r(t) = rge™!, which implies Thax = oo and the evolving
cylinders converge to a straight line as time tends to infinity.

> If 7o + 71 < 0, then Thax = In((r1 —79)/(ro +71)) and the evolving cylinders
converge to a straight line as t — Tiax.

Of course, as shown in Example 3.1, one can also consider the high-dimensional
case of Example 3.2, i.e., the generalized cylinder solutions to the HIMCF (2.4). How-
ever, through a simple calculation, one can easily find that, similarly to the sphere
case, there is no obvious difference between Example 3.2 and its high-dimensional

version.

Remark 3.3. If the HIMCF (2.4) is replaced by the forced HIMCF (2.5) in
examples shown above, then the convergent situation will be more complicated. For
instance, if the replacement has been made in Example 3.1 with n = 2, then (3.1)

T = %7' + c(t)r,
r(0) =19 >0, 7(0)=r1.

will become

Denote the solution to the above IVP by r(t). Since c(t) is bounded continuous,
there exist ¢™, ¢* such that ¢~ < ¢(t) < ¢*. Consider the IVPs

T = %r +cr,
r(0) =19 >0, r(0)=r,

and .
{ Ty =57+t

r(0) =r9 >0, 7(0)=r,

whose solutions are denoted by 7~ () and r*(t), respectively. Clearly, r~(t) < r(t) <
r*(t). So, the convergent situation of r(¢) deeply depends on that of r~ (), r*(¢)
which is not simple. This is because one has to discuss the sign of (¢~ + %), (¢t + %),
which leads to the fact that the convergent situation of r(¢) here will be more com-

plicated than that described in Example 3.1.
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4. EVOLUTION EQUATIONS OF SOME GEOMETRIC QUANTITIES

From the evolution equation for the HIMCF (2.4) we can derive evolution equa-
tions for some geometric quantities of the hypersurface X (-, ), and these equations

will play an important role in the future study of the HIMCEF.
Lemma 4.1. Under the HIMCF (2.4), we have
0X; 0X;

3291'3' -1
g = 2 = 2,

where in this section (,) denotes the inner product corresponding to the metric
ds? = dr? + r?0;;da’da? in R™HL

Proof. By direct computation we have

0? 9% 10X 0X o/, 02X 09X 0X 82X
@g”’:@<axi’%>:&<<axiat’@>+<axi’axa‘at>)

PX 09X PX 09X PX 92X
:<at2axi’%> <W’%> <M’W>

=29 55 + i )
=2~ v 5. 55 )+ )

— 20y + 2<8;§", %>,

which completes the proof of Lemma 4.1.

Lemma 4.2. Under the HIMCF (2.4), we have

+ 996" (7, a;? ) (<%,Xl> +2(X;, %»xk.

Proof. First, we have
i 0X
oxJ

7 7 .. 2
5 = (339" 3 = ()
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Then, by direct computation, it follows that

P 00 PX\ ,0X . BX \ OX /. 09" OX
o _<E’M>g @_<V’ 8t28xi>g @_< 8t5‘xl> ot 89
(v ﬂﬁij&
" Otoxt OtoxI
- 0X

2
=g kl< a?fafk><%’ i@il>% - <177 aii (H*ll/)>g Eye
+ (v o2 X> it 00k 0X (v 82X> 02X

" otox ot 001 \" otowt /7 otows
=0 s~ {7 s s 00" i)
(o 51) 5 1)) o
= G g~ (R ) o ()
(T + 20 ) X
which completes the proof of Lemma 4.2. O

Before we derive the evolution equation for the second fundamental form h;;, we
need to recall the following facts:

(4.1) Xij = —hyv, Gauss formula,

(4.2) v; = hijgijk, Weingarten formula,
(4.3) Rijki = highji — hithji,  Gauss equation,
(4.4) hije = ik j, Codazzi equation,

where R;j,; denote the components of the Riemannian curvature tensor on M,
a comma means the start of covariant differentiation except specifications. Here,
clearly, X;; = X; j, and we write X;; just for convenience. This convenient writing
for X; ; will be used in the sequel of this section also. These formulae can be found
in Zhu [24]. Using the Gauss equation (4.3) and the Codazzi equation (4.4), together
with the Ricci identity, one can obtain the following relation

(4.5) Brs,ij = hir,sj = Rirjs + Rirsj g™ hui + Riisj g™ hur
= hijrs + (hrshej — hijhes)hE 4 (hshij — highis)hE.

Using the relation (4.5), the following fact can be obtained directly.
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Lemma 4.3. For any hypersurface X (-,t) in R"*!, the following identities hold:
Ah;j = Hij + Hhig"™ himj — |A?hij,
A|A)? = 29" g hiy Hyj + 2|V A]> 4+ 2H tr(A%) — 2|AJ*,

where A, V are the Laplace and the gradient operators on the hypersurface, respec-
tively,

|A]? = g7 g™ haghji,  te(A%) = g7 g" g™ hihim ;.
The proof of Lemma 4.3 can also be found in [24], Lemma 2.3.

Lemma 4.4. Under the HIMCF (2.4), we have

ot?

_ _ _ 00X 0X
_ N 21 A2, . — SH.H: klp (g 228N g 220
= H “Ahi; + H *|A|*hiy; — 2H °H;H; + g™ hsj <1/, T > <1/ >

Proof. By (4.1), we have
27 = y
% = (X ) + (7))
0X,; OF 9% 0?X _
:2< 8t]’8_l;>+<X”’8—t;/>+<(8t2 )z‘j’y>
:2<8giij,%>+<Xij7%>+<(H7117>ij717>

0 ov 0*v _ Sl o
=22 ( X 57 ) = (X g )+ H i+ HH(0)i.7).
Applying Lemma 4.2 and substituting the fact

ov ov 0X\ ,.0X 02X\ ;;0X OXi\ ;i
4. — == Vg = g, = Vg = (7, Vg X
e % <8t’ axz>9 D (7 ataxz>g D (7 ot )9°%;
and the Gauss formula (4.1) into the above equality result in

0?hy; 9 ww OH 6/ - 0Xi\ /10X
(47) atg <X117H g X a l> g <V7 at ><W7Xz]>

w2 5 )(T ) + 2 ) (e )
+—2H3H;H; + H *H;; — H Y((?)i;, 7).
From the Weingarten formula (4.2), one has
Uij = hit ;9" Xp + hag"™ Xij = hi j9"F Xi — hig™ hi,v.
Substituting this fact into (4.7) yields

0%hij 00X 0X;
S H 2 Hy; — 20 HyH + H hag™he + g0y (7,58 ) - (7,728
Ot2 7 + 19 kj +g i\ ot v, ot )
which, together with Lemma 4.3, implies the conclusion of Lemma 4.4. (]
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Lemma 4.5. Under the HIMCF (2.4), we have

82

S = H2AH —2H|VH* - H|A]? + Hg" (7 ,an>-<z7,%>

ot ot
—2g ik jlh <8Xk %> 29 ik ]p lqh agpq agkl 9 ik gl agkl ah’b]

ot ot o ot 99 Tor o

Proof. First, we have

0*H dg% i Ohij g% dh;;  0%g¥ 0?h;
. J J ) — 92 ) h: i Y Tbig .

or ot ( ot T Ty ) ot ot o I e

On the other hand, by direct calculation, one has

(4.8)

dg” _ ik jl Ogri
ot ot

and

9%g" 94 jpglqagpq gk ik _jl Pgr

oz~ Y ot ot o2
Substituting the above two equalities into (4.8) and applying Lemmas 4.1 and 4.4,

one can obtain

82H — _9 ik _jl 8gkl 8hij

oz ot ot
b iy [2g7 g n O O g (31, 4 o Xk OX1Y )]
+ g (H2Ahs; + H 2| ARy — 20 HyH; + g"hig (7 ,a;i’“> <ﬁ,%>)
— H2AH = 2H*|\VH| — H|A]? + Hg" (7 ,a;ik><ﬁ,%>
— 2" g h, <a;i’“, %> + 2gikgjpglqhij%% —2g%" J’agfl ag;j,
which completes the proof of Lemma 4.5. ([

Finally, the evolution equation for the norm of the second fundamental form can

be derived as follows:

Lemma 4.6. Under the HIMCF (2.4), we have

|A|2 H2A|A? —2H 2|V A|?

—4H (A3 + 2H 2 |A| — 4H 3¢Y g by Hy H;
im 8gpq OGmn 1 Ohiy, %
at ot ot ot
agmn ahzk 8Xm 8Xn
im jn kl 2A2 mn / = ay
— 89799 hi =g 8t+||g<y’at><”’at>
0X,, 0X, >
ot ot/

8t2

hikhji(2g77g"g* + g7 g™ g'0) + 29 g

+ 2¢

4glm93”gklhmhﬂ<
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Proof. By direct computation we have

92
— (9" g" hirhji)

4.
(4.9) 8152' | o2
9?9 dg" gkt 99" 1 Ohi
=2 highi +2—=————h;.h 8 h;
8t2g kil + ot ot khjt + 8tg ot Tl
hik Oh;i, Ol
2q% kl h 2 zg kl 7 P00
29N g T ot ot

2
=2 (291"19“’9”‘1% % — g 9 9mn agt;”") M hiehj
ij kl%ahﬂ
ot Ot
OFmn Ohix, ij ki 82hik

ot ot 299 o

OGmn Og pq
ot 0Ot

+ 29 +29"" 7" 9" g hir by

—8¢"™g"" " hj hji.

Applying Lemmas 4.1, 4.3, and 4.4 directly to (4.9) yields

” w1 ORik (9th
ot ot
8gmn agpq i 1 kl agmn ahzk
ot ot 9 99N Ty
0X, 0X,
<77 5 >)gklhikh]‘l + 297 g" hyy
X (H*2Hik —OH 3 H H; + H ™ hing™ hyn,

g ey (5 2

0q,y O
IAI2 4g"m g7 g"gh! giq %’Z”hmhjwrz

+2¢"" g7 g g1 b by

8752

— ogimgin (2H*1hmn 42

ot ot

= 29”"% 898?" hirhji(299" 19" + g7 g*7 ') + 29" g ag;k 8;?1
s B g 2 (725
—2H 1tr(A3) - 4glmg3"gklhzkhjl<a‘;i ,a;i >
+2H 2" g"nj Hyy, — 4H 3" g*'hjy Hy, H;

=2¢"™ 3;,;(1 ((%rgm hanhji(2g7Pg™1gk! + gin ghPgla) 4 9gid ghl 3§;k 3;51
— 8gimgingkly 3%7? 3ng 2 Al%g mn< ;. 82(; > . <177 %>
—2H ' tr(A%) - 49m9m9klhzkhjl<agi ,8;(; >

—4AH~ 3 7,] klhlekHi + H72(A|A|2 — 2|VA|2 — 2Htr(A3) + 2|A|4)



= H?A|AP? —2H 2VAP? —4H 'tr(A%) + 2H %A
agpqagmn j kl in _kp 1
hih,Q]an Jn kp tq
ot o ik i1(29°Pg"™ g™ + g’ g"Pg"?)
ag'mn ahzk 2 — aX’m
2A mn -
o ot T2l <V’at>
0X.m, 8Xn>
ot ' ot/

— 4H7?’gijgklhlekHi + 2gim

o Ol Ohsg
2q% kl 2 J
T o T

— 8X im _jn
X <V’8—tn> —4g"g’ gklhikhjl<

o ggzmg]ngklh]l

which completes the proof of Lemma 4.6. O

As we can see from complicated evolution equations in this section, it is difficult to
get gradient estimates and higher-order estimates for the mean curvature and the sec-
ond fundamental forms, which leads to the result that so far we cannot say anything
about the convergence of the HIMCF (2.4) and also the hyperbolic flows (2.5), (2.6).
However, for the lower dimensional case (i.e., the HIMCF in the plane R?), we can
get the expanding and convergent conclusions, which will be shown clearly in the
following section.

5. HIMCF IN THE PLANE R2

5.1. The short-time existence. Consider a family of closed convex plane curves
F: St x [0,T) — R? which satisfy IVP

82

a2

(5.1) oF,
E(HO) = f(u)h,

F('70):F07

F(u,t) = k=Y (u,t)(u,t) — Vo(u,t), YueS!, te|0,T),

where k(u, t) and 7 are the curvature and the unit outward normal vector of the plane
curve F(u,t), respectively, f(u) € C°°(S!) is the initial normal velocity, and 7 is
the unit outward normal vector of the smooth strictly conver plane curve Fy(u).
Besides, Vp is defined by

0*F 8F> "

= (L TENF
Ve <%m’m (u.2),

where, by abuse of a notation, (,) denotes the standard Euclidean metric in R2,
and f, s are the unit tangent vector of F'(u,t) and the arc-length parameter, respec-
tively.

Now, we would like to show that the HIMCF (5.1) is a normal flow. However,
before that, we need the following definition which was mentioned in [13], [14].
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Definition 5.1. A curve F': S' x [0,7) — R? evolves normally if and only if its
tangential velocity vanishes.

Lemma 5.2. The hyperbolic curvature flow (5.1) is a normal flow.

Proof. By direct computation, we have

d /OF 9 9*F 0 OF & ) oF 0°
wlar a0 ~ (G 5+ (Grgmn) ~ (Ve 50+ (G )
O?°F QF\ OF QF\ , jOF O°F
- _<@’E>'<%’%> <§’m>= ’

which, together with the fact that the initial velocity of the IVP (5.1) is normal,
implies the conclusion of Lemma 5.2. O

By the IVP (5.1) and Lemma 5.2, it is easy to get

(5.2) &7 (wt) = o(u, )7,

F(u,0) = Fp(u),
where o(u,t) = f(u) + fot k= (u, &) d€. So, we have

Oo

b _ ), do <82F 8F>’

Tos ~ \osot’ ot
where s = s(-,t) is the arc-length parameter of the curve F(-,t): S — R2. By the

arc-length formula, we have

) 1 ) 1 919

95 \J(0x/ou? + (9y/ou)? du  |0F/ou]du v ou’

where (z,y) are the Cartesian coordinates, and

Y (2 - |2

For the orthogonal field {7, f} of R?, by the Frenet formula, we have

or _ —ki, 97 _ T
0s

(5.3) -

Denote by 6 the unit inner normal angle for a convex closed curve F: S — RZ2.
Then we have

7= (cosf,sinf), T = (—sin,cosfh).
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Together with (5.3), we have

of oo __on
9s  0009s ' 0s
which implies 96/0s = k. Moreover,

o 0vo0 00~ 9T 9TI0 00

(54) " oeot ol o oo ol

Lemma 5.3. The derivative of v with respect to t is Ov/0t = kowv.

Proof. By direct computation, we have

D)= B 05 o282 (0 o)
= 2<Uf, 0%> = 2< f ng §Z> 2<UT, okTv) = 20%ko,
which implies the conclusion of Lemma 5.3. 0

By Lemma 5.3, we can obtain

_EE%—'_v@u@ti 085—'—85875'

82_8<18): l1ovo 100 0 02

Otds Ot \v du -

Therefore, together with (5.2), we have

O _O°F _ _ OF OF _ o5 0 0 90,
ot otds 0 0s | osot 7 Os - 0s

which, combined with (5.4), yields

oo _ o0 o7 _ ooy
ds ot ot  I9s

Assume F': S! x [0,T) — R? is a family of convex curves satisfying the flow (5.1).
We can use the normal angle to parameterize the evolving curve F(-,t), which will
give the notion of the support function used to get the short-time existence of the
flow. Set

}~7(9,T) = F(u(f,7),t(0,71)),

where t(0,7) = 7. By the chain rule, we have

00 00 0u L% 00
~o9r ouor ' ot
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and then 00 ou_ _900s0u o

ot~ oudr  0dsouor L or

Therefore, direct calculation yields

o 9T ou 9T 0T ds du aeq__( ou ae)

or ouor T ot osouor oil

and

or ~ouor "ot osouor Tarl - \Mar T

which implies ©/ and T are independent of the parameter 7.
Define the support function of the evolving curve F'(6,7) = (z(0,7),y(0,7)) as

o Ovdu OU OV dsdu 00 ( ou 89)~

5(0,7) = (F(0,7),7) = 2(0,7) cos 0 + y(0, 7) sin 6.
Then we have
Se(0,7) = —x(0,7)sinf + y(6,7) cos b = (F(0,7),T)

and
x(0,7) = Scos — Spsiné,
y(0,7) = Ssinf + Sy cosb.

By direct computation, we have

Sgo + S = <ﬁ9(977—)7f> + <ﬁ(977—)7 _ﬁ> + <ﬁ(0a7)aﬁ>

~ = OF Ou 0s = 1
= (Fo(6,7),T) = (G-5-50:T) =

The above expression makes sense, since the evolving curve is strictly convex.

=

On the other hand, since ¥ and T are independent of the parameter 7, together
with (5.2) and the definition of the support function S we can get

(5.5) ST:<?9_}j’l7>:<?9_5%+88_§’l7>:<%_};17>:&(0’7)

and

0%?F s0uN2 O*F Ou _ O?F Ou  O*F
<W(E) +m§’”> <@E+W’”>
0 oF ) 0°F O 0‘F
:a—3<(%);”>+<auata—z+ﬁ’”>

:<82F ou  O’F _,>:<82F ou ">+k*1.

auwotor ~oz’’) ~ \ouator”
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Since F: S! x [0,T) — R? is a normal flow (see Lemma 5.2), which implies

<%—I;,f>(u,t):0

for all t € [0,T), we have

and

8<8F _,>:<82F8u _,>:<82F8u85 _,> 1<82_F717>

Sor =36\ a0") ~\suaae'”’) ~\usios a8’ ”)

by straightforward computation. Hence, S(6, 7) satisfies

du

2
STT:<8F8u_, - PR =kSZ 4k
T

-1
; 7_,1/> + k7" = kvuSy,
which is equivalent to

_ S5
"~ Spp+ S

STT + (SGG +S) V(@,T) c Sl X [O,T)

Together with (5.1), we know that

SSTT + STTSGG - SST - (599 + 5)2 = 0’
(56) S(6,0) = h(6),

5-(0,0) = f(6),

where h(0) and f(0) are the support functions of the initial curve Fy(u(f)) and the
initial velocity of this initial curve, respectively.

Similarly to the high-dimensional case mentioned in Section 2, here we would like
to get the short-time existence of the IVP (5.6) by the linearization method and the
standard theory of second-order linear hyperbolic PDEs. Let

52
S 7ST7S = = S S’
Q(Spo, Sor, S) See+5+(99+ )

then we have

= ﬂSQQ + 0Q Sor + @S

(5:7) Ser = 0Spo 0Sor a8’
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where

Q _, 52, 0Q 25,

0Sps (Sgg +S5)2"  0Spr  Sep+ S’

Considering the coefficient matrix of the terms in (5.7) involving the second-order
derivatives of S, we have

_1 SOT
Seo + S
Se"' SgT

1
Seg + S (Sgg + S)?

which, by a suitable linear transformation, yields

-1 0
0 1)
So equation (5.7) is a second-order hyperbolic PDE. By the standard theory of

second-order linear hyperbolic PDEs (see, e.g., [7], Chapter 7 or [10]), we have the
following result.

Theorem 5.4 (Local existence and uniqueness). Assume that Fy is a smooth
strictly convex closed plane curve. Then there exist a positive Tynax > 0 and a family
of strictly convex closed curves F(u,t) satisfying the IVP (5.1) on S' x [0, Tyax),
provided f(u) is a smooth function on S'.

5.2. Expansion and convergence. As in Section 3, we would like to understand
further and then try to get more evolution information about the hyperbolic flow (5.1)
through an interesting example. In fact, let F'(u,t) be a family of round circles in R?
with the radius r(¢) centered at the origin, i.e.,

F(u,t) = r(t)(cos 0, sin §).

Then Example 3.1 (when n = 1) describes the convergence or expansion of the evolv-
ing curves F'(u,t) under the flow (5.1). From this example, we know that although
the initial curve is so special (i.e., circles), the evolution of the flow (5.1) is compli-
cated, which deeply depends on the initial values of the flow. However, for a general
initial curve F'(u,0), it is very difficult to accurately describe the evolution of the
HIMCF (5.1) as time tends to the maximal existence time (i.e., as t — Tyax). For-
tunately, using the containment principle we will derive (see Proposition 5.6 below),
we can overcome this difficulty.
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In order to get the containment principle, we need to use the maximum principle
for a strip (see Lemma 5.5 below) which has been shown in [18]. However, in order
to state the conclusion of Lemma 5.5 clearly, we need to introduce some prelimi-
naries first, which has been mentioned in [13]. Consider the general second-order
operator L,

(5.8) L{w] := awpp + 2bwet + cwir + dwy + ew;

where a, b, ¢ are twice continuously differentiable functions, d, e are continuously
differentiable functions of § and ¢. If b>—ac > 0 at a point (6, t), then the operator L is
said to be hyperbolic at this point. It is hyperbolic in a domain D if it is hyperbolic at
each point of D, and uniformly hyperbolic in a domain D if there exists a constant p
such that b% — ac > wu>0in D.

Assume that w and the conormal derivative

Ow , 0w Oow

o~ o9 ot
are given at ¢ = 0. The adjoint operator L* associated with L can be defined by
L*[w] £ (aw)ge + 2(bw)gs + (cw)sr — (dw)g — (ew)s
= awpp + 2bwer + cwir + (2ag + 2by — d)wp + (2bg + 2¢, — €)wy
+ (aeg + 2()9,5 + Cit — dg — et)w.
Set b )
Ky (0,t) == (Vb —ac), + = (Vb —ac), + = (b + c; — )V b? —ac
c c

1, b
+ [—z—c(b —ac)g—i—ag—i—bt—d—E(be—i—ct—e)},

and
b 1
K_(0,t):= ( b2—ac)0+z( b2—ac)0+z(b9+ct—e) b? — ac

1 b
- [—%(bQ—ac)g—l—ag—l—bt—d—E(bg—i—ct—e)]

As shown in [13], pages 502-503, we know that for
(5.9) 1(0,t) :== 1+ at — Bt
with «, § sufficiently large such that
2Vb? —ac(a — 2Bt) + (1 + at — ) K4 >
2Vb? —ac(a — 2B8t) + (1 + at — BHK_ >
—2cf + (2bg + 2¢; — e)(a — 2[¢)
+(apg + 2bpt + 1t — dp —er + g)(1 +at — t?) > 0

0
0

(5.10)
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and [(0,t) > 0 on a sufficiently small strip 0 < ¢ < ¢, the hyperbolic operator defined
by (5.8) satisfies

207 = acl; - LV —ac—b)lg] +1K, >0

c
1
2VB7 = ac|ly + = (VB —ac = b)la| +1K_ >0
(L* +g)w] >0
on the same strip 0 < ¢ < tp. It is easy to check that with ! defined by (5.9), the

condition on the conormal derivative becomes

ow
%—l—(be—i—ct—e—f—ca)ng

at t = 0. Besides, if we select a constant M so large that
(5.11) M>—(bg+ct—e+ca) onTy,

then the following maximum principle for the strip adjacent to the #-axis can be
obtained.

Lemma 5.5. Suppose that the coefficients of the operator L given by (5.8) are
bounded and have bounded first and second derivatives. Let D be an admissible
domain. If ty and M are selected in accordance with (5.10) and (5.11), then any
function w which satisfies

(L+g)w] >0 inD,

a—w—Mw<0 on Ty,
ov
w<0 on Ty,

also satisfies w < 0 in the part of D which lies in the strip 0 < t < tg. The constants tg
and M depend only on lower bounds for —c¢ and v/b% — ac and on bounds for the
coefficients of L and their derivatives.

Proposition 5.6 (Containment principle). Let Fy and Fp: S! x [0,T) — R? be
two convex solutions of (5.1). Suppose that Fy(u,0) lies in the domain enclosed
by Fi(u,0), and fo(u) < fi(u). Then Fy(u,t) is contained in the domain enclosed
by Fi(u,t) for allt € [0,T).

Proof. Let S1(0,t) and S2(0,t) be the support functions of F (u,t) and Fs(u,t),
respectively. Then S1(6,t) and S2(0, t) satisfy the same equation (5.6) with S2(6,0) <
Sl (9, 0) and Sgt(e, 0) < Slt(G, 0)



Let
w(B,t) :== S2(0,t) — S1(0,1).
Then we have
S5+ k3 _ Sie ki®
Sa + Sape S1 + S100

1
- 519t529t>w99 + (k1S10¢ + k2S201)wer + k1ko (% - 510t329t>w7

wip = Sogg — St =

1
- kle(klkg

which implies that w satisfies the system

wee = k1ks (k1k2 - SlatSQGt)wee + (k15101 + k2S201)war
1
(5.12) +k1k2<@ - Sthzet)w,

wi(0,0) = f2(0) — f1(0) = wi(0),
w(0,0) = ha(0) — h1(0) = wo(6).
Define the operator L by
1
L{w] := kiks (W - SthQet)wee + (k1S16¢ + k2520t )wer — Wit
1K2

we know that

1 1
a= kﬂ%(@ - SthSQOt); b= 5(16151% + k2S20:), c=—1

are twice continuously differentiable functions of 6 and ¢. By direct computation, we
have

1
b —ac= Z(klslet + k2So9¢)? — kle( - 519t529t> -(—1)

1
k1ko
1
= Z(klslet — k2S20¢)* +1 > 0.

Hence, the operator L is uniformly hyperbolic in S' x [0,7). By Lemma 5.5, we
deduce that S2(0,t) < S1(6,t) for all t € [0,T"), which completes the proof. O

Proposition 5.7 (Preserving convexity). Let ko(8) be the curvature function
of Fy and
0= min ko(0) > 0.
R
Then for a C*-solution S of (5.6) we have
k0,t) =6

for all t € [0,Tmax), where [0, Timax) Is the maximal time interval for the solu-
tion F'(-,t) of (5.1).
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Proof. Since the initial curve is strictly convex, by Theorem 5.4 we know that
the solution of (5.6) remains strictly convex on some short time interval [0,7") with
some T < Tax and its support function satisfies

Stt - kSgt + k‘il

for all (6,t) € St x [0,T). Taking derivative with respect to ¢, we have

ke = (S +1599)t - (S +1599)

5 (St + Soor) = —k*(St + Soor)-

Together with the fact S; = &, it is easy to know k; = —k?(G + 0gg). Therefore, we

can obtain

1
St + Spor = — (S + Spe)*ky = —ﬁkt,
1 2 1
Sor + Seeor = <_ﬁkt)0 = Fktke - ﬁketv
and
1
ky = <—m(5t + Seet))t
2 1

== (S;+Spp1)P— ———(S S,

(S+599)3( + + Soot) (S+599)2( tt + Soott)

3 1 2 2

=2k <_ﬁkt) — k“[(Stt)oo + St

2
= E’“? —K*[(kSs —k+k+k Voo + (kSg, —k+k+ k™)

2
= Ek? — K*[((S5: — Dk)oo + (S5, — Dk + (k+ k™Yoo + (k + k1)

2
= Ekf — k*[((Sg, — Dok + (S5, — Dke)o + (S5, — Dk + (k+ k™ Voo + (k + k1))

2
= E"Jf — k*[(53: — D)ook + 2(Sg; — 1)oka + (S5; — 1)keo + (S5, — 1)k]

— K [(k+k " )oo + (k+ k1)
2
= Eth — kJQ(Sgt — 1)(k + kaa) — kQ[(zsatSQQt)ek + 450t500tk0]

1 2
By [kjaa — koo + 15k + (k+ k—l)}

2
= Ek;f — k2(S2, — 1) (k + kog) — k?[2(S2y, + So:Se00t)k + 4kgSp:(Seg + S — S)¢]

— k? [(1 —~ %)kee + %kg + (k+ kfl)}
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2
= Lk = k(S5 = 1)k + ko) — K

1
X {2((50% + St)2 — 250015t — St2 + Spt(See + S)or — Sﬁt)k + 4kpSor (E -

- kQ[(l - —)kee + 3k§ + (k+k—1)}

2
= Eth — kQ(Set - 1)(k + kaa) By

)

1 1
% [2((Soon + 502 = 2(Saoe + S0)Si + 52+ S (7 ), — 55 )k — thSe 5k

- 41@95%54 e [(1 — ﬁ)kee +

2
= Ek? — k*(S3, — 1)(k + keo) — 2K

x; — k2 + (k+ kfl)}

x[( kat) _2( kat)St+52 S§t+39t<k3k:tk9 kaat)}

+ 4k? (keS(;t ke + kOSGtSt) — k2 Kl - —)kea +

k2 k3

- szl - ﬁ)kee + kgke 4 (k+k™ )}
2
— 2 ( = Set)k'ga o+ 2kSatkos + 4K St Sika — k3
— 4kSiky + k3(Sp, — 287 — k7?).

So, the curvature k satisfies the equation

ktt = k‘2( Sgt) k99+2k59tk9t+4k259t5tk9 k3

Define the operator L as
k] = k> — S5, )k 2k Sk k 4K2 Sy Sik 2 k2
L[k] := ( et) 00 + otkot — Ket + 01otRo — 15 Np

We know that
a—kQ( sgt) b=kSp, c=-1

are twice continuously differentiable functions of § and t. So we have
1
b —ac = (kSp)? — kQ(ﬁ — Sgt) (=1)=1>0,

which implies that the operator L is hyperbolic in St x [0, 7).
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Determining a function k(6,t) which satisfies the system

(L+h)[k] =0 in S! x [0,7),
k(0,0) = ko(0) on Iy,
0< 2 k) — k= BO) onT

S a]/ = ] CR¢ ‘= on 1o,

where the operator h is defined as h[k] := k3(S3, — 257 — k=2). It is easy to check
that the function k(0,t) = min {ko(f)} = 0 satisfies

0€0,2x]
(L + h)[k] =0 in S! x [0,7),
k(8,0) < ko(6) on T,
ok~
$—Mk<,8(9)—Mko(9) on Iy,

where Iy is the initial domain, and M is the constant determined by (5.11). Applying
Lemma 5.5 to k — k yields

E<k(6,t) inS'x[0,t).

with ¢ < T. Hence, we know that the solution F'(-,¢) remains convex on [0, Trax)
and its curvature function k(6,t) has a uniformly positive lower bound ¢ = n%}n ko(6)
on S x [0, Thyax), which completes the proof.

We need the following evolution equations of the arc-length of evolving curves.

Lemma 5.8. The arc-length L(t) of the closed curve F'(u,t) satisfies
dL(t 2n
de@) _ / 5(0,1) db,

0

and

d2L(t) FroooEN?
= [(Gg) ke
Proof. Since )
E(t):/ v(0,t)de,
0

Si(0,t) = (0,t) (i.e., the equality (5.5)) and dv/0t = kv, by direct calculation, we

have ) ) )
dL(t) * v m R
dt l 8t A vo l J( ? ) )
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and

d2£(t) 2n o _ 2n
dtQ = A aﬂ'(g,t) do = o Stt de

_ /:K(ksgﬁk—l)de:/o% {k(%St)Q—i—k—l} 9

2n ~
do\2 4
- /O [k(%) + k1] do,
which completes the proof of Lemma 5.8. O

From Example 3.1 (when n = 1), we know that the behavior of evolving plane
curves of HIMCF (5.1) is complicated. However, using Propositions 5.6 and 5.7,
Lemma 5.8, we can get the following conclusion about the asymptotic behavior of
the hyperbolic flow (5.1).

Theorem 5.9. Suppose that Fy is a smooth strictly convex closed plane curve
with the curvature function k() whose minimum and maximum are given by
d = IISliln ko(#) > 0 and ¢ := max ko(0), respectively. Then there exists a family
of strictly convex closed plane curves F(-,t) satisfying the IVP (5.1) on the time
interval [0, Tiax) with 0 < Tyax < 00. Moreover, we have:

(D) If ¢+ 112181} f(u) > 0, then Tinax = 00, i.e., the flow exists for all the time.

(I1) If 61 + nglc f(u) < 0, then Tyax < 0o. Moreover, if furthermore § Ty ax +
ue

nglc f(u) <0, then as t — Tyax, one of the following conclusions must be true:
ue

> the solution F(-,t) converges to a point as t — Tax, 1.e., the curvature of
the limit curve becomes unbounded as t — Ty

> the curvature k of the evolving curve is discontinuous as t — Tyax, SO the
solution F(-,t) converges to a piecewise smooth curve.

Remark 5.10. In Case (II) of Theorem 5.9 above, the condition § Tyax +

nglc f(u) < 0 is not easy to check, since for a general strictly convex closed plane
ue

curve evolving under the hyperbolic flow (5.1), it is difficult to get the accurate value
of the maximal time T},,x. However, as shown in the proof below, by Example 3.1
and Proposition 5.6 (Containment principle) we have

1 (—1 + d max,est f(u))

Trnax < T =1
* 2 "\ 1+ dmax,es: f(u)

So, for the purpose of easier checking, one can use a weaker condition §~'T* +
max f(u) < 0 to replace the assumption § ' Tyay + max f(u) < 0. However, here we
ue ue

prefer to use the latter one, since it is sharper than the former.

62



Proof. Let [0, Thmax) be the maximal time interval of the IVP (5.1) with Fj and f
as the initial curve and initial velocity of the initial curve, respectively.

By Proposition 5.7, we know that the solution F(-,t) remains strictly convex
on [0, Thmax) and the curvature of F'(-,¢) has a uniformly positive lower bound § > 0
on S x [0, Trax)-

Case I: When ¢! + migq f(u) > 0.

ue

Since ¢ = nézllx ko(8) = 6 > 0, the initial curve Fj can enclose a circle Cy with
radius ¢(~!. Let the normal initial velocity of Cy be equal to migq f(u). Evolve Cy by

ue

the hyperbolic flow (5.1) to get a solution C(-,t). By Example 3.1, we know that if
¢t migr} f(u) > 0, the evolving circle C(-,t) exists for all the time, and its radius
ue

tends to infinity as ¢ — co. By Proposition 5.6, we can get that C(-,¢) always lies in
the domain D enclosed by the closed curve F(-,t) for all ¢ > 0, and moreover, D tends
to be the whole plane as t — oo. So, in this case, the IVP (5.1) has the long-time
existence, i.e., Thax = 00.

Case I1I: When 6! + max f(u) <0.

Since 6 = n%iln ko(0) > 0, the initial curve Fy can be enclosed by a circle C; with

radius 6. Let the normal initial velocity of C; be equal to max f(w). Evolve Cy
ue

by the hyperbolic flow (5.1) to get a solution C(-,¢). By Example 3.1, we know that
if 671 + max f(u) < 0, the solution exists at a finite time interval [0,7*) and the
ue

evolving circle C(-,t) converges to a single point as ¢ — T*. By Proposition 5.6,
we know that the evolving curve F'(-,t) always lies in the domain D (i.e., a disk)

enclosed by C(-,t) for all ¢ € [0,7*). Hence, we can get that F'(-,t) must become
singular at some time Ty < T < 0.

Now, we need the following conclusion from convex geometry (see, e.g., [20]).

Blaschke Selection Theorem. Let K; be a sequence of convex sets which are
contained in a bounded set. Then there exists a subsequence K j;, and a convex set K
such that Kjj converges to K in the Hausdorff metric.

In Case II, since C(-,t) shrinks as t increases and the evolving curve F(-,¢t) is
contained in the circle C| (+,t) for each t € [0, Tinax), this strictly convex closed plane
curve F'(-,t) is contained in the circle C; for all ¢ € [0, Thyax). By Blaschke Selection
Theorem, we know that in the sense of the Hausdorff metric, F(-,t) converges to
a weakly convex curve F(-, Tihax) which may be degenerate and non-smooth.

We claim that F'(-,¢) converges to either a single point or a limit curve which has

a discontinuous curvature under the further assumption 8 "Tmax + ng)li flu) <O0.
ue
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By Proposition 5.7 and Lemma 5.8, we have

d2L(t) TeooeNe
= 7/0 [k:(%) Tk ]d9>0 for all ¢ € [0, Tinax)-

Besides, by Proposition 5.7, we have

70,1) = ount) = f(u) + [ K (0,94 <57+ ma S (w)

< 0 M Tax + max f(u) < 0
u€eSt

for all ¢ € [0, Tinax), which implies

dL(t 2n
ﬁi ) :/ 5(0,6)d0 <0 for all t € [0, Tmay)-
0

So, for all t € [0, Tinax), we have

dL(t) d2L(t)

“ar <0, Fr >0,

which implies that there exists a finite time T such that £(7Tp) = 0. The following

two situations may occur:

> Ty < Tmax- On the one hand, by Theorem 5.4 there exists a unique classical
solution F(-,t) to the IVP (5.1) on [0,7p). On the other hand, since L(t) is
decreasing on [0,7y) and £(Tp) = 0, we have L(Tp) — 0 as t — Tp. This implies
the curvature k tends to infinity as ¢ — Tp, and the solution will blow up at 1.
Therefore, by the definition of Tihax, we have Ty = Tiax. So, F(+,t) converges to
a point as t = Thax.
> Ty > Tmax. In this situation, £(Tiax) > 0, which implies that F'(-, Tinax) must be
non-smooth. Then there are three possibilities:
(1) |F(u, Tmax)|| = sup |F(u, Tmax)| = co. However, F(-,t) is always contained
in the circle Cy, which implies that || F(u, Tmax)|| must be bounded. This is
a contradiction. So, case (1) is impossible.
(2) || Fu(t, Timax)|| = co. However, the length of the limit curve £(Thax) satisfies

L(Thax) = lim ds = lim |Fy(u, t)] du

t=Tmax J F(u,t) t=Tmax JF(u,t)

:/ lim |Fy,(u,t)|du = o0
F

(u,t) t = Tmax

which contradicts £(Tmax) < Lo with Ly being the length of the initial
curve Fy. So, case (2) is also impossible.
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(3) The curvature function k is discontinuous. We cannot exclude this possibility.

This phenomenon will occur if the above shocks are not possible.

Our claim is true. The proof of Theorem 5.9 is finished. O
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