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Abstract. We shall describe how to construct a fundamental solution for the Pell equation
z? - my2 = 1 over finite fields of characteristic p # 2. Especially, a complete description
of the structure of these fundamental solutions will be given using Chebyshev polynomials.

Furthermore, we shall describe the structure of the solutions of the general Pell equation

z? — my? =n.
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1. INTRODUCTION

2 —my? =1, where m is

The classical Pell equation is the Diophantine equation x
an arbitrary integer. Given that m is a square-free positive integer, it is known that
Pell equation has infinitely many solutions, which arise from a special “fundamental
solution”. If the solutions of the classical Pell equation are ordered by magnitude,
then the nth solution (z,,y,) with z, > 0 and y, > 0 can be expressed in terms
of the first one (x1,y1) by T, + ynv/m = (71 + y1/m)"™. Accordingly, the first so-
lution (z1,y1), or equivalently, the number z1 + y1/m, is called the fundamental
solution. Therefore, solving the Pell equation reduces to finding a fundamental so-
lution. This problem is extensively discussed in the literature. See, for instance, [3],
pages 137-158.

In this paper we shall show that there exists a similar “fundamental solution” for
Pell equations in the framework of finite fields of characteristic p # 2. Our main
results are Theorems 4.5, 5.3 and 5.5. In Theorem 4.5 we describe how to construct

2

a fundamental solution for the Pell equation 22 — my? = 1 for non-square m. Under

the same settings, in Theorem 5.3 we describe all the solutions of the general Pell
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2 — my? = n. Finally, in Theorem 5.5 we solve a similar problem for

equation x
square m.

The following notation will be used throughout this paper. If a # 0 is an integer
and p a prime, p” || a will mean p" is the highest power of p dividing a. A finite field
will be denoted by F. Given such a field, it has a prime power ¢ = p? elements. If
the number ¢ = p? of elements in F is to be emphasized, F will be denoted by F,.
The prime number p is called the characteristic of F and is denoted by char(F).
Throughout this paper we assume that p > 2, because for p = 2 the discussion of
the Pell equation is a triviality. When d = 1, F, may be identified with the field
Z/pZ = {0,1,2,...,p — 1} of the residue classes of Z mod p. If an element m of F
is a non-square in [, the polynomial f(r) = x? — m is irreducible over . We will
denote the quadratic field extension F[z]/(f(x)) of F by F(y/m). Its elements may
be regarded as a + by/m with a, b in F. The set F of nonzero elements of a finite
field [, is a cyclic group under multiplication of order ¢ — 1. An element of [} is
a generator of this group if and only if its order is coprime to ¢ — 1. The conjugate
of an element o = a + by/m of F(y/m) is the element 7 := a — by/m of F(y/m). The
norm N(o) of o is defined by N(o) := 0 = a? —mb?. The norm is multiplicative, i.e.,
N(o7) = N(0)N(7). Clearly, the set of solutions to our Pell equation 2 —my? = 1 is
the kernel, ker(N) = {o € F(y/m): N(o) = 1} of the norm N: F(y/m)” — F*, which
is a cyclic subgroup of [F(\/ﬁ)* Our aim in this paper is to describe a generator
of ker(N).

2. PRELIMINARIES — CHEBYSHEV POLYNOMIALS OVER GENERAL FIELDS

The Chebyshev polynomials are well known sequences of polynomials. These
polynomials have many interesting properties and appear in various branches of
mathematics, especially in real and complex analysis. In this section we shall explore
several of these properties, but in the framework of general fields.

Let F be a field. The Chebyshev polynomials of the first kind (above F) are defined
by the following recurrence relation:

TQ (J,‘) = 1,
Ti(z) =z,
T,(x) =22T,_1(x) — Tpa(z) ifn>2
and the Chebyshev polynomials of the second kind (above F) are defined by
So (:L’) = 1,
Sl(x) = 21[,’,
Sn(z) =22S,_1(x) — Sp—2(x) ifn>2.
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We remark that in this context, we identify every integer k € Z with the element k1g
of F. The first ten Chebyshev polynomials of the first kind are

= 322°% — 48z + 1822 — 1,

= 642" — 1122° + 56> — Tz,

= 1282% — 2562° + 160" — 3222 + 1,
= 2562 — 57627 + 4322° — 12023 + 9z,

So(z) =1,

S1(x) = 2w,

Sa(z) = 422 — 1,

S3(x) = 8z° — 4z,

Si(x) = 162* — 1227 + 1,

Ss () = 322° — 3223 + 6z,

S¢(x) = 6425 — 802t 4 2422 — 1,

S7(x) = 12827 — 19225 + 802 — 8,

Sg(x) = 2562° — 4482° + 2402* — 402* + 1,
So(x) = 512z% — 10242 + 6722° — 1602> + 10.

Observe that the recurrence relations defining the Chebyshev polynomials indeed
produce polynomials in the ring Flz]. Note that by the identification of every k € Z
with k1r € F, it follows that if f(x) = g(z) over Z[z], then also f(z) = g(x)
over F[z]. This observation can be applied in order to derive identities involving
Chebyshev polynomials since, as one can verify directly from the recurrence relation,
all the coefficients of Chebyshev polynomials are integers.

Another important point is related to the solutions of the recurrence relations
defining the Chebyshev polynomials. The characteristic polynomial of the rela-
tion defining the Chebyshev polynomials of the first kind is p(t) = t? — 2zt + 1.
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The roots of p(t) are a(z) =z + Va2 — 1 and S(z) = x — V22 — 1. Note that these
roots are elements of the field F(x, A), where A(z) := vz — 1 is an element such
that A?(x) = 22 — 1. Therefore, the solution of this recurrence is of the form

Tn(x) = Alz)a(z)" + B(x)B(x)",

where A(x),B(z) € F(z,A). Since To(x) = 1 and Ty(z) = =z, it follows that
A(z) + B(z) = 1 and A(z)a(x) + B(z)B(x) = x. Solving this system over F(z, A)
gives A(z) = B(z) = 1. Therefore

Ta(e) = 5 (a"(@) + 5"(2)).

We remark that although the solution is expressed using the non-polynomial ele-
ment A, the T),,’s are still polynomials over the ring F[z].

Similarly, as one can verify, the solution of the recurrence relation which defines
the Chebyshev polynomials of the second kind is

Su(r) = 570" (@) — (@),

Using these ideas we turn to prove a list of identities gathered in Proposition 2.1
below. We remark that in this section, for the purpose of clarity, we shall use T,
and S,, instead of T, (z) and S, (z), respectively.

Proposition 2.1. Let F be a field with char(F) # 2 and let n be a positive integer.
Then:

(

(2) Snt1—Sn—1=2Tp11,

(3) Sim+n = SmSn — S;m—1Sn—1 for all integers m,n > 1,
(4) 2T, T, = Ty + T)p—py| for all integers m,n > 0,
(5) S2 =S, 418,-1 + 1,

(6) Sa, =S2 —S2_, and Sa,41 = 25, Thi1,

( ) Sn+Sn_1 :2(T1 +T2+...+Tn)+1,

(8) Tan—1=282 (s — 1),

(9) Tont1 —1=(Sp—1+Sn)%(x—1).

Proof. We shall prove identities (5)—(9). By the above discussion, it follows that
in order to prove the rest of the identities, it suffices to prove them over Z[z]. The
proof of (1)—(4) can be found in [1].

(5) The proof is by induction on n. For n = 1 indeed

S9So 4+ 1 = (422 — 1)1 +1 = (22)* = S2.
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Let n > 2. By the definition of S,, and the inductive hypothesis we obtain

Sn+1Sn—1+1=(22S,, = S;—1)Sp—1 + 1 =22S,8,1 —S2_; +1
=228,S01 — (SnSn_2+1)+1=98,(22S,,_1 — S,_2) = S2.

(6) By part (3) with m = n we obtain
San =S2 —S2_,.
In addition, by part (3) with m = n + 1 and part (2) we obtain
Sont1 = Sn+415n — SnSn—1 = Sp(Snt+1 — Sn—1) =25, Tp41.
(7) The proof is by induction on n. For n = 1, indeed
S1+So=2x+1=2T; + 1.
Let n > 2. By part (2) and the inductive hypothesis we obtain

Sn+8Sn—1=(Sn —Sn—2)+ (Sn-1+Sn—2)=2T, +2(T1 + To+...+ Tp—1)+ 1
=2(Ty+Te+...+Tp)+ 1.

(8) We shall use the explicit solutions of the recurrence relation of T,, and S,
developed previously. Note that

2 x2 —
292 102~ 1) = 2 (o = 1) 02— 1) = 2D 0z a(agy 4 5,

Since a8 = 1 and A? = 22 — 1, we obtain that
1
252_4(a? — 1) = 5(a%" 24 57") = Ton(a) — 1,

as required.

(9) The proof is by induction on n. For n = 1 indeed

Ty —1=42% -3z —1=(1+22)%(x — 1) = (So + S1)*(z — 1).
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Let n > 2. By the definition of T,, and S,,, parts (8) and (5), and by the inductive
hypothesis we obtain

Tons1 — 1 =22To, — Top_1 — 1
=20(1+2*-1)82_ ) —(1+(x—1)(Sp_2+S,-1)%) -1
=2(x—1)+4a(x —1)(x+1)S2_, — (. —1)(Sp_2+S,_1)?
=(z—1)(2+ (22S,-1)* +2S,-1(22S,—-1) — (Sn—2 + Sn—-1)?)

(
=(@—1)(2+ (Spn+Sn_2)2+25, 1(Sn +Sn_2) = (Su_24Sn_1)?)
= (x—1)(2(1 +SnSn_2) + 52 +2S, 1S, — S2_})
= (x—1)(282_, +S2+2S, 1S, —S2 )
= (2 —1)(Sn_1 + Sn)%

O

Another two sequences of polynomials which will be important in the sequel are
the conjugate Chebyshev polynomials. The conjugate Chebyshev polynomials of the
first kind (above [F) are defined by the following recurrence relation:

To(z) =1,
Ti(z) = =,
T (x) = 22T% _1(x) + TE_o(z) ifn>2
and the conjugate Chebyshev polynomials of the second kind (above F) are defined by
So(x) =1,
Si(z) =2z
Sk(x) = 2xSn_1(x) +S; _o(x) ifn>2
The first few conjugate Chebyshev polynomials are

To(z) =1, St(z) =1,
Ti(z) ==, St (z) = 2z,

T3 (x) = 222 + 1, Si(x) =42 +1,

Ti(x) = 42 + 3, Si(x) = 822 + 4z,

T (z) = 8z* + 822 +1, Si(x) = 162 4+ 1222 +1,
Ti(x) = 162° + 202 + 52,  Si(x) = 322° + 322° + 6.

The polynomials T, and S}, can be expressed in terms of the polynomials T,, and S,,.
In order to do so, we need to consider these polynomials over the field extension F(i),
where i is an element such that i + 1 = 0.
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Proposition 2.2. Let n be a positive integer. Then
(1) Typ(ix) =i"T} (z) and S, (iz) =i"S} (z),
(2) T3, =2(T)* — (-=1)".

Proof. (1) The proof is by induction on n. For n = 1 and n = 2 indeed

T, (iz) = iz = i' T} (z),

S1(iz) = 2ix = i(2x) = i'S}(2),

To(iz) = 2(iz)? — 1 = —(22% + 1) = T} (z),
So(ir) = 4(ix)* — 1 = —(42? + 1) = iS;(2).

Let n > 3. By the definitions of both T}, and S} and by the inductive hypothesis we
obtain

T, (iz) = 2i2T,_; (ir) — Tp_o(iz) = 2izi" ' T (v) —i"2T; _,(z)

= 20",y (o) = "72T;, _p(2) =i"(22T;, 1 (2) + T;,_(x)) = i"T;,(2).

Since S,, and S}, are defined by the same recursive relation as T,, and T}, the above
calculations will be also suitable for proving the identity for S, (ix).
(2) By part (1) and Proposition 2.1 (4) we obtain

T3, (z) =i 2" Ta, (iz) =i 2" Tpyn(iz) = (=1)"(2T2(iz) — 1)

= (-1)"230" T, (2)* = 1) = (=1)"(2(=1)"(T})*(z) = 1)
= 2(T;)*(z) — (=1)".

3. BASIC PROPERTIES OF THE EXTENSION FIELD [ (+/m)

The analysis of the solutions of Pell equations will be performed using the frame-
work of the quadratic extension fields as recalled briefly in the introductory section.

Proposition 3.1. Let F be a finite field with q elements, a € F and let n be
a positive integer. Then the equation ™ = a is solvable if and only if ala=V/d = 1,
where d = ged(n,q — 1). Moreover, if there are solutions, then there are exactly d
solutions.

For a proof see [2], page 80. The following property of [F(\/ﬁ) is of a particular
importance for us:

Proposition 3.2. Suppose that F is a finite field with q elements and m € F is
a non-square element. Then o7 =& for every o € F(y/m).
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Proof. Set a = m(¢~1/2_ First we shall prove that « = —1. Note that since
char(F) # 2, it follows that ¢ is odd, so ¢ — 1 is even. Hence, a is well defined.

Since |F*| = ¢ — 1 and m € F*, it follows that a® = m?~! = 1. Therefore, either
a =1 or a = —1. By the assumption, m is a non-square element, so the equation
22 = m is not solvable. Hence, by Proposition 3.1 it follows that a # 1. Therefore
a = —1, as required.

In view of the fact that (o + 8)?" = o + BP° for every a, § in a field of char-
acteristic p and for every positive integer s (see [2], page 81), it follows that for

every z,y € F
(z+yvm)" =2+t (Vm)* = = + Vm(Vm)* 'y
Note that since m(@~1/2 = —1, we obtain that
(vim)"™ = (') 0 =l = 1,

Therefore, (z + y\/ﬁ)q = — y/m = x + y/m, as required. O

As we shall see, there is a connection between the solutions of Pell equations and
the set of nth roots of unity in [F(\/m). In order to reveal this connection, we need
the following result, which follows from Proposition 3.1:

Proposition 3.3. Let F be a finite field and let n be a positive integer. Then the
set of nth-roots of unity in F forms a cyclic subgroup of F* of order ged(n, |F*]).

4. THE SOLUTION OF THE PELL EQUATION x2 —my? =1

2 _my? =1 over

In this section we shall describe the solutions of Pell equations x
finite fields F. This will be done for non-square m’s. Note that in this case, there is
a bijection between the elements of F x F and [F(\/ﬁ) Therefore, it is convenient to
refer to = + y/m as (x,y), as a solution of a Pell equation.

We begin with the following result, which follows from Propositions 3.2 and 3.3:

Proposition 4.1. Suppose that F is a finite field with q elements. If m € F is
a non-square element, then the set

G =ker(N) = {0 € F(v/m): N(o) =1}
is a cyclic subgroup of [F(\/ﬁ)* of order q + 1.
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Proposition 4.2. Suppose m € F is a non-square element, a,b € F and n is
a positive integer. Then

(a+bym)" = Ty(a) + bSn_1(a)v/m

if a2 — mb?> =1, and

(a+bym)" = Tj(a) +bS;,_, (a)v'm

if a? — mb? = —1.
Proof. Note that over the field F(z, A) we have the following identity:
Ty + S0 1A = 2(a" + 8") + ——(a” — B")- A = a”
n n— 2 2A ’

that is

Tn(2) + Spo1(2)Va2 — 1= (v + Va2 —1)".

Now, if a®> —mb? = 1, then mb? = a? — 1, so without loss of generality we may deduce

that by/m = va? — 1. Therefore,
(a+bym)" = (a+ Va2 —1)" = Ty(a) +Sn—1(a)Va2 — 1 = Ty(a) + bSp—1(a)y/m,

as required.

Suppose now that a? —mb? = —1. Note that over the field F(i) this can be written
as (ia)?2 — m(ib)? = 1. Using the first part of the proof and Proposition 2.2 (1) we
obtain

(ia + iby/m)" = Ty (ia) + ibSp—1(ia)y/m = i" T} (a) + ibi"'S%_; (a)v/m
=1i"(T}(a) 4+ bS;_;(a)vm).
Hence (a + b\/ﬁ)n = Ti(a) + bS%_;(a)y/m, as required. O

The following two theorems are the building blocks of our main result. We begin
with the case of primes p > 2.

Theorem 4.3. Suppose that F is a finite field with q elements. Suppose also
that p is an odd prime such that p | ¢+ 1, ¢ is the positive integer such that p°® || g+ 1
and r is a positive integer satisfying 1 < r < c¢. In addition, given a non-square
element m € F, consider the group

G={oeF(vm): N(o)=1}.
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Let 0 = a+bym € G and k, = 3(p" — 1). Then:
(a) If 0 # 1, then ord(o) | p" if and only if Sy,_(a) + Sk, —1(a) = 0.
(b) ord(c) = p" if and only if L, (a) = 0, where L, denotes the polynomial

(p—1)/2
Lyr(z) =2 Y Tjra(a)+1.
j=1

Proof. In this proof, for the purpose of clarity, we shall use T} and Sj instead
of T(a) and Sg(a).
(a) Set n = k,. By Propositions 4.2 and 2.1 (6), (9) we obtain

(a+bym)” = (a+bym)*"* = Topi1 +bSsnv/m
=1+ (Sn +8u-1)%(a — 1) +b(S2 — 82_))v/m
=1+ (Sn + Sn_l)((a — 1)(Sn + Sn—l) + b(Sn — Sn_l)\/E)

Hence, if S,,(a) +S,_1(a) = 0, then o = 1, so ord(c) | p", as required.
Conversely, if ord(o) | p", then o = 1. Hence either S,, +S,,_; = 0 or

(%) (a —1)(Sp + Sp—1) + b(S,, —Sn71)\/%: 0.
We claim that S,, + S,,—1 = 0. Suppose otherwise that S,, + S,,—1 # 0. Since o # 1
and N(o) = a? — mb® = 1, it follows that a # 1, so (a — 1)(S,, + Sp—1) # 0, which

contradicts (x). Therefore S,, + S,,—1 = 0, as claimed.
(b) Consider the sets

A={a+by/meG: a,beF,ord(a+bym)=p"},
B= {a—l—b\/%EG: a,beF, Lpr(a)=O}.

It suffices to prove that A = B. First we shall prove using induction on r that
Lpr2 .. .Lpr = Skr + Skr—l-

If r = 1, then it follows by Proposition 2.1 (7) that

(p—1)/2 k1
Ly=2 Y Tj+1=2> T;+1=8 +S_1.
j=1 j=1
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Suppose that » > 2. By the inductive hypothesis, Proposition 2.1(4) (7) and the
definition of Ly~ we obtain

Ly...Ly—1Lyr = (Sk,_, + Sk, —1)Lpr

kr_1 (p—1)/2
—(2ZT2~+1>( Z Tjpr 1+1>

kr—1 (p=1)/2 (r=1)/2
=2y Y 2TTJ,,H+2ZT +2 Z Tprt +1
=1 j=1
(p—1)/2 kr—1 (p—1)/2
—2ZT +2 Z Z rrigi + Tipr1) £2 > Ty 41
= j=1
(p 1)/2 jp" ke
—2(2Tl+ Z 3 Tz)—i—l.
=jpm "t —kr—1

Note that for every 0 < j < %(p — 1) — 1 we have

((] + 1)pr71 - krfl) - (jpr71 + krfl) = pril - 2]‘57"71 =1

Therefore
(p—1)p" ' 24k, 1 (p"—1)/2
LyLys ... Lyr =2 > Ti+1=2 »  Ti+1=8 +Sk 1,
=1 =1
as claimed.

Returning to our central claim, first we shall prove that A C B. So suppose
that o = a + by/m has order p". Hence Sk, (a) + Sk.—1(a) = 0 by part (a). Since
LyLy2 ... Ly = Sk, + Sk, —1, it follows that L,(a)Ly2(a)...Lyr(a) = 0. If r = 1,
then Ly(a) = 0 and we are done. Suppose that » > 2 but L,r(a) # 0. Then
Ly(a)...Lyr-1(a) = 0, and since L,...Ly—1 = Sk, + Sg,_,—1, it follows that
Sk,_,(a) + Sk,_,—1(a) = 0. By part (a) we deduce that ord(c) | p"~*, which contra-
dicts the fact that the order of o is p”.

In view of the fact that A C B, in order to prove that A = B, it suffices to prove

that |A| > |BJ. Since char(F) # 2, Proposition 2.1 (1) implies that

T (p=Dp"t _ ep")
deg LpT = deg (2 Z ij'r—l =+ 1) = deg(T(p_l)prq/Q) = D) = D) 5

j=1

where ¢ denotes Euler’s totient function. It follows that L, has at most %go(p”")
roots in F. Now, given an element a € F such that L,-(a) = 0, there are at most
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two elements b € F such that a? — mb? = 1 (namely b and (—b)). Hence |B| <
300" -2 = o(p").

Regarding |A|, since ord(a + b\/ﬁ) = p", it follows that p" | |G|. But by Proposi-
tion 4.1 the group G is cyclic, so the number of elements in G of order p” is exactly
©(p"). Thus |A| = p(p"), so |B| < |A], as required. O

Next we prove the complementary theorem for the case p = 2.
Theorem 4.4. Suppose that [ is a finite field with q elements. Suppose also that

¢ is the positive integer such that 2¢ || ¢ + 1 and r is a positive integer satisfying
1 < r < c. In addition, given a non-square element m € [F, consider the group

G={oceF(vV/m): N(o)=1}.

Let 0 = a+ by/m € G. Then:
(a) If o # %1, then ord(c) | 2" if and only if Syr—1_1(a) = 0.
(b) Ifr > 2, then ord(c) = 2" if and only if Tyr—2(a) = 0.

Proof. In this proof, for the purpose of clarity, we shall use Ty and Sj instead
of Tx(a) and Sg(a).
(a) Set n = 2"~1. By Propositions 4.2 and 2.1 (6), (8) we obtain

(a+byvm)® = (a+bym)™ = Tap +bSan_1v/m
=1+4+28%2_(a* — 1)+ 2bS,_ 1 Tv/m
=1+2S,-1((a® = 1)Sp—1 + bTpv/m).

Hence, if S,,_1(a) = 0, then ¢?" = 1, so ord(c) | 2", as required.
Conversely, if ord(c) | 27, then ¢ = 1. Hence either S,,_; = 0 or

(%) (a® —1)S,_1 + bTpy/m = 0.

We claim that S,_; = 0. Suppose otherwise that S,,_1 # 0. Since a + by/m # +1
and a? —mb? = 1 it follows that a # +1, so (a? —1)S,,_1 # 0, which contradicts (x).
Therefore S,,_1(a) = 0, as required.

(b) Consider the sets

A= {a—l—b\/ﬁe(}: a,bel, ord(a—l—b\/%) =27"},
B= {a—i—b\/ﬁe G: a,beF, Tyr—2(a) :0}.

It suffices to prove that A = B. We begin by proving that
Sor_1=2"Ty Ty Toz ... Tor-1
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for every r > 1. The proof is by induction on r. If r = 1, then indeed S;1_; =
S; = 2z = 2T; = 2'Ty. Suppose now that r > 2. By Proposition 2.1 (6) and the
inductive hypothesis it follows that

Sor_1 =281 _1Tor1 = 2(2" " T90To1 ... Toyr2)Tor1 = 2" T To1 ... Tor 1,

as claimed.
Returning to our central claim, we shall prove that A C B. So suppose that
a + by/m has order 2" and r > 2. By part (a) it follows that Sgr—1_1(a) = 0. Since

Sor1q = 2" T To1 ... Tor-2
and char(F) # 2 it follows that
TQO (G)Tgl (a) ce T27‘—2 (a) =0.

If r = 2, then Tgo(a) = 0 and we are done. Assume that r > 3 but Tyr-2(a) # 0.
Then Too(a)Tai(a)...Tor—3(a) = 0, and since 2" "2T90To1 ... Tgyr—3 = Syr—2_1, it fol-
lows that Sgr—2_;(a) = 0. But then, by part (a) we deduce that ord(a+by/m) | 2771,
which contradicts the fact that the order of a + by/m is 2".

In view of the fact that A C B, in order to prove that A = B, it suffices to prove
that |A| > |B|. Since char(F) # 2, Proposition 2.1 (1) implies that deg(Tor-2) =
2772 = 1p(2"). It follows that Tyr—2 has at most 2¢(2") roots in F. Given an
element a € F such that Tyr—2(a) = 0, there are at most two elements b € F such
that a?> — mb®> = 1 (namely b and (—b)). Hence, |B| < £¢(2") - 2 = ¢(2").

Regarding |A|, since ord(a + by/m) = 27, it follows that 2" | |G|. But by Propo-
sition 4.1 the group G is cyclic, so the number of elements in G of order 2" is
exactly p(27). Thus |A| = ¢(27), so |B| < |A|, as required. O

Now we can prove the main result of this section.

Theorem 4.5. Suppose that F is a finite field with ¢ elements and let m € F.
Consider the equation

(%) 2 —my?=1.

If m is a non-square element, then (x) has exactly q¢ + 1 solutions (z,y) over F.
Moreover, these solutions are given by

x+ym:w§+lv ké{oalv"WQ}a
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where wg41 = [[wpr, in which the product extends over all prime powers p” || ¢+ 1,

and the wyr’s are chosen as follows:

(a) If p > 2, then wy,r = a + by/m is any solution of (x) such that L,-(a) = 0,
where L, is the polynomial

(p=1)/2
Lyr(x) =2 Y Tj(@)+1,
j=1

and Ty, denotes the kth Chebyshev polynomial.

(b) If p=2 and r = 1, then ws = —1.

(¢) If p =2 and r > 2, then wyr = a + by/m is any solution of (x) such that
T27v72 (a) =0.

Proof. Set G = {(x,y): z,y € F, 2> — my? = 1}. By Proposition 4.1, G is
a cyclic group of order ¢ + 1. Let wqy1 be a generator of G. By the fundamental
theorem of cyclic groups, we have that

Wet1 = H Wpr,

p"llg+1

where the product extends over all prime powers p” || ¢+1, and wy,- € G is of order p”.

If p > 2, then by Theorem 4.3 (b), the element w,r is of the form wy,r = a + by/m,
where a,b € F are any two elements that satisfy both of the equations a? — mb? = 1
and Ly-(a) = 0, as required.

Suppose that p = 2. If r = 1, then we may choose ws = —1, since clearly —1 € G
and ord(—1) = 2. If r > 2, then by Theorem 4.4 (b), wa- is of the form wyr = a+by/m,
where a,b € F are any two elements that satisfy both of the equations a? — mb? = 1
and T,_2(a) = 0, as required. The proof is therefore complete. ([

We conclude this section with several examples illustrating Theorem 4.5.

Example 4.6. Let us solve the Pell equation 22 — 3y? = 1 over the field Fy49.
Here, using the notation of Theorem 4.5, F = Fi49, ¢ = 149 and m = 3. Hence
g+ 1=2-3-52% Note that since

() = (5) =(5) =1
149 3 3 ’
it follows that m = 3 is a non-square element in F. By Theorem 4.5, we deduce that
22 — 3y? = 1 has ¢ + 1 = 150 solutions and a fundamental solution for this equation
is w150 = wawswas.

First we find wy. In this case r = 1, so by Theorem 4.5 (b) we obtain that wy = —1.
Next we find ws. In this case p = 3 and r = 1. By Theorem 4.5 (a) we obtain that
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w3 = a+by/3, where a,b € F are any two elements that satisfy both of the equations
a? —3b> = 1 and L3(a) = 0. Here

Ls(x) =2T1(x) + 1 =2z + 1.

Since a = 74 and b = 22 satisfy both a? — 3b> = 1 and L3z(a) = 0, we may choose
w3 = 74+ 22/3.

Finally we find wys. By Theorem 4.5 (a) we obtain that wss = a + bv/3, where
a,b € F are any two elements that satisfy both of the equations a? — 3b> = 1 and
Las(a) = 0. Here

L25(l‘) = 2(T5 (J,‘) —|— Tlo(x)) —|— 1
=1302'% — 2728 + 52% + 322° — 552* — 4023 — 4922 + 10z — 1.

Since a = 10 and b = 35 satisfy both a? — 3b?> = 1 and Las(a) = 0, we may choose
was = 10 + 35+/3.
Once we found the ws, w3 and was, the fundamental solution of 2% — 3y? =1 is

wawswas = (—1)(74 + 22v/3) (10 + 35v/3) = 79 + 21V/3.

Therefore, the solutions (z,y) of the Pell equation 2 — 3y? = 1 over Fy49 are given
by &+ yv/3 = (79 + 21v/3)", where k € {0,1,2, ..., 149}.

Example 4.7. Let us solve the Pell equation 2 +%? = 1 over the field F = F1¢7.
Here ¢ = 167, m = —1. Hence ¢+ 1 =23 -3 - 7. Note that

-1
(7) =1
since 167 = —1 (mod 4), so m = —1 is a non-square element in F. By Theorem 4.5,
we deduce that 22 4+ y? = 1 has ¢ + 1 = 168 solutions and a fundamental solution
for this equation is wigg = wswsws.

First we find ws. In this case r = 3, so by Theorem 4.5 (c) ws = a + bi, where
i := /1 and a,b € F are any two elements that satisfy both of the equations
a? +b* =1 and Ta(a) = 0. Here Ta(z) = 222 — 1. Since a = 77 and b = 77 satisfy
both a? + b? =1 and T2 (a) = 0, we may choose wg = 77 + 7T7i.

Next we find ws. By Theorem 4.5 (a) ws = a + bi, where a,b € F are any two
elements that satisfy both of the equations a? +b* = 1 and Lz(a) = 0. Here L3(z) =
2T (x)+1 = 2z + 1. Since a = 83 and b = 31 satisfy both a? +b? = 1 and L3(a) = 0,
we may choose ws = 83 + 31i.
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Finally we find w7. By Theorem 4.5 (a) wy; = a + bi, where a,b € F are any two
elements that satisfy both of the equations a® + b? = 1 and L7(a) = 0. Here

Lo(x) = 2(Ty(x) + To(x) + T3(z)) + 1 = 82> 4 42? — 4z — 1.

Since a = 61 and b = 11 satisfy both a? + > = 1 and L7(a) = 0, we may choose
wy; = 61 + 11i. Once we found the wg, w3 and wy, the fundamental solution of
224+y?=11is

wswawr = (T7 4 T71)(83 + 311) (61 + 11i) = 58 + 12i.

Therefore, the solutions (z,y) of the Pell equation 22 4+ y? = 1 over Fy67 are given
by x + yi = (58 + 12i)*, where k € {0,1,2,...,167}.

5. THE SOLUTION OF THE GENERAL PELL EQUATION z2 — my? =n

2 —my? = n for any

In this section we shall solve the general Pell equation x
m,n € F. As we shall see, in order to solve the general Pell equation, it suffices to find
a fundamental solution for 22 —my? = 1 and a particular solution for 22 — my? = n.
We begin by proving the existence and form of a solution for the negative Pell

2 _my? =-1.

equation x
Proposition 5.1. Suppose that [ is a finite field with q elements and let m € F be
a non-square element. In addition, let ¢ be the positive integer such that 2¢ || g + 1.

Then the polynomial T3, _,
then there exists b € F such that N(a + by/m) = —1.

has 2°~! roots over F. Furthermore, if T5._.(a) = 0,

Proof. Consider the sets

A= {a—l—b\/ﬁz a,beF, ord(a—l—b\/ﬁ) = ZCH},
B={a+by/m: a,b€eF, Ts._i(a) =0, N(a+by/m) = —1}.

First we shall prove that A = B. We begin by proving that A C B. Suppose that
o = a+ by/m has order 2°*'. We shall prove that N(¢) = —1 and T3._,(a) = 0.
If ord(c) = 2¢t1, then 0° # 1. Since o2 =1 implies either 02" = 1 or 02" = —1,

it follows that 02° = —1. Therefore

(o2 )at /2% — (_1)a+D)/2"

so 09t = —1, since (¢ + 1)/2¢ is odd. By Proposition 3.2, N(o) = 07 = 091, so
N(o) = —1, as required.

*

5e—1(a) = 0. By our assumption, the order of o is 2¢*1.

Next we prove that T
Hence

(a+bym)® =—1.
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In addition, since N(o) = a? — mb? = —1, we deduce by Proposition 4.2 that

Tse(a) + bS5 (a)y/m = —1.

Therefore Tj.(a) = —1. Since T}, = 2(Th._.)? — 1 by Proposition 2.2 (2), it follows
that 2(T3._,)%(a) =0, so T}, (a) = 0. Hence A C B, as required.

In view of the fact that A C B, it suffices to prove that |A| > |B|. Let r be the
number of roots of T5._, over F. Clearly, [B| < 2r. Since |A| = ¢(2¢71) = 2¢ and
A C B, it follows that 2¢ < |B|. Thus 2¢ < 2r, that is, 2”1 < 7. On the other hand,
r < deg(Tj._.) = 2°71, so r = 2¢71. Therefore, |B| < 2¢ = |A], so |[A| = |B], as
required.

Note that since [B| = 2deg(T}._.), it follows that for every root of T. ., there

exists indeed at least one element b € F such that N(a—i—b\/ﬁ) # —1, as claimed. 0O

Theorem 5.2. Let m € F be a non-square element. In addition, let ¢ be the
positive integer such that 2¢ || ¢+ 1. Then:
(a) If n € F is a square element, then (\/ﬁ, 0) is a solution of x?> — my? = n,
where \/n denotes any pre-chosen root of n in [F.
(b) If n € F is a non-square element, then (nyo,nzo/\/mn) is a solution of

22 — my? = n, where /mn denotes any pre-chosen root of mn in F and
(w0,0) is any solution of the negative Pell equation x?> — ny? = —1 such that

T3._1(xo) = 0, where T} denotes the kth conjugate Chebyshev polynomial.

Proof. Part (a) is clear, so we may proceed to part (b). As in the proof of
Proposition 3.2, note that since m and n are both non-square, it follows by Proposi-

tion 3.1 that m(?=1/2 = —1 and n(=1/2 = —1, so (mn)@~1/2 = 1. Therefore, mn is
a square element, so /mn exists in F. Now, since 22 — ny3 = —1, it follows that
2,2

nxg n°x

2
2 2.2 0
(no) "(Vﬁﬁ> T

= n(nyj — x5) = n.

*

Additionally, by Proposition 5.1 we may assume that xo satisfies T5._, (29) = 0, as

required. O

Theorem 5.3. Let m,n € F such that m is a non-square. Then the equation
22 — my? = n has exactly ¢ + 1 solutions over F. Furthermore, these q + 1 solutions
are given by

z 4+ yvm = ow",

where o € [F(\/ﬁ) is any particular solution of 2 — my? = n, w € [F(\/ﬁ) is
a fundamental solution of 2> — my? =1 and k € {0,1,2,...,q}.
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Proof. By Proposition 5.1 and Theorem 5.2 it follows that the general Pell
equation 22 — my? = n is solvable. Let o € [F(\/ﬁ) be a particular solution of

22 — my? = n. Observe that it suffices to prove that

{relF(ym): N(r)=n} ={ow": 0<k <q}.

First, note that by our assumptions N(o) = n and N(w) = 1. Now, by the multiplicity
of the norm, given k € {0,1,2,...,¢q}, we obtain
N(ow®) = N(o)N(w)* =n - 1¥F = n,
so ow” is a solution of 2 — my? = n.
Conversely, suppose that 7 € F(y/m) satisfies N(7) = n. Thus N(7) = N(0), so
N(r/o) = N(7)/N(0) = 1. Therefore, 7/c is a solution of 2> — my? = 1 and hence,
by Theorem 4.5 there exist a fundamental solution w € [F(\/ﬁ) and k € {0,1,...,q}

k

such that 7/0 = w*. Thus 7 = ow", as required. O

Example 5.4. Let us solve the equation 22 4+ y? + 22 = 1 over the field F = F.
Clearly, this equation is equivalent to 22 + y* = 1 — 22, which by Theorem 5.3 is
solvable for every z € F.

First, in order to solve this equation, we need to find a fundamental solution for
22 +y?> =1. Here m = —1 and ¢ = 7, so ¢ + 1 = 23. Note that (—1 | 7) = —1
since 7 = 3 (mod 4), so m = —1 is a non-square element in F. By Theorem 4.5, we
deduce that x2 + y2 = 1 has ¢ + 1 = 8 solutions and a fundamental solution for this
equation is wg. In this case r = 3, so by Theorem 4.5 (¢) wg = a -+ bi, where i := /—1
and a,b € F are any two elements that satisfy both of the equations a? + b? = 1 and
Ts(a) = 0. Here To(z) = 222 — 1. Since a = 2 and b = 2 satisfy both a? + b? = 1
and T2 (a) = 0, we may choose wg = 2 + 2i.

Next, we shall solve 22 + 32 = 1 — 22 for every z € F. For z = 0, the equation
is 22 + y?> = 1 and we may take the particular solution o = 1. For z = =1, the
equation is 2 + y2 = 0 and we may take the particular solution o = 0. For z = 42,
the equation is 2 + y? = 4 and we may take the particular solution o = 2. Finally,
for z = 43, the equation is 22 + 2 = 6 and we may take the particular solution
o=3+2i

Therefore, the solutions of 2% + y? + 22 = 1 are the triples (z,y, ) such that

x4+ yi= (24 2i)F, 2 =0,
x+yi=2(2 + 2i)", z = +2,

x+yi=(342i)(2+20)F, z=43,
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where k € {0,1,...,7}. This gives us the following 42 solutions:

(1,0,0)  (2,0,4£2) (3,2,4£3) (0,0,+1) (2,2,0)
(4,4,42) (2,3,43) (0,1,0)  (0,2,4£2) (5,3,+3)
(5,2,0)  (3,4,42) (4,2,4£3) (6,0,0)  (5,0,+2)
(4,5,4£3)  (5,5,0)  (3,3,£2) (5,4,43) (0,6,0)
(0,5,42) (2,4,4£3) (2,5,0)  (4,3,£2) (3,5,+3)

We conclude with a complete description of the solutions of the general Pell equa-

2

tion 22 — my? = n for a square element m.

Theorem 5.5. Let m,n € F such that m # 0 is a square element. Consider the
equation

(%) z? —my* = n.

(a) If n = 0, then (x) has exactly 2q — 1 solutions (z,y) over F. Moreover, these
solutions are given by

(xvy) = (:I:a\/ﬁ, a)v

where a € F and /m denotes any pre-chosen root of m in .
(b) If n # 0, then (%) has exactly ¢ — 1 solutions (z,y) over F. Moreover, these
solutions are given by

(2,9) = (a —|—2n/a7 az—\/r%a)

where a € F* and \/m denotes any pre-chosen root of m in F.

Proof. (a)Ifa € F, then (z,y) = (+ay/m, a) satisfies the equation #>—my? = 0.
Indeed,
2 —my? = (:l:a\/_) —ma? = a*m — ma® = 0.

Conversely, if 2% —my? = 0, then (z — /my) (z + /my) = 0, so either z = /my
or x = —\/my. Therefore, there exists a € F such that either (z,y) = (a\/m,a) or
(z,y) = (—ay/m,a), as required.

Note that (a/m,a) # (—ay/m,a) if and only if a # 0, so when a extends over the
nonzero elements of F, the number of solutions is 2(¢ — 1). By adding to the count
also the trivial solution (0, 0), we obtain 2(¢ — 1) + 1 = 2¢ — 1 solutions, as claimed.

(b) If @ € F*, then

(2,9) = (a +21/a’ az—\/lﬁ/a)
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satisfies the equation 22 — my? = n. Indeed,

a+n/a>2 (a—n/a>2 a’?+n?/a®+2n a?+n?/a®—2n
—-m = —m- =n.

2 2/m 4 Am

Conversely, if 22 — my? = n, then (z — /my) (z + /my) = n. Since n # 0, there
exists a € F* such that

2 —my?= (

x+/my = aq,
x—\/ﬁyzﬁ.
a

Solving this system of linear equations gives

(z,y) = (a+2n/a, az_\/:%a).

We note that since a extends over the nonzero elements of F, the number of solutions
is indeed ¢q — 1. (I

Example 5.6. Let us solve the the general Pell equation 2 — 2y% = 5 over the
field F = Fy7. Note that since 17 = 1 (mod 8), it follows that (2 | 17) = 1, so
m = 2 is a square in F. Indeed, in this case 2 = 62, so we may choose \/m = 6. By
Theorem 5.5 (b), the solutions of #2 — 2y? = 5 are

(2,y) = (a —|—25/a7 az—\/i_éa) _ (a +25/a’ a —é)/@)7

where a € Fj,, which gives the following 16 solutions:

(3,11) (1512) (8,2) (9,2) (3,6) (2,12) (16,7) (L,7)
(1,10)  (15,5) (14,11) (8,15) (9,15) (2,5) (14,6) (16,10)
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