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Abstract. We study the question of the unique solvability of the periodic type problem
for the second order linear integro-differential equation with distributed argument deviation

w

(1) = po(t)u(t) + / p(t, s)u(r(t, 5)) ds + q(t),

0

and on the basis of the obtained results by the a priori boundedness principle we prove
the new results on the solvability of periodic type problem for the second order nonlinear
functional differential equations, which are close to the linear integro-differential equations.
The proved results are optimal in some sense.
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solvability
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1. INTRODUCTION

On the interval I = [0,w], consider the second order linear integro-differential
equation
w
(1.1) u”(t) = po(t)u(t) + / p(t, s)u(r(t, s)) ds + q(t),
0
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and nonlinear functional differential equation

(1.2) u”(t) = F(u)(t) +q(t)

with the periodic type two point boundary conditions

(1.3) u V(W) —uV(0) =¢;, i=1,2,

where ¢1,¢2 € R, po, f,q € Loo(I,R), p € Loo(I%,R), 7: I? — I is a measurable func-
tion, and F': C'(I,R) — Lo (I,R) is a continuous operator. (The spaces C’'(I,R)
and Lo (I,R) are defined below.)

We will say that a function u: I — R is a solution of problem (1.2), (1.3) if it is
absolutely continuous together with its first derivative, satisfies equation (1.2) almost
everywhere on I and satisfies conditions (1.3).

It is well-known that there are many subjects in physics and technology using
mathematical methods that depend on the integro-differential equations. For these
and for purely theoretical reasons ample interesting literature is devoted to the pe-
riodic problem for the integro-differential equations (see, e.g., [4], [6], [3], [10] and
the references therein). Our work is motivated by some original results for the
functional differential equations with argument deviation (see [1], [2], [9]), and the
results of Nieto (see [10]), Erbe and Guo (see [4]), and Kuo-Shou Chiu (see [3]).
Nieto in [10] studied linear equation (1.1) on the interval I = [0, 2n] when py = M,
p(t,s) = Nk(t,s) and 7(t,s) = s, i.e. the equation of the form

(1.4) u”(t) = Mu(t) + N[Ku](t) + q(t)

under conditions (1.3) with ¢; = ¢o = 0, where [Kul(t) = OQT[ k(t,s)u(s)ds, k €
L?(I x I), M >0 and N € R. In this paper, different sufficient efficient conditions
of the unique solvability of linear problem (1.4), (1.3) are established, and one of
them, the condition |||z < 1, is optimal, where 7(t, s) = OQK G(t,m)k(t,s)dr, and G
is the Green’s function of the periodic problem for the equation v”(t) = Mwv(t). On
the basis of these results, the periodic problem for the nonlinear equation u”(t) =
ft,u(t), [Ku](t)) is studied even in the case when the kernel k changes its sign.
In [6] the authors develop the monotone iterative method based on comparison re-
sults, which is applicable for problem (1.4), (1.3) only if K is Volterra operator with
nonnegative kernel. A more general case is considered in paper [4], here the op-
erator K is of the form [Kxz] = N[Tx] 4+ N1[Sz], where T is the integral operator
of Volterra type and S is the integral operator of Fredholm type with nonnegative
kernels. Chiu in [3] investigates the existence of periodic solutions for the systems
of integro-differential equations with piecewise alternately retarded and advanced
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argument of generalized type. In the mentioned paper the author proves interesting
results of the solvability and unique solvability, but these results do not take into
account the effect of argument deviation.

In this paper we establish the theorems which in some sense complete and gener-
alize the results of the works cited above as well as some other known results. We
first describe some classes of unique solvability for linear problem (1.1), (1.3), and
on the basis of these results, by the a priori boundedness principle, we prove the
existence theorems for nonlinear problem (1.2), (1.3). The conditions we obtain take
into account the effect of argument deviation, and in some sense are optimal (see
Remarks 2.1, 2.3).

Interesting results follow from our main proposition for such special cases of equa-
tions (1.1) and (1.2) as are linear integro-differential equations with distributed delay
(see Corollary 2.2), linear differential equations with argument deviation (see Corol-
lary 2.3), or the nonlinear equation

(1'5) u//(t) =f (t, u()’;)7 /O"" V(u)(t, S)’U,(T(t, S)) dS) +q(t),

where f: I x R? — R is from the Carathéodory class, and V: C'(I,R) — Loo(I?,R)
is a continuous bounded operator.

Also our results allow to obtain conditions of unique solvability for a large class
of the two point BVP for higher order functional differential equations. Here as an
example of such problems we consider nth order linear functional differential equation
with argument deviation

(1.6) ut™ () = pr(t)u(r()) +q(t)

under the two point boundary conditions
(1.7) w (W) — w0 =¢;, WwITV0)=¢;, i=1,2,5=3,...,n,

if n > 3, where ¢, € R, k = 1,n, p1 € Loo(I,R), and 7: I — [ is a measurable
function.

Throughout the paper we use the following notations: R = ]—o00, oo[, R4 = [0, oo[;
C(I; R) is the Banach space of continuous functions v: I — R with the norm ||ul|¢ =
max{|u(t)|: ¢t € I}; C'(I; R) is the Banach space of the functions u: I — R which are
continuous together with their first derivatives with the norm ||u||¢cr = max{|u(t)| +
|u'(t)|: t € I}; L(I;R) is the Banach space of the Lebesgue integrable functions
p: I — R with the norm [|p|| = [ |p(s)| ds; Loo(I, R) is the space of the essentially
bounded measurable functions p: I — R with the norm ||p||c = esssup{|p(¢)|:
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t € I}; Loo(I?,R) is the set of such functions p: I? — R, that for any fixed ¢ € I,
p(t, ) € L(I,R) and fow Ip(-,s)|ds € Loo(I, R). Also for arbitrary po,p1 € Leo(I, R),
p € Loo(I?,R), and measurable 7: I? — I we will use the notations

lfpos )(0) = po(e) + [ " p(t. )| ds,

nior) =22 ([7( [ et - elas) dfs)m.

Definition 1.1. Let 0 € {—1,1} and 7: I? — I be measurable function. We
will say that the pair of functions (ho, k), where hg € Loo(I,Ry) and h € Loo (I, Ry)
belong to the set P if for arbitrary measurable functions po: I — R and p: I? — R
such that

(1.8) 0 < opo(t) < ho(t), 0<op(ts) <h(t,s) fort,sel,
(19) w0+ [ a5 ds 20
0
the homogeneous problem
(1.10) V(1) = po(t)u(t) + / p(t, 8)o(r(t, 5)) ds,
0
(1.11) v (w) =0 (0) =0, i=1,2,

has no nontrivial solution.

2. STATEMENT OF THE MAIN RESULTS
2.1. Linear problem.
Proposition 2.1. Let 0 € {—1,1},
w
(2.1) ho € Loo(I,Ry), h € Loo(I*,Ry), ho(t) +/ h(t,s)ds # 0,
0

and for almost all t € I the inequality

1-— 472
(2.2) . T lo(ho, h)(t) + L1 (h, )L (ho, R)(t) < w—";
holds. Then
(2.3) (ho, h) € PC.
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Theorem 2.1. Let 0 € {—1,1}, opg € Loo(I,R), 0p € Loo(I?,R,) and condi-
tion (1.9) be fulfilled. Moreover, let for almost all t € I the inequality

4r?

lo(po,p)(8) + 11 (b, )l (po, ) (1) < —5

1—-0
2
hold. Then problem (1.1), (1.3) is uniquely solvable.

(2.4)

Remark 2.1. Condition (2.4) is optimal in the sense that for the equation
(2.5) u” (t) = po(t)u(t) fort € (0,27

when po(t) < 0, condition (2.4) transforms into the condition |po(t)| < 1, which is
optimal, because if pp = —1, then sint is a nonzero solution of problem (2.5), (1.3)
with ¢1 = ¢ = 0.

From the last theorem it also follows the well known fact that if po(¢) > 0, then
problem (2.5), (1.3) with ¢; = ¢ = 0, has only the zero solution.

When in equation (1.1) the coefficients py and p are nonnegative, then 1 — o = 0,
and from Theorem 2.1 it follows:

Corollary 2.1. Let
(26) Po € Loo(Iv |R+), pELoo(127R+)v pO(t)+/ p(t,s)ds;‘éo,
0

and for almost all t € I let the inequality

[ [ o = lasae (e + [ pte 1) <2

w2
hold. Then problem (1.1), (1.3) is uniquely solvable.

Let now po =0, 7(¢,s) =t — v(t, s), and

(2.7) 0<v(t,s) <t fort,sel.
Then equation (1.1) transforms into the integro-differential equation with distributed
delay
(28) w0 = [ pltsyutt = vt.s)) ds -+ q(o),
0

and from Corollary 2.1 it follows:

Corollary 2.2. Let p € Loo(I%,Ry), [ p(t,s)ds # 0 and for almost all t € I let

the inequality
p({,s)l/(f,s) ds df p(ta 8) ds < T2
0J0 0 w

hold. Then problem (2.8), (1.3) is uniquely solvable.
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If po = 0 and 7(t,s) = 7(¢ ) for t,s € I, then equation (1.1) transforms into
equation (1.6) with n = 2, pi(¢ fo (t,s)ds, and then from Corollary 2.1 it
follows:

Corollary 2.3. Letp; € Loo(I, Ry) be such that for almost allt € I the inequality
w 47‘[2

n(o) [ m)lre) - slds < 7

0 w

holds. Then problem (1.6), (1.3) when n = 2, is uniquely solvable.

Corollary 2.4. Let n > 3 and the function p1 € Lo (I,Ry) be such that for
almost all t € I the inequality

//pl )7 (s —1§|dsd1§/O pl()ds\%

holds. Then problem (1.6), (1.7) is uniquely solvable.

Remark 2.2. If in Corollaries 2.1-2.3 we assume that opy = hy and op = h,
we get the sufficient efficient conditions which guarantee inclusion (2.3).

2.2. Nonlinear problem. Now we consider the theorems on the solvability of
nonlinear problem (1.2), (1.3). First we will introduce here the definitions.

Definition 2.1. We will say that the operator F' belongs to Carathéodory’s local
class and write F € K(C',Lo,) if F: C'(I,R) — Lo (I,R) is continuous operator,
and for an arbitrary r > 0

sup{|F(z)(t)|: ||lzllc: <7, € C'(I,R)} € Lo (I, Ry).
Definition 2.2. Let 0 € {—1,1}, inclusion (2.3) hold and the operators Vj:

C'(I,R) = Loo(I,R), V: C'(I,R) — L(I% R) be continuous. Then we will say
that (Vo,V) € E(ho, h, P?) if for all z € C'(I, R) the conditions

(2.9) 0<oVo(z)(t) < ho(t), 0<oV(x)(t,s) <h(t,s) fort,sel
hold, and
(2.10) inf{||L(z,1)||r: =z € C'(I,R)} > 0,
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where

(211) Le.)t) = Vo) u(t) + [ Vi)t s)a(r(t.s) ds.
Also throughout the paper we assume that
(2.12) 1 ifx >0,
. sgnx =
8 -1 ifz<0.

Then the next theorem is true:
Theorem 2.2. Let 0 € {—1,1} and
(2.13) (Vo + Vo, V) € E(ho, h, P?),

where oV (x)(t) = 0, oVo(z)(t) = 0 on I for all z € C'(I,R).
Moreover, let the constant ro > 0, the operator F' € K(C', Lo,) and the function
go € L(I,R;) be such that the conditions

(2.14) 90(t) < o(F(2)(#) = L, 2)(t)) sgn 2 (t)

< Vol@)(@)x(6)] +n(t, [[zller)  fort € 1, [lz]cr = 7o,
and
(2.15) lea| < /O“J go(s)ds — /Ow q(s)ds

hold, where the function n: I x Ry — Ry is summable in the first argument, non-
decreasing in the second one, and admits to the condition

1 w
(2.16) lim — / n(s, 0)ds = 0.
0

00— Q

Then problem (1.2), (1.3) has at least one solution.

Remark 2.3. Inequality (2.15) cannot be replaced by the inequality

/Ow q(s)ds

no matter how small € > 0 would be. Indeed, if F =0, q(t) = ew™!, go =0, c2 = 0,
then instead of (2.15), inequality (2.17) holds and all other conditions of Theorem 2.2
are fulfilled with L(z,y) =0, n = 0, Vo = ho = 1, 0 = 1. Nevertheless, in that case,
problem (1.2), (1.3) is not solvable.

(2.17) |cal é/ go(s)ds — + €,
0
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Remark 2.4. Let o € {—1,1}, (ho,h) € P?,

(2.18) Vo(@)(t) = po(t),  Vo(x)(t) = Po(t),

where opg, 0Py € Loo(I,Ry), and V: C'(I,R) = Loo(I%, R) be the continuous oper-
ator. Then due to Definition 2.2 it is obvious that inclusion (2.13) holds if

(2.19) 0<I[po(t)], o(po(t)+po(t)) < ho(t) fortel,
0 < oV(y)(t,s) < hit,s) fort,s eI, ye C'(I,R).

Corollary 2.5. Let o € {—1, 1}, inclusion (2.3) hold, the functions go, opo, ocpo €
Loo(I,Ry), and the continuous operator V: C'(I,R) — Loo(I?,R) be such that
inequalities (2.15), (2.19) are fulfilled. Moreover, let

o(f(t,x1,22) — po(t)r1 — x2) sgnxy
|po(t)z1| +n(t, |z1|) fort eI, z1, 20 € R,

(2.20) g0(t) <
<

where nn: I x Ry — R, be summable in the first argument, nondecreasing in the
second one and admits to condition (2.16). Then problem (1.5), (1.3) has at least
one solution.

Example 2.1. The integro-differential equation with distributive delay

(2.21) " (t) = au(t) 1+”u”0// [u' (s |u )ds+q() for ¢ € [0, 1],

where o, € R4 and o # 0, under conditions (1.3) with w = 1, ¢ = 0, has at
least one solution if fo s)ds = 0 and B(a + ) < 87%/In2 ~ 113,91. Indeed, in
view of Corollary 2.2 the last inequality guarantees the validity of inclusion (2.3),
and then all the assumptions of Corollary 2.5 with 0 =1, po = ho = «, V(y)(t) =
Bly' O/ 1+ lyller), h = B, go = po = q(t,0) = 0 are fulfilled. The solvability of
problem (2.21), (1.3) does not follow from the previously known results.

3. AUXILIARY PROPOSITIONS

Now consider the modification of the well known Wirtinger’s inequality (see The-
orem 258 in [5]).

Proposition 3.1. Let v" € Lo (I, R) and conditions (1.11) hold. Then
w w 2 w
(3.1) / v'2(s)ds < (—) / (v (5))2 ds.
0 2n 0
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Lemma 3.1. Let all the conditions of Proposition 2.1 and conditions (1.8), (1.9)
hold. Then problem (1.10), (1.11) has only the trivial solution.

Proof. On the contrary, assume that problem (1.10), (1.11) has nonzero solu-
tion v. If v = ¢ (obviously ¢ # 0), then v” = 0 and in view of (1.10) we get the contra-
diction with (1.9), i.e. v # const. Therefore due to (1.11) the inequality v’ # const
holds and then there exist t.,t* € I such that ¢, < ¢t* and o'(¢*) — V'(¢t.) # 0.
Therefore from (1.10) by (1.8), Schwarz and Cauchy-Schwarz inequalities it follows
that

0 < /(%) — v/(t)] < / “po©ee + / " (e, sl (€, ) ds| de

: (/o [po(§)] de /0 GG d§>” ’
’ </ow/ow Ip(&, s)|ds dg /Ow/ow (€, 5)[v2(7(€, 5)) ds dg)1/2

where § = [1* 60(£) d€, do(&) = U(fo &, s)v*(7(&, 5)) ds + po(£)v?(€)), and then

(3.2) 0> 0.

Analogously from (1.10) by (1.8), Schwarz and Cauchy-Schwarz inequalities we get

(3.3) / Sy de < / i (|po(€)|1/2(|p0(§)|v2(§))1/2

([ e d8>1/2 ([ wesnries) ds)” ) i

< /O (o, ()50 (€) dé.

Now note that in view of (1.10), for ¢ the representation is true:

(3.4) 5:0/0 o' d£+// P&, ) o(r(€, >></ ES) (n)dn>dsd£~

Due to (3.1) and (3.3), by integration by parts and boundary conditions (1.11) we
find that

33 o[ we@a= -0 [ @a< ST [T

<1505 [ tatho. @l ae
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Also by using the Schwarz, Cauchy-Schwarz, (3.1) and (3.3) inequalities we have:

30 [ [ e slutric.s) ( /E ) dn) ds de
// P&, 5)ol(r(€, )| (€, ) — £|1/2dsd£</w ()dn)m
<// P&, 5)[v*( (€, 5) dsdgf/ P&, )76, 5) - fldsd£>1/2
([ o dn)
(2%)2<5 /Owlo(hmh)(§)5o(f)d§>l/2l1(p,7)-

Therefore from (3.2) and (3.4) by estimates (3.5), (3.6), we get

(3.7) 0<i< “—2<1‘—“ / oo, h)(€)50(€) dé

42 2

+ (5/; lo(ho, R)(£)d0(§) d§>1/211(h,7-)).

Let now Mo = ||hol|oo, M1 = || [ h(t, s) dsHOO, M = Mo+M;and N = $(1—0)M +
ly(h, 7)M'/2. Then due to condition (2.2) either

42 42
T or N<T[

l()(ho,h)(t) <M and N = F, F

Therefore if N = 47%/w? (N < 412 /w?), then from (3.7) we get § < Néw?/4r? = §
(6 < Ndw?/4r? < §). Thus, in both cases we get the contradiction § < §. Therefore
our assumption is invalid and v is the trivial solution of problem (1.10), (1.11). O

Lemma 3.2. Let o € {—1,1}, 7: I?> — I be measurable functions and (V;,V) €

E(ho,h, P?). Then there exists such positive number go that for an arbitrary « €
C'(I,R) and q € Loo(I,R), any solution u of the equation

(3-8) u”(t) = Vi(@)(t)u(t) + / V() (t, s)u(r(t,s)) ds + q(t)
0
under boundary conditions (1.3), admits the estimate

(3.9) Juller < eo(p(u) + lex| + leaf + llgllz) i p(u) = min{[u(t)[: t € I}.
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To prove this lemma, we need Lemma 3.3, which can be proved analogously as
Lemma 1.1 of [7], in which v, vor € C(I,R), k € N.

Lemma 3.3. Let y,yx € L(I,R), vo,vor € Loo(I,R), k € N,

lim |Jvor — volloo =0, limsup |lyx|lr < oo,
k—o0 k—o0

and hm fo yr(s)ds = fo s)ds uniformly on I. Then

t t
lim Yr(s)vok(s)ds = / y(s)vo(s)ds uniformly ont € I.
0

k—o0 0

Proof. Assume that Lemma 3.2 is not true. Then for an arbitrary natural k
there exist operators

(3.10) (VOk,Vk) S E(ho,h,P:),

functions zy € C'(I,R), qx € Loo(I,R) and the numbers cqx, car, € R such that the
problem

uy (t) = Vor (zx) () ur (t) + /Ow Vie(xp) (t, s)ug (7(¢, 8)) ds + qr(t),

U](:_l) (w) _ ug_l)(o) = Cik, 1= ]-; 27

has such a solution uy that |lugllcr = k(u(uk) + |cik| + |c2k| + |lgx]lL). Then if we
suppose that vk (t) = u(t)/[lurllcr, qor(t) = e (t)/|urllcr, we get

)

Eol B

(3.11) Joller =1, u(vk>+|\q0k|u+z|v“ Y(w) — oV (0)] <
=1

and almost everywhere on I the equality

(3.12) Vi (t) = Vor (@) (t)vk(t) +/ Vie(zr) (L, s)or(7(t, 5)) ds + qox(t)
0

holds. Therefore according to (3.10) and (3.11) we have

(3.13) [ (8)] < ho(t) —|—/ h(t,s)ds + |qox(t)| forte I
0
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According to (3.11) and (3.13), the sequences (vy)32, and (v},)72, are uniformly
bounded and equicontinuous on I. By the Arzela-Ascoli lemma, without loss of gen-
erality it can be assumed that these sequences are uniformly convergent on I. Suppose
v= kli_>11010 v and v € C'(I, R). Also due to (3.11), conditions (1.11) hold, and

(314) hm ||Uk — UHC/ = 07 ||’U||C/ = 1,
k—o0

(3.15) u(v) = 0.

Set Poy (¢ fo Vor(zr)(s) ds, Pe(t, s) = [3 Vi(zr)(t, €) A€, then from inclusion (3.10)
we get

(316) P()k(O) = 0, 0 < O'(P()k(tg) — P()k(tl)) < / ’ ho(s) dS,

t1

EP)
Pk(t,O):O, 0<0’(Pk(t,82)—Pk(t,81)) </ h(t,s)ds,

S1

for 0 < t1 <t2 <w, 0< 51 <52 <w, t €, and then the sequence (Pox(t))32,,
and for an arbitrary fixed ¢y € I sequence (Py(to, s))52, are uniformly bounded and
equicontinuous on I. Then by the Arzela-Ascoli lemma, without loss of generality it
can be assumed that these sequences uniformly converge. Therefore if we denote the
limits of these sequences by Py(t) and P(to, s), we get

(317) lim P()k(t) = Po(t), lim Pk(to, S) = P(to, S),
k—o0 k—o0

uniformly on 7, and then from (3.16) it follows that

t2

0 < O'(Po(tg) — Po(tl)) < ho(s) dS7

t1

0 < o(P(to, s5) — Plto, 51)) < / h(to, s) ds.

S1

Consequently, the functions Py and P(t,-) are absolutely continuous, and there exist
functions po, p(t,-) € L(I,R) such that Py(t fo po(s)ds, P(t,s) fo (t,€)d¢,
and inequalities (1.8) hold. Then for an arbltrary fixed to € I due to (3.14), (3.17)
and (1.8), by Lemma 3.3 with yi(s) = Vi(zx)(t0, s), y(s) = p(to, s), and vor(s) =
v (T(to, $)), vo(s) = v(7(to, s)), we get

w

(3.18) lim Vie(xr) (to, s)vk(T(to, s)) ds = /Ow p(to, s)v(7(to, s))ds for tg € I.

k—oo Jo
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Analogously due to (3.14), (3.17) and (1.8), from Lemma 3.3 it follows

t

(3.19) lim Vor (k) (s)vg(s) ds = /Ot po(s)v(s)ds forte I

k— o0 0

Therefore according to the definition of the set E(hg, h, P?) and conditions (3.10),
(3.11), the functions gr(t fow Vie(zr)(t, s)vk (7(t, 8)) ds are measurable and the
inequality [gx(t)| < ) h t s)ds holds. Thus, (3 18) by the Lebesgue’s bounded con-
vergence theorem 1mphes that the function g(¢ fo (t,s)) ds is integrable
and the equality

(320)  lim / / (Vi(an) (€ )n(7(£, 5)) — plE, $)o(r (€, 5))) ds dE = 0

holds on I. Therefore if we integrate equation (3.12) from 0 to ¢, and pass to the
limit as k — oo, due to conditions (3.11), (3.14), (3.19) and (3.20) we find that v is
a solution of problem (1.10), (1.11). Let po(t) + [y p(t,s)ds = 0, then v" = 0 and
conditions (1.11), (3.15) yield v = 0. If po(t) + [ p(t, 5) ds 7‘é 0, then conditions (1.8)
and the inclusion (hg,h) € P? implies that v = 0. Thus, in both cases we get the
contradiction with the second equality of (3.14), which proves our lemma. ]

The following definition is the modification of Definition 3 in paper [8].

Definition 3.1. Let the operator L be defined by equality (2.11), and

(3.21) L(x,y)(t) = Lz, y)(t) + Vo(2)(1)y(t).

Then we say that the pair of the operator L and boundary condition (1.11) belongs
to the Opial class O3 if: for arbitrary pyp € Loo(I,R) and p € Lo (I% R), for which
there exists such sequence x € C'(I,R), k € N that for all y € C'(I, ) the equality

(3.22) Tim (i, 0)(0) = po(t)u(t) + / "ol s)y(r(t, ) ds

k— o0

holds on I, problem (1.10), (1.11) has only the zero solution.

Lemma 3.4. Let inclusion (2.13) hold and the operator L(z,y) be defined by
equality (3.21). Then the pair of the operator L(z,y) and boundary condition (1.11)
belongs to the Opial class O3.

Proof. From inclusion (2.13) we get that

(3.23) 0 < oVolaw)(t) + oVo(ar)(t) < ho(t), 0< oV (zx)(ts) < hlt,s)
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for t,s € I, and
(3.24) inf{||L(z,1) + Vo(z)||z: = € C'(I,R)} > 0.

But (3.22)—(3.24) results in (1.8) and (1.9), and then due to inclusion (2.3), problem
(1.10), (1.11) has only the zero solution. O

Now consider the following modifications of Corollary 1 of paper [8].

Lemma 3.5. Let the pair of the operator L and conditions (1.11) belong to the
Opial class O3, where L is defined by equality (3.21), F € K(C', L), and there
exist a positive number o1 such that for arbitrary A € (0,1) every solution u of the

problem
(3.25) u’(t) = AL(u, u)(t) + (1 = N)(F(u)(t) + q(t)),
(3.26) w V(W) —u(0) = Aey, i=1,2,

admits to the estimate
(3.27) [u®)]c < o1

Then problem (1.2), (1.3) has at least one solution.

4. PROOF OF MAIN RESULTS

Proof of Proposition 2.1. Follows from Lemma 3.1 and Definition 2.1. O

Proof of Theorem 2.1. In view of the fact that linear problem (1.1), (1.3)
has Fredholm’s property, the proof immediately follows from Proposition 2.1 with
h(t,s) = op(t,s) and ho(t) = opo(t). O

Proof of Corollary 2.4. By integration by parts, we can rewrite the homoge-
neous problem corresponding to problem (1.6), (1.7) as (1.10), (1.11) with pg = 0,
7(t,s) = 7(s) and

Mpl(s) for 0 < s <t<w,
plt,s) =4 (n=3)
0 for0 <t < s < w.

Therefore ) |p(t,s)|ds < ((b—a)"~3/(n - 3)!) fot p1(s)ds, and from Corollary 2.1
our corollary immediately follows. O
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Proof of Theorem 2.2. Let A € (0,1) be an arbitrary fixed number and u be a
solution of problem (3.25), (3.26). Then it is obvious that u is also the solution of
the equation

(41)  u"(t) = L, w)(t) + AVo(u)()u(t) + (1 = A)(F(u)(t) = L(u, u)(s) + q(t)).

Also, from inclusion (2.13) and inequality (2.10) it is clear that the function d:
R4+ — R defined by the equality

5(r) = imf{|| Lz, V)|l + |[Vo(@): |leller =7, x € C'(1,R)}
is positive and nondecreasing, and therefore there exists r; > 7y such that
(4.2) r10(r1) > 2|cal.

Now show that
(4.3) pw(u) = min{|u(t)]: t € I} < ry.

Assume on the contrary that |u(¢)| > r; on I. Then sgnu(t) = sgnu(0), and by (2.9),
(2.14), (2.15), (3.26), (4.1) and (4.2) we get

lea| = ocedsgnu(0) = o(u'(w) — v’ (0)) sgnu(0) = U/OuJ u”(s)sgnu(s)ds
= /Ow(|L(U7U)(8)| + A|Vo(u)(s)u(s)]) ds
+(1=Ao /OM(F(U)(S) — L(u,u)(s) + q(s)) sgnu(s) ds

> Mr(r) + (1= A) (/Ow go(s)ds + osgnu(0) /O“J q(s) ds)
> >\T15(T1) -+ (1 - >\)|02| > |CQ|.

The obtained contradiction |ca| > |c2| proves that (4.3) holds.
Let now gp be a number defined in Lemma 3.2. Then due to condition (2.16) there
exists such a constant g; > rg that the inequality

w
(4.4) 00 (w + 71+ |ea] + Jee| + gl +/ n(s, 0) ds) <o foro>op
0

holds. Assume that |Jul|c > 01, and note that in view of nonnegativity of the
operator oVy(u)(t) we have oVp(u)(t) = [Vo(u)(t)|. Therefore on account of (2.12),
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condition (2.13) and nonnegativity of the function n, we get that u is a solution of
the equation

(45) (1) = L{w,u)(t) + A+ (1= M) Vo(u)()ult) + m(t, [lullor),
where

m(, [[uller) = o1 = A1+, ulle))v(t) sgnu(t) + (1 — Nq(t),
o(t) = UEF(u)(t) — L(u,u)(t)) sgnu(t)7
Vo(u)@)u(t)| +n(t, [lullcr) +1

and due to condition (2.14) the estimations
(4.6) O0<w(t) <1, |m@llulle)] < T+, lulle) + lg()]

are valid on I. Now note that according to conditions (2.13), (4.6) and the nonneg-
ativity of the operators oVy(u)(t) and oVp(u)(t), the estimation

0 < o(Vo(u)(t) + (A + (L = Nr(0) Vo) (1)) < o(Vo(u)() + Vo(u) (1)) < ho(t)

is satisfied on I. Consequently, due to inclusion (2.13), for arbitrary A € (0,1) the
inclusion (V1,V) € E(ho, h, P7), where Vi (x)(t) = Vo () (&) + A+ (1= (t)Vo(x)(t),
is valid too. Then from (4.5) by Lemma 3.2 due to inequality (4.6) we get the

estimation
luller < eo <u<u> Hlerl+leal + [ ()] +nfs. e + 1>ds),
0

which in view of (4.3) contradicts with inequality (4.4), i.e. our assumption is invalid
and estimation (3.27) holds.

On the other hand, from Lemma 3.4 due to inclusion (2.13) it follows that the pair
of the operator L and conditions (1.11) belongs to the Opial class O3, and therefore
all the assumptions of Lemma 3.5 are fulfilled, from which the solvability of problem
(1.1), (1.3) follows. O

Proof of Corollary 2.5. Assume that the operators Vj, ‘70 are defined by (2.18).
Then due to Remark 2.4 in view of (2.19), inclusion (2.13) holds. Also, from (2.20)
the validity of conditions (2.14) follows, with

Fa)(t) = f(t, 0, [ V@)t )l (t, ) ds),
Liz,y)(t) = polt)y(t) + / V@)t s)y(r(t, ) ds.

Therefore all the assumptions of Theorem 2.2 are fulfilled from which validity of our
corollary immediately follows. ([
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