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KYBERNETIKA — VOLUME 57 (2021), NUMBER 1, PAGES 102-117

ROBUST OBSERVER-BASED FINITE-TIME H,, CONTROL
DESIGNS FOR DISCRETE NONLINEAR SYSTEMS WITH
TIME-VARYING DELAY

YaLt DoNG, HUIMIN WANG, AND MENGXIAO DENG

This paper investigates the problem of observer-based finite-time H, control for the un-
certain discrete-time systems with nonlinear perturbations and time-varying delay. The Lu-
enberger observer is designed to measure the system state. The observer-based controller is
constructed. By constructing an appropriated Lyapunov-.Krasovskii functional, sufficient con-
ditions are derived to ensure the resulting closed-loop system is Hs finite-time bounded via
observer-based control. The observer-based controller for the finite-time Ho, control problem
is developed. Finally, a numerical example illustrates the efficiency of proposed methods.

Keywords: observer-based control, H., finite-time boundedness, Lyapunov—Krasovskii
functional, discrete-time systems, time-varying delay

Classification: 93D15, 93D09, 93C10, 93B35, 93B52

1. INTRODUCTION

Feedback control is a long-standing topic and has been one of the key research areas
in control theory [7), 8 [I6]. State feedback control is developed on the premise that
the complete state information of the system is available. But often this is not true
in practice, and the current state must be estimated by another dynamical system, a
state observer [10] 17, 18, [20]. In recent years, observer-based control has attracted the
attention of scholars, and some results have been obtained [3], 10, [15]. In [I0], the design
of observer-based feedback control was presented for a class of discrete-time nonlinear
systems. Ahmad et al. [3] considered the observer-based control for one-sided Lipschitz
systems.

In many practical applications, it is necessary to consider the behavior of the system
in a fixed finite time interval. Within a given finite time interval, the state of the system
will not exceed a bound. Therefore, the concepts of finite-time stability and finite-time
boundedness were proposed in [4, [I1]. In recent years, finite-time stability, finite-time
boundedness and related control problems have attracted the attention of researchers,
and many results have been reported in [4, Bl @, 14, 2T]. Zhang et al. [21] investigated
finite-time stability and stabilization of uncertain continuous-time delay system. Amato
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et al. [ considered the finite-time control of linear system. In [5], finite-time H
filtering problem for discrete-time Markovian jump systems was investigated.

On the other hand, in practical systems, the phenomenon of time delay is inevitable.
The existence of time delay can deteriorate system performance or lead to system in-
stability. Therefore, the stability and control of time-delay systems have attracted wide
attention in academic circles. In recent years, many results about time-delay systems
have been presented [6], [7, 9, 10l 12} 13} 19]. In [6], the observer design of neutral neu-
ral networks with discrete and distributed time-varying delays was given. Stojanovic
[19] investigated the robust finite-time stability for discrete-time systems with interval
time-varying delays and nonlinear perturbations. Lin et al. [13] considered the finite-
time boundedness and Lo gain analysis for switched delay systems. However, as far as
we know, for uncertain discrete-time systems with nonlinear perturbations and time-
varying delays, finite-time boundedness and observer-based finite-time H, stabilization
have not been thoroughly studied.

In this paper, we investigate the observer-based finite-time control for discrete uncer-
tain nonlinear systems with time-varying delay. The main contributions of this paper
are as follows: First, by constructing an appropriate Lyapunov—Krasovsky functional,
utilizing sector-bounded conditions and observer-based control, the sufficient conditions
are derived in term of matrices inequality technique which ensure that the closed-loop
system obtained is finite-time bounded with H,, performance. Then, the observer-based
finite-time H,, control is designed to guarantee the closed-loop system has desired per-
formance. Finally, a numerical example is given to demonstrate the effectiveness of the
proposed method.

This paper is organized as follows. In Section 2, the system description and prelim-
inaries are introduced. In Section 3, based on matrix inequalities and observer-based
control, sufficient conditions for H., finite-time stabilization of uncertain discrete-time
systems are developed, and H,, finite-time observer-based control is given. In Section
4, we give an example to show the performance of our method. Conclusions are drawn
in Section 5.

2. PROBLEM FORMULATION

Consider the following uncertain discrete-time system

z(k+1) = (A+AAx(k)+ (Aqg+ AAg)z(k — 7(k)) + Du(k) + Gf(x(k))
+Hg(z(k —71(k))) + (B + AB)w(k),

y(t) = Cu(k), (1)

z(k) = Nix(k) + Nsz(k — 7(k)) + Naw(k),

x(0) = @), 0=—-7p, —Tmv+1,...,0,

where z(k) € R" is the state vector, y(k) € RP is the measured output, z(k) € R? is the
control output, ¢(#) is an initial function, u(k) € R™ is the control input. w(k) € R is
the exogenous disturbance. A, Ay, B,C, D, N1, No, N3, G, H are appropriate dimension
constant matrices. The positive integer 7(k) is the time -varying delay satisfying

0 <7m <7(k) < 7w, (2)
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where 7,,, Tas are positive integers. Assume that the admissible uncertainties AA, AA,
and AB satisfy
[AA, AAy, AB] =TY (k)[K., Kq, Kp),

where T', K, K4, K}, are known real constant matrices, Y (k) is unknown time-varying
matrix satisfying

YT(k)Y (k) < I, VK € N*.
The nonlinear functions f(-) and g(-) are assumed to be continuous and satisfy f(0) =
0,9(0) = 0 and satisfy the following sector-bounded conditions:

[f(2) = f(y) = File — )] [f(z) = f(y) — Pz —y)] <0, Va,y€eR",
[9(z) — g(y) — Ur(x — y)]" [g9(z) — g(y) — Ua(z —y)] <0, Va,y € R",

where Fy, F,Uy,Us are real matrices of appropriate dimensions. w(k) € R! is the
exogenous disturbance which satisfies

(3)

M

3 wl(k)w(k) < d2. (4)

k=0

We construct an observer-based controller for system (1) as follows

#(k+1) = Ai(k)+ Agi(k — (k) + Du(k) + Ly — Ca(k)) + G (i (k))
+Hg(2(k — 7(k))), (5)
u(k) = Ki(k),

where Z(k) is the estimated state, L € R? is the observer gain required to be designed
later. Let e(k) = x(k) — &(k). The error dynamic system is

e(k+1) = (A LC)e(k) + Auelk (k) + AAa(k) + Agr(k = (k) (o
+G(f(x(k)) — f(&(k))) + H(g((k — 7(k)) — g(2(k — 7(k)))).

Let n(k) = [T (k), eT(k)]T, then by (1),(4)and(5), we can get the following closed-loop
system

n(k +1) = An(k) + Aan(k — 7(k)) + Bw(k) + Gf (n(k)) + Hg(n(k — 7(k))), (7)
(k) = Nin(k) + Nan(k — 7(k)) + Naw(k),

where
A=A+ad, A= | ATDPE DR aqo |44 8}:PY(k)Ka,
I [H Ad:[%d fu, Md:[ﬁﬁjg DY ()R,
Ag=Aq+AAy, K,=[K, 0, Kq=[Kq 0, Ni=[Ny 0],
Ny—=[Ns 0], G-= gg , H:[Ig 1?1] B=B+AB,
B:{g}v A AB _ fgxk))
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Definition 1. The closed-loop system (7) is said to be finite-time bounded via observer-
based control with respect to (y1,72,d, R, M) with 0 <y < v, R>0,M € Z7T, if

sup T (O)Rn(9)} < v = nT(k)Rn(k) < v2, Vk € {1,..., M},
06{—T1u,—7’1v1+1,...,0}

for all disturbance w(k) satisfying (4).

Definition 2. The closed-loop system (7) is said to be H,, finite-time bounded via
observer-based control with respect to (v1,72,d, R, M,~) with 0 < v <y, R > 0,M €
Z7T, if the system (7) is finite-time bounded via observer-based control with respect to
(71,72,d, R, M), and under zero-initial condition, for any exogenous disturbance w(k)
satisfying (4), the output z(k) satisfies

M M
> 2T (k)z(k) < 4% 3 w!(k)w(k)
k=0 k=0

The main task of this paper is to design an observer-based control to ensure that the
discrete systems (7) is Hoo finite-time bounded.

3. MAIN RESULTS

In this section, we give sufficient conditions which guarantee that the resultant closed-
loop system (7) is Hy, finite-time bounded via observer-based control.

Theorem 1. For given integers 0 < 7,,, < Tay, the closed-loop system (7) is Ho, finite-
time bounded via observer-based control with respect to (v1, 72, d, R, M, ), if there exist
matrices P = diag(P, P) > 0, R = diag(R1, Ry) > 0, positive scalars p1, iz, € such that
the following conditions hold:

[ S5 0 0 —mF, 0 ATP NI 0 KT ]
* —R — /1,2(71 0 0 —,U,QUQ f:lgp Ng 0 Kg
) . I 0 0o BTP NI 0 KT
~ * * * —url 0 GTp 0 0 0
Y= « * * * —usI HTP 0 0 0 <0,
* * * * * -P 0 PT 0
* * * * * * —~I 0 0
* * * * * * 0 —el 0
S * * * * * 0 0 —e7 |

(9)

71 P\max(Hl) + (TJVI + (TM + Tm — 1)(TM - Tm)/2)>\maX(H2)] + ’Yd2 < 72)\min(H1)a
(10)
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where

« [ A+DK -DK ] . [Ad 0 6 o
A= o A—LC}’ F[r]’ Ad[o Ad}’ G{O G},
7 H 0 < B = _ _

H = 0 H :| 5 B= BJ y Ka = [Ka 0], Kd = [Kd 0]7 Nl = [Nl O],

Ny=[Ns 0], Fi=Ix[F B+F )72, FE=-1c[(F+FR)/2],
U =1® [(UlTUQ +U2TU1)/2], UQ_: —I® [(U;1 "‘(]2)/_2]7 _7_' =TM —Tm + 1,
Hy=R'Y2PR™'Y2  Hy,=R?RR™Y? £, =7R—P— k.

Proof. Construct the Lyapunov—Krasovskii functional candidate

Vi) =g WP+ S @R+ S S @R, (1)
i=k—7(k) Jj=—Tm+1i=k—1+j

where P = diag(P, P) > 0, R = diag(R1, R2) > 0.
The difference of V (k) along the solution of the closed-loop system (7) is given by

AV(E) = V(k+1)—V(k)
= [An(k) + Ak — 7(k)) + Bw(k) + Gf (n(k)) + Hg(n(k — (k)] P
x[An(k) + Aan(k — (,If)) + Bw(k) + Gf(n(k)k: Hg(n(k — 7(k)))]
—n" (k) Pn(k) + > TR — X " (i) Rn(i)
o i i=k+1—7(k+1) - i=k—7(k)
+ 2 (X T@Rn) — X 0" ()Rn()
j=—7Tm+1 i=k+j z:k+]—1_ B B
< [An(k) + Aan(k — 7(k)) + Bw(k) + GF(n(k)) + Hg(n(k — 7(k)))]" P
x[An(k) + Aan(k — 7(k)) + Bw(k) + Gf(n(k)) + Hg(n(k — 7(k)))]
—nT]gif)Pn(k) + nT(k)Rn(k)i— 0" (k —7(k))Rn(k — 7(k))
+ 3 qT@RyG)+ S (" (k)Ry(k) — T (k + §)Ry(k

i=k+1—Tn j=—Tm+1

(
= [An(k) + Agn(k — 7(k)) + Bw(k) + G f(n(k)) + Hg(n(k — 7(k)))
+

(k) + A (o ]

XA (k) + Aan(h = 7(k) + Buo(k) + G n(k)) + Hgn(le = (k)

=" (k) Pu(h) = (b = (k) Bnlk = () + 3T 0" () Rn)

o =t D ORE) ~ 5 TR

- M (12)

From (3), it follows that

k) VBB ][ Atk

sy | L7 7 ] A =0 13)

{ n(k —7(k))
7

g(n(k — 7(k))) ]T{ 0 Uy ] [ gﬁ(k—r(k))

vy I g(n(k —7(k))) ] -



Robust observer-based finite-time Ho, control designs for discrete nonlinear systems 107

where - -
P =1@[(FIFR+F/F)/2, FB=-19[(F+F)/2,

Uy =12 [UfU:+ Uy U1)/2], Uy=—-I0[U1+U,)/2.
From (13) and (14), we get

AV(k) < [An(k) + Agy(k — 7(k)) + Buw(k) + Gf(n(k) + Hg(n(k — (k)] P
x[An(k) + Aan(k — 7(k)) + Bw(k) + G f(n(k)) + Hg(n(k — 7(k)))]
—n" (k) Pn(k) — gT(k — 7(k))Rn(k — 7(k)) + (Tar — T + 10" (k) Ry (k)
u{(k) ] [1_71 Fz}{ﬁ(’“) }
L F(n(k)) B 1| Fn(k)
iy [ n(k —7(k)) ] [ Uy U, ] n(k —7(k)) ]
g(n(k —7(k))) Uy 1 g(n(k —7(k)))
= ¢"(k)Oc(k),
(14)
where
(k) =" (k) n"(k—7(k) w'(k) fr(nk) g"(n(k—7(k)))],
@11 ATPAd ATPB ATPG - ,u1F2 ATPH
«  ©w ATPB  ATPG  ATPH - 0y
0= * * BTPB BT PG BTPH ,
* * * -l + GTpG GTPH
* * * * —uol + H'PH
@11 :7_'pr+ATpA7M1F1,
O = —R— /JgUl + Agpﬁd,
T=7m—Tm+ 1
Let
I(z(k),w(k)) = T (k)w(k) — v~ 2T (k)=(k).
We have
AV (k) = J(2(k),w(k)) < (T (k)OC(K),
where
H11 H12 ATPB + ’yilNlTNQ ATPG — /J/lpg ATPﬁ
« Ty  ATPB+y 'NIN, ATPG  ATPH — pols
6=| s« « BTPB+~+NINy—~+I  BTPG BTPH ,
* * * —I +GTPG GTPH
* * * * —pod + HTPH

H11 = (T]y[ — Tm + 1)R—P+ATPA—,U,1F1 +771N1TN1,

Iy = A"PAa+ 7y 'NI N, o
H22 =—-R-— /$2U1 + AgPAd + ’YﬁlNéTNg.

It follows that © < 0 imply that

AV (k) — J(z(k),w(k)) < 0.
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Applying Schur complement, we have that © < 0 if and only if

I ’T_‘Rf p - /L1F1 0 0 7[1,1F2 0 ATP NlT i
* —R - ,UQUl 0 0 —/J,QUQ Agp Ng
* * —I 0 0 BTP NT
Y= < < =l 0 GT'P 0 < 0.
* * * * —pol  HTP 0
* * * * * -P 0
* * * * * * —~1
> can be written as
¥ =%+ 3o,
where
[ 7R— P — i Fy 0 0 —-wmFk 0 ATP NI ]
* *R - /JQUl 0 0 7,“4202 f;ig.p Ng
* * —vI 0 0 BTpP NI
Y= * * * —purl 0 GT'P 0 )
* * * * —pol  HTP 0
* * * * * -P 0
L * * * * * * —~I |
[0 0 0 0 0 AATP 0]
* 0 0 0 O AAEP 0
x « 0 0 0 ABTP 0
Yo=| % % % 0 0 0 0 | =0, Y(k)O+O0TYT(k)VT,
* x x x 0 0 0
* ok % k% 0 0
* ok x k% * 0
o

v=[0 0 0 0 0 (PD)T 0,
O=[K, Ki K, 0 0 0 0.

So, one has
=% +U,Y(k)O+OTYT(k)¥T.
We have that ¥ < 0 is equivalent to

E=% +e 00T + 070 < 0. (15)
Applying Schur complement, it follows that = < 0 if and only if
[ S5 0 0 —mF, 0 AP NT 0 KT ]
* —R — ,U,2U1 0 0 _,LLQUQ /1515 Ng 0 Rg
% * —~I 0 o B N] 0 K]
~ * * * —url 0 GTp 0 0 0
Y= « * * * —pol  HTP 0 0 0 <0,
* * * * * —-Pp 0 PT 0
* * * * * * —I 0 0
* * * * * * * —el 0
| * * * * * * x  —e M ]

(16)
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where 211 = 7_'R — p - ,U,1F1.
It follows from (9) that = < 0. So, we get that

AV (k) — ywT (k)w(k) + v~ 12T (k)z(k) < 0.

Then
AV (k) — ywT (k)w(k) < 0. (17)
One has -
V(k) <V(0)+ Y vy (Dw(l).
1=0
From (4), we get that
V (k) < V(0) + ~vd2. (18)
From (11), we obtain
V (k) > nT(k)RV2R™Y2PR'/2R/2(k). (19)

VO S A H)I O)R00) + das(H2) 5= 17()Rn(s)
) 3 T o ()RNG) (20)

t=—Tn J=—141

71 [)\max(Hl) + (TM + (TM + Tm — 1)(7—M - Tm)/2>)\max(H2)]7

IA

where H, = R-Y2PR~'/2 H, = R~'/?RR~/2.
From (18)—(20), one obtains

Amin(H1)n" (k) Rn(k) < V (k)
<Y1 [Amax (H1) 4+ (Tar + (Tar + T — 1) (Tar = Tn) /2) Amax (H2)] + 7d®
< Y2 Amin(H1).

So, from (10), we have

n" (k) Rn(k) < sy (O Pmax (H1) + (g + (7 + 7 = D (Tar = 7n) /2)
X Amax (H2)] +'Yd2}
< 7.

Thus, the system (7) is finite-time bounded via observer-based control with respect to
(71772)d7 R7 M)
Under the zero-initial condition, one obtains
M
AV(k)=V(M +1) -V (0) > 0.
k=0

One has
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which means that the system (7) is Hy finite-time bounded via observer-based control
with respect to (y1,72,d, R, M,~y). This completes the proof of the theorem. O

Next, sufficient conditions which guarantee time-delay system (7) is Ho, observer-
based finite-time bounded via observer-based control are proposed, and the controller
gain and observer gain are given.

Theorem 2. For given integers 0 < 7,,, < Tay, the closed-loop system (7) is H, finite-
time bounded via observer-based control with respect to (y1,72,d, R, M,~), if there
exist matrices 0 < X = diag(Xy, Xo) € R?"*2" (0 < Z € R?"*2" and positive scalars
l1, fi2, €, and any matrix K, L such that the following conditions hold:

[ Hll 0 0 7,u1XF2 0 H16 XNlT 0 ng T
* H22 0 0 —,LLQXUQ XAT XN3 0 ng
* * =l 0 0 BT NT 0 [_(g
* * * —p 1 0 GT 0 0 0
* * * * — ol HT 0 0 0 <0,
* * * * * -X 0 r 0
* * * * * —~I 0 0
* * * * * * * —el 0
| * * * * * * * —e 1T ]
(21)
Y1 [)\max(Hl) + (TM + (TM + Tm — 1)(7—M - Tm)/2))\max(H2) + 'de] < 72)\min(Hl)7
(22)
X,CT =CTX,, (23)
where

H11:7_'Z X+[L1(F_T*2X), HQQ—*Z#’,U,Q(U 72X)
X1AT + KDT 0 1 4 _[4 o0 a_[c o
—KDT X AT-CTL |0 Tl o0 Al T o G

H= [Ig o= 0| =m0, M= oo
Fy =1 [(FL Fy+ FQTFl)/Q] Fy = -1 ®|[(F1+ F2)/2],

U :I®[(U Up+ Uy Uh)/2], Us=—-I®[Ur+Us)/2],

T=TymM —Tm + 1, K —[K 0], Kd:[Kd O],

H, = R—1/2X 1R=1/2  H,=RY2RR Y2 Z=XRX.

Furthermore, if the conditions (21)-(23) have feasible solutions, the controller gain K
and observer gain L can be given by

K=KTX;,L=L"X;".

Proof. Let ® = diag(P~',P~* I,1,I,P~',1,1,1),X = P~!. Pre- and post-multiplying
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(9) by ®T and ®, we have

(S5 0 0 —mXF 0 XAT XNT 0 XKT ]
x  Spy 0 0 —2 XU, XAT XN 0 XKT
* x* =l 0 0 BT NT 0 RbT
) * * * —url 0 GT 0 0 0
Y= * * * * —pal aT 0 0 0 <0,
* * * * * —-X 0 T 0
* * * * * —~I 0 0
* * * * * * * —el 0
s * * * * * *  —e I ]
(24)
where
S =7XRX — X — i XF X,
222 = —XRX - /,LQXUlX.
Since
—mXFX < p(F7T - 2X), (25)
—pe XU X < po(U; T = 2X),
then < 0 if
(S 0 0 —mXF 0 XAT XNT 0 XKT ]
x  Say 0 0 —u2 XU, XAT XN 0 XKT
* * =l 0 0 BT NT 0 I_(E
. * * * —pur 1 0 GT 0 0 0
Y= * * * * —pal ar 0 0 0 <0,
* * * * * -X 0 r 0
* * * * * —~1 0 0
* * * * * * * —el 0
| * * * * * * * —e7 T |
where

Sy =72 — X + (BT —2X),
Yoo = —Z + uo(U; T —2X), Z=XRX.

Let X; = P~ K = X, KT, = X, L”. From (21) and (23), we get that & < 0. So,
according to Theorem 1, the system (7) is H finite-time bounded via observer-based
control with respect to (y1,72,d, R, M, ). This completes the proof of the theorem.

O

Consider system (1) with f(z(k)) =0, g(x(k—7(k))) = 0, then the closed-loop system
(7) can be written as

n(k +1) = An(k) + Aan(k — 7(k)) + Buw(k),

2(k) = Nun(k) + Nan(k — 7(k)) + Now(k). (26)
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Theorem 3. For given integers 0 < 7, < 7Tps, the system (26) is Ho finite-time
bounded via observer-based control with respect to (y1,72,d, R, M,~), if there exist
matrices 0 < X = diag(X1, X1) € R?™*2n (0 < Z € R?"*?" and a scalar € > 0, and any
matrix K and L such that (22),(23) and the following conditions hold:

77 - X 0 0 1114 XNIT 0 XK(T 1
* -z 0 XxAY XN 0 XKT
* * =yl BT NT 0 KT
* * * -X 0 r 0 <0, (27)
* * * * —~I 0 0
* * * * * —el 0

i * * * * * x  —e 1T |

where
[ x3AT + KDT 0 ¢« [ Aq 0 - | B
Ma=\"""gpr xyar—crp 4= 0 a, |'B=| B |

Ny =[Ny 0], N3=[Ns 0], ~
T=mM—Tm+1, K,=[K, 0, Kq=I[Kq 0],
H, =R Y2X-'R-Y2 H,=RY2RR'/2 Z=XRX.

Furthermore, if the conditions (22),(23) and (27) have feasible solutions, the controller
gain K and observer gain L can be given by

K=K"x7', L=L"X;T.
Proof. The proof is similar to that for Theorem 1 and is omitted here. O

Consider the following system

xgk)—l- 1) = Loty Ax(k) + Agx(k — 7(k)) + Du(k) + Gf (z(k)) + Hg(z(k — 7(k))) + Bw(k),
k

((k) Niz(k) + Naz(k — 7(k)) + Nzw(kL
0

x(0) = ¢(0),0 = —7pr,—7s +1,...,0.
(28)
We construct an observer-based controller for system (28) of the following form
#(k+1) = Ax(k) + Aqz(k — 7(k)) + Du(k) + L(y — Cz(k)) + G f(2(k))
+Hy(i(k —7(k))), (29)

u(k) = Ki(k).

Let (k) = [2T(k) eT(k)]", then by (28) and (29), we get the closed-loop system as
follows:

n(k +1) = An(k) + Aan(k — 7(k)) + Bw(k) + Gf(n(k)) + Hg(n(k — 7(k))),

2(k) = Nin(k) + Nan(k— 7(k)) + Now(k). (30)
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Theorem 4. For given integers 0 < 7, < 7Tps, the system (30) is Ho finite-time
bounded via observer-based control with respect to (y1,72,d, R, M,~), if there exist
scalars p11 > 0, g > 0, matrices 0 < X = diag(Xy, X;) € R?*2" (0 < Z € R?"*27_ and
any matrix K and L such that (22),(23) and the following conditions hold:

[ Hll 0 0 —MlXFQ 0 H16 XNlT T
x  —Z+mUrT -2X) 0 0 —pe XUy XAT XNT
* * —~I 0 0 BT NT
* * * —ur I 0 GT 0 <0,
* * * * —pol HT 0
* * * * * -X 0
| * * * * * * —~I ]
(31)
where
Iy, Z?Z—X+M1(FfT_2X)7
Moe — XlAT + KDT 0 A . Ay O a— G 0
10 ~KDT X;AT-CTL |* Y0 A0 T o0 G
=00 B B M= 0, Ne=[Ns 0]

0 H |’ B |’
F=10[(FIFR+F )72, F=-19|(F+F)/2,
U1=I®[(UFU2+UEU1)/2], ﬁ22—1®[(U1+U2)/2},
T=TM —Tm+1, Hy=R1':X"IR™/2
Hy =R Y2RR™'2 7 =XRX.

Furthermore, if the conditions (22),(23) and (31) have feasible solutions, the controller
gain K and observer gain L can be given by

K=KTXx7', L=LTX7T.

Proof. The proof is similar to that for Theorem 1 and is omitted here. g

4. NUMERICAL EXAMPLE

Consider the system (1) with the following parameters:

T T T e R
¢= 062 0(.)2  G= O'(())1 —8.2 ’ H:[—g.z 0(.)1]’
=[5t S| m=[ 0 Ba] M= loe ous )

No = 09611 —0902]’ N3:{8 8} R:[(l) (1) ’

A s A S B
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T™M=3, Tm=1 =04, d=4, p =0.01, p=0.02, 7(k)=2
| 0.5z1 +0.1sin(x1) 0. 1sm(k) 106 0
fla) = 0.3z2 + 0.1sin(x2) } , wik) = 0. 2sm(k) F=
(104 O 0.4z + 0.2sin(xq)
=17 2| 9= {Ong—i—OQSm (2) }
0.6 0 g [02 0
0 05)"° 7| 0 01

By using Matlab LMI control Toolbox to solve inequalities (21) and (22), we get

Uy =

62.3540 4.3215 0 0
Y [ X; 0 } | 43215 85.7378 0 0
0 X 0 0 62.3540 4.3215 |’
0 0 4.3215 85.7378
14.6949 1.9785 0 0
7 { Zy 0 ] | 19785 19.9356 0 0
0 Z 0 0 14.6751 1.3906 |’
0 0 1.3906  21.0228

28.7151 —98.1268 L=
vo = 6.41, & = 226.0842.

The controller gain K and observer gain L are

K — [ 0.1715  0.3263 } I - [ —1.0150  0.0491

= 12.1045 28.7151
o ’ —0.1727  —130.0344 |’

{ —63.0796  —0.1727

0.5417 —1.1718 0.1027 —1.5218

According to Theorem 2, the system (1) is Ho, finite-time stabilization with respect to
(71,72, d, R, M,~) under the observer-based control (5). Figure 1 and 2 show the states
and estimate states of the closed-loop system. From Figure 1 and 2, it is easy to see
that the closed-loop system is finite-time bounded.

State responses

z1(k)
0.8 - = -a1(k) H
= el ||

0.6

Fig. 1. The trajectories of z1(k), Z1(k) and eq (k).
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State responses
1 . :

=)
08l (k) 1
)

0.6 B
~06} J
—0.8} J
» ‘ ‘ ‘ ‘

0 2 4 6 8 10

Time

Fig. 2. The trajectories of x2(k), Z2(k) and ez (k).

Remark 1. In [2], the finite-time stabilization of linear systems was dealt. Amato et
al.[T] dealt with the finite-time boundedness (FTB) of linear time-varying systems. How-
ever, in [2] [22], the nonlinear system was not considered. In this paper, we investigated
the finite-time boundedness of nonlinear system with H,, performance.

Remark 2. In [22], the problem of finite-time stability for linear discrete-time systems
with time-varying delay was considered and the state feedback control was used. The
availability of all the state variables for direct measurement is a rare occasion in practice.
In most cases, a reliable estimation of the unmeasurable state variables is needed. In
this paper, we given the state observer, and design the observer-based finite-time H,
control to guarantee the closed-loop system is Hy, finite-time bounded. Compared with
[22], our design has a wider application range.

5. CONCLUSION

Observer-based finite-time H, control for the uncertain discrete-time systems with non-
linear perturbations and time-varying delay is investigated in this paper. By constructing
the Lyapunov—Krasovskii functional and using the matrix inequality technique, we estab-
lish the sufficient conditions in terms of matrix inequalities to guarantee that the result-
ing closed-loop system is H, finite-time bounded via observer-based control. We design
the observer-based control to ensure that the resulting closed-loop system is observer-
based H., finite-time bounded. Finally, a numerical example is given to demonstrate
the validity of the proposed results. How to extend the main results to the discrete
nonlinear switched systems with time-varying delay and the singular discrete nonlin-
ear systems with interval time-varying delay, are very meaningful topics that deserves
further exploration.
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