Czechoslovak Mathematical Journal

Tong Tang; Jianzhu Sun

Uniform regularity for an isentropic compressible MHD-P1 approximate model arising
in radiation hydrodynamics

Czechoslovak Mathematical Journal, Vol. 71 (2021), No. 3, 881-890

Persistent URL: http://dml.cz/dmlcz/149063

Terms of use:

© Institute of Mathematics AS CR, 2021

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/149063
http://dml.cz

Czechoslovak Mathematical Journal, 71 (146) (2021), 881-890

UNIFORM REGULARITY FOR AN ISENTROPIC COMPRESSIBLE
MHD-P1 APPROXIMATE MODEL ARISING IN RADIATION
HYDRODYNAMICS

TonNG TANG, Yangzhou, JIANZHU SUN, Nanjing

Received March 29, 2020. Published online May 24, 2021.

Abstract. 1t is well known that people can derive the radiation MHD model from an
MHD-P1 approximate model. As pointed out by F.Xie and C.Klingenberg (2018), the
uniform regularity estimates play an important role in the convergence from an MHD-P1
approximate model to the radiation MHD model. The aim of this paper is to prove the
uniform regularity of strong solutions to an isentropic compressible MHD-P1 approximate
model arising in radiation hydrodynamics. Here we use the bilinear commutator and prod-
uct estimates to obtain our result.
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1. INTRODUCTION

In this paper we consider the following isentropic compressible MHD-P1 approxi-
mate model, see [2], [3]:

(1.1) 0o + div(pu) = 0,

= (Ua(g) + Us(Q))h +rotbh x b,

(1.3) Ob +rot(b x u) —nAb=0, divb=0,

(1.4) Ol + div i = 04(0)(B(e) — Io),

(1.5) oIy + VI = —(04(0) + 0s(0)) 1 in T? x (0, 00),
(1.6) (0,u,b, Io, I)(+,0) = (00, u0, bo, L0,0, [1,0)(-) in T
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Here o, u, and [ := Iy+ I -w denote the density, velocity, and the radiation intensity
of the fluid, respectively, and w € S? is the direction vector. The viscosity coefficients
of the fluid p and A satisfy u > 0 and /\—l—%u > 0. Furthermore, B(p), 04(0) and o4(0)
are smooth functions and the pressure p := ap” with positive constants a and v > 1.
The symbol 1 > 0 tends for the resistivity coefficient.

When I; = 0 and b = 0, (1.1) and (1.2) reduce to the well-known isentropic
compressible Navier-Stokes system. There is an enormous amount of literature and
results concerned with the compressible Navier-Stokes equations. In a series of sem-
inal papers (see [7], [8], [9]) Feireisl proved the global existence of weak solutions,
now called the Lions-Feireisl theory. Regarding to strong solutions, we refer to the
monograph, see [16]. Recently, Gong, Li, Liu, Zhang in [10] and Huang in [12] proved
the local well-posedness of strong solutions.

When I; # 0 and b # 0, this is the so called compressible MHD-P1 approximate
model. Because of practicable applications, it was the subject of much theoretical
research. Therefore, a number of mathematicians study the model from the mathe-
matical point of view like existence, singular limit and blow-up. For example, Fan,
Li, Nakamura in [5] (see also [3], [13]) showed non-relativistic and low Mach number
limits of the problem. He, Fan, Zhou in [11] (see also [6]) proved the local well-
posedness and blow-up criterion of strong solutions. Xie and Klingenberg in [19]
studied the non-relativistic limit for the ideal problem (A = p =n = 0).

Before stating our main results, we recall the local existence of smooth solutions
to the problem (1.1)—(1.6). Since the system (1.1)—(1.6) is a parabolic-hyperbolic
one, the results in [18] imply the following proposition.

Proposition 1.1 ([18]). Let

1
(1.7) 00, 10, bo, lo,0, 110 € H®  and ron < 00

0
for a positive constant Cy. Then the problem (1.1)—(1.6) has a unique smooth solu-
tion (o, u,b, Iy, I1) satisfying

1
(1.8) o,1Io, I, € CY([0,T); H37Y, w,be CY[0,T); H>?"), 1=0,1 and <o

for some 0 < T < oo.

It is well known that we can derive the radiation MHD model from the MHD-P1
approximate model. As pointed out in [19], the uniform regularity estimates play
the important role in the convergence from the MHD-P1 approximate model to the
radiation MHD model. The aim of this paper is to prove uniform regularity estimates
in (A, p,m). We prove the following theorem.

882



Theorem 1.1. Let 0 < pu < 1,0 <A+ pu<1,0<n<1,0<1/Cy < 00, 00,0,
bo, oo, 110 € H3(T?). Let (0,u,b,Io, I1) be the unique local smooth solutions to the
problem (1.1)—(1.6). Then

(19) ||(Qau7b510711)('7t)”H3 g C in [OaTO]

holds true for some positive constants C and Ty (< T') independent of A\, y and 7.

We put

(1.10) M(t) := 1+ sup {II(Q,u7b,IthP)('aT>HH3+||8t“("T)”L”H%("T)HLM}'

0<T<t
Under the above definition, we can prove the following theorem.
Theorem 1.2. For any t € [0,Tp], we have that
(1.11) M(t) < Co(Mo) exp(tC(M(t)))

for some nondecreasing continuous functions Cy(-) and C(-).

It follows from (1.11) that (see [1], [4], [15])
(1.12) M) < C.

Therefore, we only need to prove Theorem 1.2.

In the following proofs, we use the bilinear commutator and product estimates
due to Kato, Ponce, see [14]:

(113) |D*(fg) = FD%llzr < CUIV Flom D" gllor + lgllzon | D* Fllon),
(1.14) 1D°(fg)llr < CUI o 1D gllzer + D" Fllue llgl )

with D = (—A)Y2 s >0and 1/p=1/p1 + 1/q1 = 1/p2 + 1/qo.
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2. PROOF OF THEOREM 1.2

First, testing (1.1) by 0971, we see that

1d

1
— q — J— q di < i o q
g dt ofdx (1 q)/g divudz < ||d1quL /Q dz

and thus d
g lellze < lldivullz=lellze,

which gives

t
(2.1) lellze < lleollze exp< [l d7>.
0
Taking ¢ — oo, we get

(2.2) l[ellze < [leollzo exp(tC(M)).

It follows from (1.1) that
1 1 1
(2.3) B~ +u- V- — =divu = 0.
0 o 0
Testing (2.3) by (1/0)?" !, we find that

L s () i 1 g

and, therefore,

d|1 1\ |1
ailglo. < (e DIl e em.
dtHQ‘L'I ( +q 0 L’IH ivulle
which gives
1 1 IR
H—‘ < H— exp (1+—) |div w|| fee dT
QlLa Qo Il La q/ Jo
and we have
24 [ P Pl R
. - <||l— X
QL Qo 1L P
by letting ¢ — co.
Equations (2.2) and (2.4) give
1
(25) Il + 2], < ColMo) expiecan).

It is easy to verify that

d
T / lu|? dz = 2/u5‘tudx < 2||u|| p2||Oeull 2 < C(M),
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which implies
(2.6) Jull 2 < Co(Mo) exp(tC(M)).

Testing (1.3) by b, we get

1
5%/|b|2dx+n/|Vb|2dx: /rOt(Uxb)bdﬂ?:/(uxb)rotbdx

< [lullzee [[bll L2 [ rot bl L2 < C(M),

which implies

t
(2.7) 6]|22 + n/ /|Vb|2 dz dr < Co(My) exp(tC(M)).
0
Testing (1.4) and (1.5) by Iy and I, respectively, and summing up the result, we
deduce
1d

(12 + L) de = / 0a(0)(B(0) — To)Io da / (0o +0.)I2 da

<loallze B = Iollzellfollz2 + lloa + osl| L[]l < C(M),

2dt

which yields

(2.8) [Hollzz + [[11][z2 < Co(Mo) exp(tC(M)).
It is obvious that
1 1
(2.9) —Op+ —u-Vp+divu =0.
P P

Applying D3 to (2.9), testing by D3p, and using (2.9), (1.13) and (1.14), we
compute

1d 1 . ) )
2.10) =— [ —(D3p)? /D‘3D‘3'
(2.10) 2dt/'yp( p)°dz + pD” divudz
1 3 o[ . [ U 1

- / (D%%&p) - %D‘?’@tp)D%dx
_/(03(% Vp) —%-VD?’p)D?’pdx

. U 1 ./ 1
av(35) = 5o + 1ol |22 ()]
P vp Lee P
1 - U
+|v= | D20l ID%pl e + Ol 9wl | D* ()|
yplLee vp

< C|D%l

D%

D%

u -
+c| v 1D
Yp L=
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C(M) + C(M)||0ipl| Lo + C(M)||D*d;p|| 2
C(M) + C(M)||u - Vp + yp divul| = + C(M)|| D*(u - Vp + ypdiv )| 2
C(M).

NN N

Here we have used the estimate [17]

1
(2.11) HD3—‘
P

< COD||D*p] 12 < COM).

L2

It is obvious that

¢
(2.12) / /|8tu|2d:cd7'<tsup/|5‘tu|2dx <tC(M).
0

Applying D? to (1.2), testing by D?d;u, and using (1.13) and (1.14), we obtain

A+pd .
3,12 d 2 2 24 .12
2dt/|D ul®dz + 5 d@t (D= divu) dm+/Q|D Owul* dz

- /DQVp - D?Qyudx — /DQ(gu - Vu) - D*0pudx
- /[D2(gc3‘tu) — 0D?*0u]D*0yu dx

+ /DQ((aa(g) + 04(0)) 1) D?*0yu dz + /D2(rotb x b)D*dpu dx
< OIID*pl| 2| D*Bsull 2 + Cllell a2 [ull s | D2Brul .2
+ C([Vell L~ 1Ddu| g2 + |9yull o | Dol £2) || D?pu| .2
+ | D*(oV) | 2| D*0sull 2 + D> (00 + o) 11) | 2 | D* sl 2
+ ||D2(r0tb X b)||L2||D28tu||L2
< O(M)|[D*0yull 2 + C(M)(|| Dyull 2 + ||0sul| o< ) | DOy 2
< O(M)||D*0pull 2 + CM) ([0l 2| DOyl 1 + |1 0vul| 2
+ Ol 1 D20 351 | DOy 2
C(M)||D*0yul| 2 + C(M)(|[D*0yul| 2 + | D20yul| 35| DDy 2

1
<3 /Q|D28tu|2dm + o),

N

which gives

(2.13) /O /|D28tu|2dx dr < Co(Mp) exp(tC(M)).
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Applying D? to (1.2), testing by D3u, and using (1.1), (1.13) and (1.14), we have
1d . .
/Q|D‘3u|2dx + u/ |D*ul? dz + (A + p) /(D‘3 divu)? dz

2.14) -——
214) 5%
+ /D3Vp-D3udx + /(b x D3 1ot b) D3u dx

= /D3((aa +04)11)D3udx — /(D?’(gatu) — 0D*0u)D3u dx
- /(D3(gu -Vu) — ou - VD?*u)D3u da

- /(D3(b x rotb) — b x D3rotb) D3udx

< O(IVol L= D?*8yul 12 + [|8yull L= | Dol £2) [ D u| 2

+ CO([Vul o< [ D (eu)l| 22 + [V (eu) || < | D*ul £2) | D?u| 12
+C|D*((0a + a5) )| 22 [ D?ul| L2 + C|[ Vb oo || D?B]| 2| D?u| 2
C(M) + C(M)(| D*0pul 12 + [|9eul o)

C(M) + || D?0pul 2

Applying D? to (1.3), testing by D3b, using (1.13) and (1.14), we have

<
<

(2.15) %% / |D3b)? dz +77/ |D*b|* da + /(b x D3u)D3rot bdx

= - /(D3(b x u) — D?b x u—bx D*u)D?rotbdz
- /(D3b x w)D? rot bdx

= - /rot(D3(b x u) — D3b x u—bx D3u)D3bdx
+ /(D3b x D3 rot b)u dz

= — /rot(DB(b x u) — D3 x u—bx D3u)D3dx
+/[%V|D3b|2 ~ (D*-V)D*b|uda

= - /rot(D3(b x u) — D?b x u— b x D*u)D?*bdx

1
—5/|D3b|2divudx+/D3b®D3b;vudx

N

| rot(D3(b x u) — D3b x u — b x D3u)]|12||D3b]| .2
1. _ f

+ 5I\D‘3bl\%zlldWUIlLoo + |1 D?b]| 72|V o

< O(M).
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Here we have used the fact that
1 2
(2.16) a-Va+aXxrota= §V|a| .

Summing up (2.10), (2.14) and (2.15), we have

1d

(217) o

( (D3p)? + o|D%ul? + | D*b? )dx+u/|D4u|2dx
+(/\+u)/(D3 divu)? dx+/(D3Vp-D3u+D3pD3 divu) dz
+ /((b x D3rotb) - D3u + (b x D3u) - D3 rotb) da
< C(M) + || D*0ul|3 ..

Noting that the last two terms of the LHS of (2.17) are zero and using (2.13), we

arrive at
(2.18) 1D?(p, u, )| 2 < Co(Mo) exp(tC(M)).

Applying D? to (1.4) and (1.5), testing by D3Iy and D3I}, respectively, summing
up the results, and using (1.13) and (1.14), we have

1d

s [ (D107 + 1D° 1) da

/D oa(0)(B(g) — 10))D*Ip dz — /D3((0a +04) 1) D31, dx
< ||D?(0a(B - IO))||L2||D?’IO||L2 +|D*((0a + o)1)l 2|1 D* || 2 < C(M),

which leads to
(2.19) | D310z + | D311 || 2 < Co(My) exp(tC(M)).

On the other hand, it follows from (1.2) that
(2.20)

1
0wl 2 = HE((UQ +05)h +roth x b+ pAu+ A+ p)Vdivu — Vp — ou - Vu)‘

L2

< Co(Mo) exp(tC(M)).
Using the estimate [17]

(2.21) ID%0llz2 < C+ llpllLe)?lI fllws.o= ) |1 D?pll 2
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with ¢ = f(p) := (p/a)'/7 and

1 (g (- 1C0OD). Colda) exp(eC(31))),

we have
(2.22) 1D%0ll 12 < Co(Mo) exp(tC(M)).

Combining (2.4), (2.5), (2.6), (2.7), (2.8), (2.18), (2.19), (2.20) and (2.22), we
conclude that (1.11) holds true.
This completes the proof. ([
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