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PROPERTIES OF SOLUTIONS OF QUATERNIONIC RICCATI
EQUATIONS

GEVORG AVAGOVICH GRIGORIAN

ABSTRACT. In this paper we study properties of regular solutions of quaternio-
nic Riccati equations. The obtained results we use for study of the asymptotic
behavior of solutions of two first-order linear quaternionic ordinary differential
equations.

1. INTRODUCTION

Let a(t), b(t), c(t) and d(t) be quaternionic-valued continuous functions on
[to, -I-OO) i.e.: a(t) = ao(t) + ial(t) +ja2(t) + ka;;(t), b(t) = bo(t) + ibq (t) —|—jb2(t) +
kbs(t), c(t) = Co(t) +ic1(t) +jea(t) + kes(t), d(t) = do(t) +idi(t) + jda(t) + kds(2),
where ay,(t), by (t), cn(t), dn(t) (n =0,3) are real-valued continuous functions on
[to, +00), 1, j, k are the imaginary unities satisfying the conditions

(1.1) ==k =ijk=—-1, ij=—ji=k.
Consider the quaternionic Riccati equation
(1.2) qd +qa(t)g+b(t)g + qe(t) +d(t) =0, t>t.

Particular cases of this equation appear in various problems of mathematics,
in particular in problems of mathematical physics (e.g., in the Euler’s vorticity
dynamics [I3], in the Euler’s fluid dynamics [4], in the problem of classification of
diffeomorphisms of S* [14], and in the other ones [2, [12]). A quaternionic-valued
function ¢ = ¢(t), defined on [t1,t2)(to < t1 < ta < 400) is called a solution of Eq.
on [t1,t2), if it is continuously differentiable on [t1,t2) and satisfies (1.2) on
[t1,t2). It follows from the general theory of ordinary differential equations that
for every t; > to and v € H (here and after H denotes the algebra of quaternions)
there exists t2 > t1 (t2 < +00) such that Eq. has the unique solution ¢() on
[t1,t2), satisfying the initial condition ¢(¢;) = «y. Thus for every t; > tg and v € H
a solution ¢(t) of Eq. with ¢(t1) = 7 exists or else on some finite interval
[t1,t2) or else on [t1,+00). In the last case the solution ¢(t) we will call a ¢;-regular
(or simply regular) solution of Eq. (I.2). Notice that some sufficient conditions
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for existence of regular solutions are obtained in the works [ [IT], 13]. In the real
case properties of regular solutions of Eq. are studied in [6] and have found
several applications (see [7]—[10]). In this paper we study the properties of regular
solutions of Eq. . We use the obtained result to study the asymptotic behavior
of solutions of systems of two first-order linear quaternionic differential equations.

2. AUXILIARY PROPOSITIONS

It is not difficult to verify that there exists a one to one correspondence g <
between the quaternions ¢ = qo + iq1 + jg2 + kg3, g € R, k = 0,3 and the skew
symmetric matrices

g @1 42 —q3

Q= :(h g0 —43 —q2

q2 g3 4o Q1

a3 92 —q1 do

keeping the arithmetic operations: ¢,, < Qmn, m = 1,2 = g1 + ¢ < Q1 +

Q2,1¢2 — Q1Qa, ¢7* < Q7' (1 # 0). The matrix Q we will call the symbol

of ¢ and will denote by ¢. By |g| we denote the euclidean norm of the vector

q: gl = \/qg + @2 4¢3 + ¢3. We also denote Re ¢ = qo — the real part of ¢ and

Im g = iq1 + jgo + kg3 — the imaginary part of ¢. Finally by tr ¢ we denote the
trace of q.

Lemma 2.1. For every quaternion q the equalities
det g=1q|*, trg=4Req
are valid.

Proof. By direct checking.
Let A(t), B(t), C(t) and D(t) be the symbols of a(t), b(t), c(t) and d(t) respec-
tively. Consider the matrix Riccati equation

(2.1) Y +YAG)Y + Bl)Y +YC(t)+ D(t) =0, t>tg.

Obviously the solutions ¢(t) of Eq. (1.2), existing on an interval [t1,t2) (to < t1 <
to < + 00) are connected with solutions Y'(¢) of Eq. (2.1) by relation

(2.2) ) =Y (1), telt,ts).

Let Y'(¢) be a solution of Eq. (2.1) on [t1,t2). Then every solution Y7 (¢) of Eq. (2.1
on [t1,ts) is connected with Y (¢) by the formula (see [3], pp. 139, 140, 158, 159,
Theorem 6.2)

Yi(t) = Y (1) + [@y (A (0) (I + A(t)My (t1,0) By ()] 1, t€ [t 1),
where @y (t) and Wy (t) are the solutions of the linear matrix equations
O =[A)Y () +C#)]P, te[t1,t2),
U = U[B(t) + Y(A®)], t€ [t ta),
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respectively with @y (t1) = ¥y (1) = I, I is the identity matrix of dimension 4 x 4,
t

My (t1,t) = /@;1(T)A(T)q/;1(r)dr, t € [t1,ta),
ty
A(t1) =Yi(t1) — Y (t1), provided det A(t1) # 0. From here we obtain
(23) Yi(t) =Y (t) + U3 (@)L + At) My (t1, )] AP (E),  tE [t ta).
By the Liouville formula we have:
¢

(24)  det@y(t) = exp ] / wADY () +Oldr} . te b b),

t1
t

(2.5)  det Uy (t) = exp { / tr[A(T)Y (1) + B(T)]dT} , tetts),

t1

Let ¢(t) be a solution of Eq. (1.2]) on [t1, ). Then due to (2.2)) from ([2.3)) it follows
that for every solution ¢i(¢) of Eq. (L.2)) on [t1,t2) the equality

(26)  @u(t) = a(t) + o (O + Alt)ug(tr, )] A E)dg (1), tE [t ta)

is valid, where ¢(t) and 1(t) are the solutions of the linear equations
¢' = la(t)q(t) +c(t)l¢, tE[tr,ta),
U =9b(t) +a(t)alt)], e ft,t2),
respectively with ¢q(t1) = ¥,(t1) = 1, A(t1) = ¢1(t1) — ¢(t1),

o~

tl, /¢ (T)dT, tE[tl,tg).
By and Lemma- 2.1 from and (| we obtain
(2.7) 6q(t)] = exp{/Re [a(r)a(7) +c(r)]d7’}, te [t,ta),
(2.8) (1] = exp /Re (r) + b(r )]df}, te [t ta).

Let ¢, (t), m = 1,2 be solutions of Eq. n on [t1,t2). Set: A\ s(t1) = gm(t1) —
gr(ta), m,5 = 1,2 By (24) we have

a(t)[gm(t) — g5 ()] = alt)g ()L + Moo (1) g, (b1 0)] 710 M () L€ [trsta).
Hence,

1+ Am,S(tl)qu (t1; t)]/ = Ag, 05 (t1;)[1 + )‘m,S(tl)qu (ti;8)], t€[t,ta),
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where
Agog. (t158) = A s (01) 05 () [gm (1) — qS(t)}Qﬁ;j (t)/\;:s(tl) ,tE€ [t t2), m=1,2.
From here it follows
[I+Am/,s(\tl)pqs/(t1\;t)}’:,4q@;t) I+ A@)u@t)] , t € [t1,t2), m=1,2.
By Lemma [2.1] and the Liouville’s formula from here we obtain

t
(2:9) [14 Ansltr)pg, (158)] = exp { [ Bela(r)(an(r) — au(r)ldr}, t€ fi,t0),

ty

m,s = 1,2. From here we immediately get:
(2.10) ‘1+)\m75(t1>uq5 (tl;t)||1+)\s7m(t1),uqm (tlgt)| =1 y te [tl,tg) ,m,s = 1, 2.
O

3. PROPERTIES OF REGULAR SOLUTIONS OF Eq. (1.2)

Definition 3.1. A ¢;-regular solution ¢(t) of Eq. (L.2) is called ¢;-normal if there
exists a neighborhood U(q(t1)) of ¢(t1) such that every solution q(t) of Eq. (1.2
with g(t1) € U(q(t1)) is also t;-regular, otherwise ¢(t) is called ¢;-extremal.

Definition 3.2. Eq. (1.2)) is called regular if it has at least one regular solution.

Remark 3.1. Since the solutions of Eq. are continuously dependent on
their initial values every t;-normal (¢;-extremal) solution of Eq. is also a
to-normal (te-extremal) solution of Eq. for all to > t1. Due to this a ¢;-normal
(t1-extremal) solution of Eq. we will just call a normal (a extremal) solution
of Eq. . Note that a tg-normal (¢s-extremal) solution of Eq. may not
be a t;-normal (¢;-extremal) solution of Eq. if t1 < to, because a to-regular
solution of Eq. may not be ti-regular for t; < to.

Theorem 3.1. If Eq. (1.2)) has a t1-regular solution q(t) for some t1 > to, then it
has also another (different from q(t)) t1-regular solution.

Proof. Let ¢(t) be a ti-regular solution for some t1 > to. Since pq(t1;¢) is conti-
nuously differentiable by ¢ there exists v € H\{0} such that p,(t1;t) # v for all
t > to (pg(t1;t1) = 0 and the curve f(t) = pg(t1;t), t > t1 is not space filling).
Therefore by the solution ¢1(¢) of Eq. with ¢1(t1) = q(t1) — % is a
t1-regular solution of Eq. , different from ¢(t). The theorem is proved. O

Denote by Q(t;t1; A) the general solution of Eq. in the region G, = {(¢;q) :
te I,(\),q, A € H}, where I}, is the maximum existence interval for the solution

q(t) of Eq. (L.2) with g(t1) = A.
Example 3.1. Consider the equation

(3.1) ¢ +qalt)g=0, t>-1.
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The general solution of this equation in the region Gy N [—1,+00) x H is given by
formula

(3.2) Q(t;O;)\)zt;/\, AeH, 1—|—/\/a(7')d7'7é()7 t>1r.

L+ A [a(r)dr
ty

Assume a(t) has a bounded support. Then from (3.2) is seen that Eq. (3.1]) has
no 0O-extremal solution, and all its solutions Q(t,;0;\) with enough small |}|
are 0-normal. If a(t) is a non negative function with an unbounded support and

+oo

In= [ a(r)dr < +oo then from (3.2)) is seen that the solution go(t) = Q(¢;0; —%)
0

is O-extremal; all the solutions Q(¢;0; A) with A € H\(—o0, —%) are 0-normal and

all the solutions Q(¢;0;\) with A € (—oo, _Tlo) are not O-regular. Assume now
¢
Ja(T)dr = arctan(cost + isint + jcoswt + ksint), ¢ > 0. Then from (3.2) is

0
seen that all the solutions Q(t;0; \) with |A| = ? are 0-extremal (since the set

{%(cost +isint + jcoswt + ksinnt) : t > 0} is everywhere dense in the unite
sphere {q : |¢| = 1}) and all solutions Q(¢;0; ) with |A| < g are O-normal.

Example 3.2. For yp € H and 0 < r < R < +o0o denote K, g(ug) = {¢g € H:

r < |q¢ — up| < R} - an annulus in H with a center ug and radiuses r and R. For

any € > 0 denote K., r(uo) = {&1,...,&m € Ky r(uo): if u € K, gr(up) then there

exists s € {1,...,m} such that |u — &| < 5} a finite e-net for K, g(ug) (here

m depends on ¢). Consider the sequence of 3--nets: {KL 1 »(u0) 1125, Let the
¢

function f(t) = [a(r)dr, t > 0 has the following properties: f(t) # uo, t € [0, 1];
0

when t varies from n ton+1 (n = 1,2,...) the curve f(t) crosses all points

of K1 1,(ug) (ie. for every v € K1 1, (uo) there exists ¢, € [n,n + 1] such
that f(¢,) =v); f(t) € Kﬁgroo(uo) n=1,2,..., t > 1. From these properties
it follows that for every T > 0 the set {f(t) : t > T} is everywhere dense in H
and f(t) # up, t > 0. Hence from it follows that Eq. has no t;-normal
solutions for all t1 > 0 and has at least two extremal solutions: ¢;(t) = 0 and ¢2(t)
with ¢2(0) = —— -. By analogy using 5--nets K1 1 n(uo;. o) =4{&,.. ., &m €

!
ﬂ Ki,(ug) :u € ﬂ K%m(uk) = 3s € {1,....m} : J[u—&| < 5} of the

intersections ﬂ K1 ,(ux) in place of K1 1, (ug), n =1,2,... one can show

that there ex1sts a Riccati equation which has no t1-normal solutions and has at
least [ 4+ 2 t1-extremal solutions for all ¢; > 0.

Theorem 3.2. A ty-reqular solution q(t) of Eq. (L.2)) is t1-normal if and only if
tq(t1;t) is bounded by t.
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Proof. Sufficiency. Set M = sup |pq(t1;t)]. Let ¢1(¢) be a solution of Eq. (1.2)

t>t1
with |g(t1) — ¢1(t1)| < %. Then obviously

L+ (qu(t1) —q(t1))pg(t;t) #0, t>t1.

By (2.7) from here it follows that g (t) is ¢;-normal.
Necessity. Suppose piq(t1;t) is unbounded by ¢ on [¢1,4+00). Let then t1 < to <

o+ < ty,... be an infinitely large sequence such that

(3.3) ltq(t1;tn)| >n, n=23,...

Let g, (t), n = 2,3,... be the solutions of Eq. with

(3.4) gn(tr) = q(t1) = —pq(tistn) ™", n=2,3,...

Since ¢(t) is t;-normal there exists § > 0 such that every solution g(t) of Eq. (1.2
with |q(¢1) — q(t1)| < § is ¢1-regular. Hence from and it follows that for
enough large n the solutions ¢, (t) are ¢;-regular. On the other hand by from
it follows that for enough large n every solution g, (t) is unbounded in the
neighborhood of ¢,,. It means that for enough large n the solutions ¢, (¢) are not
t1-regular. The obtained contradiction completes the proof of the theorem. (I

By (2.9) from Theorem we immediately obtain

Corollary 3.1. The following statements are valid:
1) any two ti-regular solutions q1(t) and g2(t) of Eq. (1.2) are ti-normal if and
only if the function

%mwz/&Mﬂ@m—%MWﬂch

is bounded;
2) if qn (t) and q«(t) are t1-normal and ty-extremal solutions of Fq. (1.2)) respectively

then
t

lim sup/Re [a(T)(q«(T) — gn (7))]dT < +00,

t——+oo
ty

timinf [ Relo(r)(a.(r) — ax(7))ldr = —oo;

3) if q«(t) and ¢*(t) are t1-extremal solutions of Eq. (1.2]) then

t——+oo

lim sup / Re[a(1)(g«(T) — ¢"(7))]dT = +00,

Jimn inf / Re[a(r)(qu(v) — ¢" (1))]dr = —oc .

t——+o0
t1

Definition 3.3. A regular Eq. ([1.2)) is called normal if it has no extremal solutions.
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Definition 3.4. A regular Eq. (1.2) is called irreconcilable if its every regular
solution is extremal.

Definition 3.5. A regular Eq. (1.2) is called sub extremal if it has only one
extremal solution.

Definition 3.6. A regular Eq. (1.2)) is called super extremal if it has at least two
extremal solutions and normal solutions.

From Definitions - is seen that every regular Eq. is or else normal
or else irreconcilable or else sub extremal or else super extremal. The examples,
illustrated above, show that all these types of equations exist.

For any t;-regular solution ¢(t) of Eq. set

—+o0
vy(t) = / oo (Ma(ry (Pdr, t> 1)

where ¢,(t) and 1,(t) are the solutions of the linear equations
¢' = la(t)q(t) +c(t)l¢, t=t1.

U =9bt) +qt)at)], t=t1,
respectively with ¢q(t1) = 1Pq(tl) =1L
Theorem 3.3. Let qo(t) be a t1-regular solution of Eq. (L.2)) such that the integral
Vg, (t1) is convergent. Then in order that Eq. (1.2) has a t1-extremal solution it is

necessary and sufficient that vy, (t) # 0, t > t1. If this condition is satisfied then:
1) the unique t1-extremal solution q.(t) of Eq. (1.2) is given by the formula

(3.5) q+(t) = qo(t) —

where Vo, (t) = ¢q(t)vg, (£)1q(t);

2) for all t1-normal solutions q(t) of Eq. (1.2) and only for them the integrals v4(t)
converge for all t > t1 and vy(t) #0, t > tq;

3) forallt >t

(3.6) Vg, (t) = 00

4) for two arbitrary t1-normal solutions q1(t) and g2(t) the integral

) t Z tl )
Vllo (t)

+oo

/ Re [a(7)(q1(7) — o(7)) ] dr

ty

converges;
5) for every t1-normal solution qn(t) of Eq. (1.2) the equality

+oo
(3.7) / Re [a(7)(q+(T) — qn (7)) ]dT = —o0

s valid.
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Proof. Let go(t) be a t-regular solution of Eq. (L.2) for which v, (t1) converges
and vg,(t) #0 t > t;. Then

(3‘8) 7\ Hao (tl’t) # 0, t2>1.

1
Vqo (tl)
Indeed otherwise if for some to > t1 vy, = pg,(t1;t2) then from the equality
Vgo (t) = pge (t1;t2) + g, (t2) it follows that vy, (t2) = 0, which contradicts our
assumption. Let ¢.(t) be the solution of Eq. (L.2)) with q.(t1) = go(t1) — )
Then by (2.7)) from (3.8) it follows that g.(t) is ¢1-regular and according to (2.10))

we have

‘14‘ )/Lq* tl, Hl )/J'tm tl, ‘_1 t>1t.

1
4. (t1
From here it follows v, (t1) = . li$ Hq. (t1;t) = co. Then by virtue of Theorem

g« (t) is ti-extremal and (3.6) is valid. Assume now Eq. (1.2) has a t;-extremal
solution g, (t). Show that vy, (t) # 0, ¢ > t;. Suppose for some to > t1 v, (t2) = 0.
Then obviously

Vgo (tl

(3.9) i [14 (. (£2) = go(t2)) gy (t25 )] = 1.
By (2.10) we have

11+ (qo(t2) — ax(t2)) g, (E2s |1 + (gu(t2) — qolta) ) pigo (b2 )| =1, t > 1.

This together with (3.9)) implies that p,, (t2;t) is bounded by ¢ on [ta, +00). There-
fore fiq, (t1;t) is bounded by t on [t1,+00), and according to Theorem q«(t) is
t1-normal, which contradicts our assumption. The obtained contradiction shows

that vy, (t) # 0, t > t1. Let us prove . By . we have
1

(3.10) g« (t) = qo(t) + [P ()N (t1) ™" + pge (b1, O] ()], >t -1,
where A(t1) = ¢.(t1) — qo(t1). Since ¢.(t1) — m from her and from we
obtain ([3.5)).
Let ¢(t) be a t;-normal solution of Eq. (L.2). By (2.10) we have
1+ (a(t1) — g« (01) g, (ts )| [1 + (0 (t2) — q(t))pg(ts )| =1, £ >ty

This together with (3.6 implies
Hm [14 (g (1) = q(t1)) pg(t1;)] = 0.

t——+oo

Therefore the integrals v, (t) converge for all ¢ > t1. The inequality v, (t) # 0, t > t1
follows immediately from the already proven necessary condition of existence of a
t1-extremal solution of Eq. .

Let ¢1(t) and g2(t) be t;-normal solutions of Eq. . By (2.9) we have

t

}1 + (ql(tl) - qz(tl))uqz(tl;tﬂ = exp {/Re [a(r) (ql(T) — L]Q(T))]dT} , t>t.

t1
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From here and from the convergence of v, (t1) it follows the convergence of the
integral

+oo

[ e lar) (@) - aa()ar.

t1

Let gn(t) be a t;-normal solution of Eq. (1.2)). By (2.9)) we have

t

11+ (1 (tn) = g« (81)) g, (115 1) = exp{/Re [a(7) (g+(T) —qn (7))] dT}, t>t.

ty
This together with (3.6)) implies (3.7). The theorem is proved. O

Corollary 3.2. Let Eq. (1.2) have a t1-regular solution g.(t) such that v, (t1) = co.
Then the statements 1) — 5) of Theorem [3.3 are valid.

Proof. By Theorem 3.3]it is enough to show that Eq. (I.2) has a ¢;-regular solution
go(t) such that vy, (t1) converges and vg,(t) # 0, t > 1. Let ¢o(t) be a ti-regular
solution of Eq. (1.2)), different from g, (t). In virtue of (2.10) we have

(3.11) 1+ (go(t1) = qu(t1)) prg. (b5 ) || 14 (g (1) = o (11)) g (t1; ) | =1, £ > 1.

From the condition of the corollary it follows that
Jim 1+ (g0(t1) = ge(t1)) g, (t158)] = +o00.

From here and from it follows that go(¢) is t;-normal and the integral v, (¢1)
converges. Moreover by virtue of Theorem from the condition of the corollary
it follows that ¢.(t) is t1-extremal. Since go(t) is an arbitrary t;-regular solution of
Eq. , different from g, (t) it follows that ¢.(t) is the unique ¢;-extremal solution
of Eq. . Then by Theorem Vg (t) # 0, t > t1. The corollary is proved. O

Theorem [3.3] and Corollary [3.2] allow us to give the following equivalent defini-
tions.

Definition 3.7. Eq. (1.2)) is called extremal if for some ¢; > ¢y it has a t;-regular
solution ¢(t) such that v,(t1) converges and v4(t) # 0, t > ¢;.

Definition 3.8. Eq. (1.2)) is called extremal if for some ¢; > ¢y it has a t;-regular
solution ¢(t) such that v4(¢;) = oco.

Example 3.3. Let A(t) be a quaternionic valued continuously differentiable
function on [tg,+00), a(t) = ag(t) + iai(t), BE) = Bo(t) + jGi(t), t > to,
where ag(t), aq(t), Oo(t) and (B1(t) are some real-valued continuous functions on
[to, +00). Consider the Riccati equation

qd +qa(t)g — [Mt)a(t) + a(t)lg — qla(®)A() + B(1)] = X' (t)
(3.12) + A a(t)A(E) + a(BAE) + AB)B(E) =0, t>1.
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It is not difficult to verify that ¢ = A(¢) is a tp-regular solution of this equation and

ox (1) :exp{ —/5(7)(17}, Oa(t) :exp{—/a(T)d’r}, t> 1.

to

So

+oo

va(t) = /

t

exp{/ﬁ(s)}a(ﬂ exp{/a(s)ds}dT, t>tp.

Therefore if vy (to) converges and vy (t) # 0, t > t; for some t1 > tq or if vy (tg) = oo,
then Eq. (3.12)) is extremal. If vy (¢g) converges and vy () has arbitrary large zeroes,
then Eq. (1.2 is normal.

Obviously every extremal Eq. (1.2) is sub extremal. The next example shows
that not all sub extremal equations are extremal.

Example 3.4. Consider the Riccati equation

(3.13) q +qtcost)gq=0, t>tg, tosinty+costy=0.
For every A € H the solution ¢(t) of this equation with ¢(tp) = A has the form
1 1
t) = A= A 14 A(tsint 51 0.
q(t) : T+ Asiniteost) . © (tsint +cost) 7
1+ A [TcosTdr

to

Hence every solution ¢(t) of this equation with ¢(tp) € H\(R\{0}) is to-regular
and for ¢(tg) € R\{0} ¢(¢) is not to-regular. Therefore go(t) = 0 is a tg-extremal
solution of Eq. (3.13]) and all its solutions ¢(¢) with ¢(t9) € H\R are t¢p-normal.
From here it follows that Eq. is sub extremal. Obviously the integral

+oo
Vg, (to) = / tcostdt
to

neither is convergent nor divergent to co. Therefore Eq. (3.13) is not extremal.

4. THE ASYMPTOTIC BEHAVIOR OF SOLUTIONS OF SYSTEMS OF TWO
FIRST-ORDER LINEAR QUATERNIONIC ORDINARY DIFFERENTIAL EQUATIONS

Let anm(t), m,l = 1,2 be quaternionic-valued continuous functions on [tg, +00).
Consider the linear system

¢ = a1 (t)p + aia(t)y,
(4.1)

’(/J/ = agl(t)(,b + azg(t)i/}, t Z to

and the quaternionic Riccati equation

(4.2) ¢+ qara(t)g + qair (t) — az2(t)g — a1 (t) =0, t>to.
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It is not difficult to verify that the solutions ¢(t) of Eq. (4.2), existing on some
interval [t1,t2) (to < t1 < ta < 400) are connected with solutions (¢(t),9(¢)) of
the system (4.1)) by relations

(4.3) ¢'(t) = lar2(t)q(t) + ann (D)]6(t),  ¥(t) = qt)o(t), tE€ [tr,t2).

From here it follows

— —_— —_—
B(t) = [ar2(t)q(t) + a1 (t)]o(t), t€ [ti,ta).
By Liouville’s formula from here we obtain
t

det ¢(t) :detqs/(tl\)exp{/tr [mq/(-t\)'i‘m]ch'}, t € [ti;ta).

By virtue of Lemma [2.I] from here it follows
t

(44)  lo()] = et exp { / Refara(r)a(r) + an(r)ldr},  t€ [tts).

So if ¢(t1) # 0, then

(45) (;S(t) 75 0, te [tl,tg) .

Remark 4.1. It can be shown that if for a solution (¢(t),%(t)) of the system (4.1)
the function ¢(¢) does not vanish on [t,t2) then q(t) = ¥(t)¢~1(t), t € [t1,t2) is a
solution of Eq. (4.2) on [t1,t2).

Definition 4.1. A solution (¢(t),%(t)) of the system (4.1) is called t;-regular
(ty > to) if (t) £ 0, t > ty.

Definition 4.2. A t;-regular (1 > to) solution (¢p(t),(t)) of the system (4.1
is called principal (non principal) if ¢(t) = ¥(t)¢~1(t), t > t; is a t;-extremal
(t1-normal) solution of Eq. (4.2).

Definition 4.3. The system (4.1)) is called regular if it has at least one ¢;-regular
solution for some t; > tq.

Remark 4.2. It follows from (4.5) and Remark that the system (4.1) has a
t1-regular solution for some t; > ¢y if and only if Eq. (4.2) has a t;-regular solution.

Remark 4.3. If (¢(t),4(¢)) is a solution of the system (4.1) then for every A €
H(gp(t)A, ¥(t)A) is also a solution of the system ({4.1]), but (A¢(t), A (¢)) may not
be a solution of the system (4.1). For example (e, e*), t > t, is a solution of the

system
¢ =io,
Y=k, t>to

but (jet, je**), t >ty is not a solution of this system.

Definition 4.4. The solutions (¢, (t), ¥ (t)), m = 1,2 are called linearly de-
pendent if there exists A € H\{0} such that ¢a(t) = ¢1(t)A, ¥a2(t) = Y1(t)A,
otherwise they are called linearly independent.
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Remark 4.4. It follows from Theorem and Remark that if the system (4.1)
has a t;-regular solution (¢(t),(t)), then it has also another ¢;-regular solution,
linearly independent of (4(t),9(t)).

Definition 4.5. The regular system (4.1]) is called normal (irreconcilable, sub
extremal, super extremal, extremal) if Eq. (4.2]) is normal (irreconcilable, sub
extremal, super extremal, extremal).

Hereafter every t1-regular solution of the system (4.1)) we will just call a regular
solution of the system (4.1)). On the basis of (4.4)) from Corollary [3.1] we immediately
get.

Theorem 4.1. The following statements are valid:
I) if the system (4.1)) is normal then for its two reqular solutions (¢m (t), Ym(t)),
m = 1,2 the inequalities

t
lim sup [#1(t)] < 400

. [210]
< 400, lim sup
t—too |P2(t)]

t—too |P1(t)]
are valid;

IT) if the system (4.1)) is irreconcilable then for its two arbitrary linearly independent
regular solutions (¢m (t),¥m(t)), m = 1,2 the equalities

e [éa()]
P ] T o)

:+OO

are valid;

III) If the system (4.1)) is sub extremal then there exists a reqular solution (¢.(t), . (t))

of ([4.1)) such that for every regular solutions (¢m(t),¥m(t)), m = 1,2 of (4.1)
linearly independent of (¢« (t), 1. (t)) the relations

) 0-0)

| Y inf -
PG I NG TR
s ey IR v POTI

are valid;

IV) if the system (4.1) is super extremal then there exist two regular solutions
(d«(1), s (t)) and (¢*(t),v*(t)) of (@.1) such that

6O _ 170

lim sup = lim sup = 400
t—too [P totoo | (D)]
and for all two arbitrary solutions (¢m(t), ¥m(t)), m = 1,2 of (A.1)) linearly

independent of each (. (t),¥.(t)) and (¢*(t),v*(t)) the followmg Telatzons are
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valid
. |¢1(2)] . |¢2(2)]
lim su < +o0, lim su < +o0,
e |92 (0) troe [61(0)
|9 (2)] : 9" (t)]
lim sup < 400, lim sup < 400,
t—too |Om (t)] t—too |Pm(t)]
lim inf [¢-(0) =1 f [¢* )] =0, m=12.

P om)] 1 [om(0)

Theorem [4.1| shows that in the normal case of the system all regular
solutions of are asymptotically equivalent. This case differs from the other
cases by the scarcity of asymptotic behavior patterns at +o0o of the solutions of
the system . In the supercritical case of we have “the richest” (among
the other cases) variety of asymptotic behavior pattern at +oo of regular solutions

of the system (4.1)
Let

alg( ) 0(t)+za1( )—‘r—jﬂg( )+ka3(t), _a22(t) = bo(t)+Zb1(t)+]b2(t)+kb3(t),

0,11( ) O(t)—FZCl( )+]CQ( )+kC3(t), —agl(t) :do(t)+id1(t)—l—jdg(t)—i—kdg(t).
where @y, (t), by (t), ¢ (t) and dp,(t), m = 0, 3 are real-valued continuous functions
on [tg, +00). Set:

Zdol(t) if ag(t) =0,
Do(t) = mZ_l P2 (t) — dan(t)dn(t), if an(t) #0,
—4d,, (t) if a,(t)=0, n—1,3, t>t.

Let & be a non empty subset of the set {0,1,2,3} and let © be its complement
ie.®=1{0,1,2,3}\6.

Theorem 4.2. Let the conditions
@) ap(t)>0,t>1ty, n €6 and if an(t) =0 then ppm(t) =0, m € &, a,(t) =0,
ne®, D,(t) <0,t>ty,n=0,3;

B) f |a12(7)] exp { f[Re azz(s) — Re a11(s)]ds}dr < +o0.

be satzsﬁed Then the followmg statements are valid:

1) the system (4.1)) is or else normal or else extremal:
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2)  for all T-regular (T > tg) non principal solutions (¢(t),1(t)) of the system

. ) the integral

Mol (
X [Re a11(s) + Re ax(s)|ds tdr
(P © p{T/ J

converges;
3) if the system (4.1)) is extremal, then:

31) for its unique (up to arbitrary right multiplier) principal solution (¢.(t), V. (t))
the equality

[ lasa(r)]
AGE

exp { / [ Re a11(s) + Re GQQ(S)]dS}dT =+00;

T,

is valid, where Ty > to such that ¢.(t) #

32) for all non principal solutions (¢(t

(4.6)

0, t>T.;
P(t)) of the system (4.1)) the equality

)
G (1))
o)l

() i

=0
is valid;
33) for two arbitrary non principal solutions (¢m (t), ¥m(t)), m = 1,2 of the system

[@.1) the relation

|1 (1)
(48) . e

=c#0

is valid.

To prove this theorem we need in the following result from [I1] (see [I1, Theorem
3.1])

Theorem 4.3. Let the conditions o) of Theorem be satisfied. Then for all
> 0,n e v, € (—00,+x), n € D Fq. (4.2) has a solution qo(t) =
d0,0(t) = iq0,1(t) — jdo,2(t) — kdgo,3(t) on [to, +00) with qon(to) = vn, n=0,3 and
qO,n(t) Z O, n e 6, t Z tQ.

Proof of Theorem [4.2l Let qo(t) be the solution of Eq. (4.2)) with go(t) = 0. In
virtue of Theorem [4.3[it follows from the conditions «) of the theorem that go(t) is
to-regular and

(4.9) Relai2(t)qo(t)] =20, t=>to.

Consider the integral

—+oo
P () = / ool (Dana(Pt (Fdr, > 1o,
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where ¢q,(t) and 1), (t) are the solutions of the linear equations
¢ = laa()qo(t) + an ()¢, t>to,

Y =Y[go(t)ara(t) —aza(t)], t>to

respectively with @q, (t0) = Vg, (to) = 1. By (2.7) and (2.8]) we have respectively
t

a0 = exp { [ Be [ana(anlr) + ann ()]},

(4.10)

to
(4.11) t
g ()] = exp{/Re [ar2(r)ao(7) = ()]}, t 2o
to
Hence,
(112) |7, (1) < / el _ar
|@q0 (T)|[¢0g0 (T)]
+oo T
= / la12(7)| exp {7/ [2 Re a12(s)qo(s)+Re ai1(s)—Re CLQQ(S)]dS}dT, t>tp.
t to
This together with and () implies that
(4.13)

T

+oo
Vg, ()] < / la12(7)] exp {/ [ Re asz(s) — Re an(s)]ds}dr <400 t>t.

It follows from here that the integrals U, (t), t > to converge. Two cases are possible:
a) Vg4 (t) has arbitrary large zeroes;

b) Ty (t) #0, t > Tp for some Ty > to.

Then by Theorem the system is or else normal (in the case a)) or
else extremal (in the case b)). The statement 1) of the theorem is proved. Let
(qSo(t),wo(t)) be the solution of the system with ¢g(tg) = 1, ¥o(tp) = O.
Then by (4.3) ¢o(t) is a solutlon of Eq. . So ¢o(t) coincides with ¢g,(t).
Therefore from B), . ) and (| it follows

+oo T
|a12(7)]
(4.14) / (T2 exp { / [ Re ay1(s) + Re agg(s)]ds}dr

to
o0 T
< / la12(7)| exp {/ [ Re ass(s) — Re au(s)]ds}dT <400, t>t.

Let (¢(t),%(t)) be a T-regular (T' > ty) non principal solution of the system ([@.1)).
Then q(t) = 1(t)¢~1(t), t > T is a T-normal solution of Eq. (4.2). It follows from
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(4.13) that g, (T';t) is bounded on [T, +00). Hence, according to the statement 1)
of Corollary [3.1] we have

gg ’ /Re [alg(’]‘) (qO(T) - q(T))]dT‘ < +00.

This together with (4.10)) implies

m'l‘;;(i(;y exp{ T/ [Re a11(s) + Re agg(s)]ds}dr

||Z(1)2(57)|)2| exp { / [ Re ai1(s) + Re azg(S)]ds}
T

T

<oxp {2 [ Re [ars(s) an(s) - o(s))]dsfar

T

+oo
< la12(7)|

Go(m)2 P { /[Re a11(s) + Re az(s))ds fdr < +00,

to

where
T

M= exp{ - /[Re a11(s) + Re agz(s)]ds}

X exp 2?2?‘/]%6 a12(s)(qcs) — q(s))}ds‘} < 4o00.

The statement 2) of the theorem is proved. Assume the system is extremal.
Then Eq. has the unique extremal solution g, (t). Let ¢.(¢) be Ty-regular
for some T, > tg and let (¢« (t), 1. (t)) be the solution of the system with
d«(T) = 1, ¥u(T) = q«(Tx). Then by (¢x(t), 14 (t)) is the unique (up to
arbitrary right multiplier) principal solution of the system and ¢, (t) is a
solution of the linear equation

(4.15) ¢ = laz(t)a.(t) +an(®)lo, =T

Consider the integral

Vq. (T, /qu* T)arz (), (T)dT

where ¢, (t) and v, () are the solutions of Eq. (4.15]) and the equation
V' =Ylg(t)arz(t) —an(t)], t=T.
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respectively with ¢q, (Ti) = g, (T%) = 1. Since g.(t) is extremal in virtue of
Theorem [3.3] we have

(4.16) Vg, (Ty) = o0.
By (2.7) and (2.8) we have respectively

0.0 = e { [ Relara(rla.(r) + an(lar}, =T
0.0 = exp { [ Relaralr)an(r) — asa(rlar}, 12T

Therefore
t

@) 0= s Olesp{ - [ Relon(r) + an(njar}, t=T.

T,

Obviously ¢.(t) = ¢,. (t), t > T,. This together with (4.17) implies

|Zl2(()|)| exp { /Re [a11(s) + azg(s)]ds}df,

From here and from it follows (4.6)). Let (¢(t), ¢ (t)) be a non principal solution
of the system (£.I). Without loss of generality we may take that (¢(t),v(t)) is
T.-regular. Then q(t) = (t)¢~1(t), t > T\ is a T,-normal solution of Eq. . By
from here it follows

Vg, (T)] <

“+oo
[ Belarzn)a.(r) - atr)lar = ~co.
T
By (2.7) from here we obtain (4.7):
t
2O _ . /
li =1 W (T) — =
Jim Lot = Jim exp{ [ Refa(n)a.(r) ~ a(r))ldr} =0
T.
Let (qzﬁm( ) wm( ), m=1, 2 be non principal T-regular (T > tg) solutions of the
system (4.1)). By . Gm(t) = U ()1 (1), t > T, m = 1,2 are T-normal solutions
of Eq. 1.] Then accordmg to the statement 4) of Theorem - 3| the integral
“+o00
[ Belatn)@®) - arar
T

converges. By (2.7) from here it follows (4.8]). The theorem is proved. O
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Remark 4.5. From the estimate is seen that if suppai2(t) is bounded,
then 7y, (t) has arbitrary large zeroes. Hence in this case under the conditions of
Theorem the system is normal. If supp aq2(¢) is unbounded and the coefficients
of the system are real-valued, then it is not difficult to verify that under the
conditions of Theorem [4.1] 7, (t) # 0, t > to. So in this case is extremal.
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