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KYBERNETIKA — VOLUME 58 (2022), NUMBER 3, PAGES 400-425

PREDICTOR CONTROL FOR WAVE PDE /NONLINEAR
ODE CASCADED SYSTEM WITH BOUNDARY VALUE-
DEPENDENT PROPAGATION SPEED

X1USHAN CAI, YUHANG LIN, JUNFENG ZHANG, AND CONG LIN

This paper investigates predictor control for wave partial differential equation (PDE) and
nonlinear ordinary differential equation (ODE) cascaded system with boundary value-dependent
propagation speed. A predictor control is designed first. A two-step backstepping transforma-
tion and a new time variable are employed to derive a target system whose stability is established
using Lyapunov arguments. The equivalence between stability of the target and the original
system is provided using the invertibility of the backstepping transformations. Stability of the
closed-loop system is established by Lyapunov arguments.

Keywords: cascaded system, wave dynamics, boundary value-dependent, predictor con-
trol, backstepping transformation

Classification: 93Cxx, 93Dxx

1. INTRODUCTION

We consider the cascaded system of wave PDE/nonlinear ODE given by

X(t) f(X(2),u(0,1)) (1)
Opu(z,t) = v(u(0,t))0rzu(z,t) (2)
0,u(0,t) = 0 (3)
dwu(L,t) = U(t), (4)

where 0 < z < L,t > 0, and X(+,-) € R",u(-) € R,U(-) € R are ODE state, PDE
state, and control input, respectively, and f : R™ x R — R", with f(0,0) = 0 is locally
Lipschitz continuous in X and u, and v : R — (0, 4+00) is a propagation velocity of wave
PDE. Equation is the actuation path for system 7 located at the boundary = = 0,
with an actuation device acting at the boundary « = L. It is clear that «(0,¢) cannot be
directly controlled, so it is more difficult to control this cascade system compared with
[8] and [12].
The initial condition along the actuation path is

u(z,0) = up(x), Jwu(z,0)=uy(x), (5)
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Fig. 1. The Cascaded System of Wave PDE/Nonlinear ODE.

for x € [0, L]. The cascaded system (1])—(4) is depicted as Fig.1.

We design a predictor control that globally stabilizes the cascaded system (|1]) — (4] by
assuming that the propagation velocity is continuously differentiable, strictly positive,
and bounded, namely, there are g; > 0, i = 1, 2, such that

02 > v(u(0,1)) > o1, (6)

for any u(0,t) € R.

First, the cascaded system is transferred to a coupled 2 x 2 hyperbolic PDE/ODE
cascaded system using some coordinate changes. Secondly, the first-step backstepping
transformation is applied such that the coupled 2x2 hyperbolic PDE/ODE cascaded sys-
tem is transferred to a decoupled 2 x 2 hyperbolic PDE/ODE cascaded system. Further,
using a new time variable, the cascaded system is changed as a pair of transport PDEs
and nonlinear ODE cascaded system. Finally, the second-step backstepping transforma-
tion is used to design a compensator for the cascaded system. Stability of the closed-loop
system is established by Lyapunov arguments.

Wave PDE /nonlinear ODE cascaded system can be used to describe stick-slip oscil-
lation in oil drilling [I]—[5], [10], [I3]-[I7]. Predictor control of wave PDE/nonlinear
ODE is first presented in [I]. In oil drilling model, the ODE is used for modeling friction-
dominated drill bit dynamics and wave PDE is used to simulate torsional dynamics of
drill string, and the position of the drill bit is a state variable in the ODE, predictor
control is studied for the cascaded system with a controlled moving boundary in [6].

In oil drilling model, the domain length of wave PDE varies with time and also
depends on the bit speed, a predictor control is presented for wave PDE/nonlinear
ODE with a uncontrolled moving boundary in [7]. The propagation velocity of drill
string torsional dynamics varies with different pipes, so wave PDE /nonlinear ODE with
spatially-varying propagation speed is investigated in [8]. Predictor control for a class
of nonlinear ODE/wave PDE cascaded systems with time-varying propagation speed is
also studied in [I2]. This paper considers predictor control design of system 7,
which is similar but not equivalent to stabilize stick-slip oscillation in drilling systems.

Detailed comparisons with [T}, [6) [7, [8, [, [12] are given in Table 1, including the
studied system, propagation velocity constraint, boundary dependent property, whether
feasibility conditions are required, and convergence range.



402

X. CAL Y. LIN, J. ZHANG, C. LIN

studied propaga- boundary feasibility converg
tion depend -ence
system velocity -ence condition range
constraint
(1)
Opu(z,t) = Oppu(x,t)
(3) no no no global
(4) in [1]
(1) a moving |%
Opu(x,t) = Opgu(z,t) controlled x f(X,u(0,t))
Ozu(L(t, X),t) =U(t) no boundary 4 L, X)| local
(4) in [6 L(t, X) §d<1
X(t) =
F(X,u(8(X,1),1)) a moving 0< 65g§ 1)
Opu(x,t) = Opgu(z,t) no uncontrolled  f(X,u(6(X,t)))  local
O u(6(X,t),t) =0 boundary +85(a)§ t)
(4) in [7] I(X,1) <ec<1
M
Opu(z,t) = v(z) >0, no no global
v(x)Opgu(z, t) z €10, L]
(3),(4) in [8]
Opu(z,t) = 1=1,2,3 no no global
0(t)Dggu(z, 1) 01 <u(t) < 02
(3),(4) in [12] [0(t)] < o3
(1)
Opu(z,t) = Jo1 > 0, no no global
0(u(0,1))dpu(z,t) v(u(0,1))
u(L,t) =U(t) > 01
in [9]
Ele > 0,
1=1,2,
(1)-(4) 02 >
Current v(u(0, t))
paper >0 no no global

Tab. 1. Comparison of Related Results of PDE /nonlinear ODE

Cascaded System.

From Table 1, compared with [9], the same propagation speed v(u(0,t)) is studied,

we study wave PDE actuator dynamics, but [9] investigates transport PDE actuator
dynamics. The constraint on v(u(0,t)) is similar to that in [9], a global stability result
of the closed-loop system is established in this paper.
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Compared with [I2], we investigate boundary-value-dependent propagation speed not
just time-varying propagation speed v(¢) in [II]. Our contribution stands as the first
one in which wave actual compensation of a delayed-input-dependent input delay is
achieved. A global stability result of the closed-loop system is established. Compared
with [I2], our main contributions are as follows:

1) The constraint on v(u(0,t)) is relaxed, see Table 1.

2) Predictors (77), and (79), are simpler than those in [12].

3) By introducing a new time variable, the target system - is simpler than
[12).

This paper is organized as follows: Assumptions and control design are in Section
Some preliminary transformations are in Section Stability analysis of the proposed
control law is established in Section[dl Simulation is in Section[5} Finally, the conclusion
is in Section [

Notation. |- is Euclidean norm, and u : [0, L] x R — R, the norm [[u(t)|z_ [0,z =

lim (fOL |u(x, )| dz)'/™ is the spatial Lo, norm, written more compactly as ||[u(t)] so-
n— oo

For uw:[—L,L] x R — R, denote ||u(t)]|co,1 = li_>m (f_LL |u(, )| dz)L/™. For p: [0, L] x
n—oo

R — R”, we use a spatial Loo-norm |[p(t)|lec = sup (p3(x,t) +--- + p2 (x,t))'/2.
0<a<L

2. ASSUMPTIONS AND CONTROL DESIGN

Definitions of class K, Koo, KL functions and input-to-state stable (ISS) are from [I1]
and [I§].

A function v : R>¢ — R>( is said to be of class K if it is continuous strictly increasing
and satisfies v(0) = 0; it is of class Ko, if in addition v(s) — oo as s — oo. Note that
if v is of class Koo, then the inverse function y~! is well defined and is again of class
Koo. A function 5 : R>g x R>g = R>¢ is said to be of class ICL if for each fixed ¢ the
mapping B(-,t) is of class K and for each fixed s it is decreasing to zero on ¢ as t — oo.

The system X (t) = f(X,u), where f locally Lipschitz in X and u, is input-to-state
stable (ISS) if there is a function S of class L and a function «y of class K such that for
each measurable essentially bounded control u(-) and each initial state X (0) the solution
exists for all ¢ > 0 and satisfies

X(0)] < BUX(0)], 1) +w( sup |u<a>|). (7)

0<o<t
This paper needs Assumptions 1- 3, which are from [I].

Assumption 2.1. Assume that x : R® — R, £(0) = 0 is continuously differentiable
with locally Lipschitz derivative a;-z)(;()’ and system X = f(X,k(X) + v) is ISS with
respect to v.
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Remark 2.2. Assumption (2.1) means that there exists a control law x(X) such that
ODE is ISS to v.

For the following ODE

where h: R" xR — R”, Y (-) e R", W(0,-) € R, ¢(:) € R, if we denote

20=| iy |- ez = MOFOD T

then - @ can be expressed as

Z(t) = o(Z(),<(1)). (11)

Assumption 2.3. For system , there are smooth positive definite functions R;,7 =
1,2 and class K functions o;,j =1---,6 such that

allZ) < Ri2) < ax2) (12)
M2 o2.) < Ri(Z)+ as(ls) (13)
wllZ) < m2) < as((2) (1)
BB p(26) < Ra(2) + el (15)

for all Z € R**! and ¢ € R.

Remark 2.4. Conditions , (or , (15))) imply that for every initial condition
and every locally bounded input signal the corresponding solution of is defined for
allt >0 (or ¢t <0).

Let

Ok(Z1)
9z,

m(Z) = —c(Z2—k(Z1))+ (21, Z2), (16)

with Z = [Z1, Zo] € R" x R, and ¢; > 0.

Assumption 2.5. For system Z = o(Z, ju1(Z) + <), there exist a smooth positive defi-
nite function R3 and class K functions o;,j = 7,8,9 such that

a7(|Z]) < Rs(Z) < as(|Z]) (17)
OR3(Z)
Y

o(Z, 1 (Z) + <) < R3(Z) + ag([s]), (18)

for Z € R**! and ¢ € R.
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Remark 2.6. Assumption (2.5)) means that for every initial condition and every locally
bounded input signal the corresponding solution of Z = ¢(Z, u1(Z) + <) is defined for
all t <0.

_ For subsystem X(t) = f(X(t),u(0,t)), if there exists u(0,t) = x(X(t)) such that
X(t) = f(X(t),k(X(t))) is globally asymptotically stable, the predictor control for
system - is designed as

8{&([4, t) 1

U(t) = 3 0. 0)) + gaa:u(L,t)
B fOLK11(L,s,t)51(s,t) ds fOL Ki2(L, s,t)s2(s,t)ds
v(u(0,t)) 2+/v(u(0,t))
o » Or(p(L, 6(1)) F(pr(L, 6(1)), pa(L, 6(1)))
3 (pa(L,0(0)) = K(pr (L, 9(0)) + Z 22 e
(19)
where p; € R", ps € R are defined as
. _ fp1(y. & p2y¢( N4
nlao0) = X0+ [ ey (20)
T = 51 y, ) d
pale o) = w00+ [ W sy
s1(y,t K11Uya 1) dod
/ / Vo(pa(o, ¢(t)))v(u(0,t)) Y
s2(y,t K12 o, yvt)
/ / Vo(pa(o, (t)))v(u(0, t))dady (21)
with ¢(t) fo v/v(u(0,0))do and
s1(y,t) = Owu(y,t) + Vo(u(0,t)) Oyuly,t (22)
and
s2(y,t) = Ou(y, t) — Vo(u(0,t)) Oyu(y, ), (23)
for all 0 < x < L,t > 0. The initial conditions of p; and py are defined as
pl(ff,o) _ / f pl y7 p2 y7 ))dy (24)
P2
0)
x,0) = wup(0) d
p2(,0) ) Voa.0) 00 y
(y Kll O’ y7 ) do
- [ ] vty
52(y,0 K12 (o, %0)
- [ ] ety >
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for all 0 < x < L. The gain ¢; > 0, and the functions K71 and K5 are solutions to the
kernel PDEs

WK (x,s,t) — 0sK(x,s,t)A(u) — A(w) 0. K(x,s,t) = —K(x,s,t)B(u) (26)
A(w)K (z,z,t) — K(z,z,t)A(u) = B(u) (27)

Ki1(2,0,t) = Kia(z,0,1) (28)

Kgl(l’,o,t) = KQQ(!E,O,t), (29)

where (26) - (29) is defined on {(z,s,t) : 0 < s < x < L,t > 0}. The boundary value-
dependent matrices are given by

_ v(u(0,1)) 0
Aw = [V ) (30)
0 _ iu(0)
B(u) = [_i}(u(O,t)) U(S(O’t)) 1, (31)
4v(u(0,t))

where 0(u(0,t)) = W@tu((),t).

3. SOME PRELIMINARY TRANSFORMATIONS

Denote
((z,t) = Owu(z,t) +/v(u(0,t)) dpul(z,t), (32)
n(z,t) = Ow(x \/ u(0,t)) dpu(x (33)

From , , we have

Clx, t) +7(x, 1)

Owu(z,t) = s (34)
VOl Moeu(a ) = SEHIRD, (39)
system (1) - () can be expressed as
X(t) = fX(),u(0,1)) (36)
owu(0,t) = ¢(0,1) (37)
atZ(wv t) = \/. U(U(O’ t)) a:v?('% t)
i CCURE ) (38)
atﬁ(xv t) = VvV U(U(O, t)) azﬁ('% t)
0(u(0,t)) — _
- W(C(%t) = 7(z,t)) (39)
7(0,t) = ¢(0,¢) (40)

C(L,t) = 7m(L,t)+2y/v(u(0,t) U(t). (41)
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Denote &(x,t) = [((z,t),7(x,t)]T, using the state transformation

o) = {2 gw), 2)

with &(z,t) = [((x,t),n(x,t)]T, system - is rewritten as

X(t) = F(X(1),u(0,1)) (43)

_ 4fv(u(0,1))
ou0.0) = | 00,0 (11
atf(xa t) = A(U(O, t))azé(xv t) + B(U(O, t))f(xa t) (45)
n(0,t) = ¢(0,t) (46)
C(Lst) = (L, 1) + 23/v(uo(0))v(u(0, 1)) U(?), (47)

where A(u), B(u) are defined in and (31), respectively. In order to remove the
internal coupling terms in , the backstepping transformation is employed

w(z,t) = g(x,t)—/om K(z,s,t)&(s,t)ds, (48)

with w(z,t) = [wi(z,t),wa(z,t)]T, for all 0 < = < L, t > 0, where K(z,s,t) =
[Kij(z,s,t)] € R**? is solution to equations (26)—(29). Differentiating ([8) to time
t and space x, system - is transformed to the decoupled PDE/ODE cascaded
system

X(t) = fF(X(#),u(0,t)) (49)
o)
Opu(0,t) = 2(10(0) 1(0,t) (50)
Ow(z,t) = A(u(0,t)) Opw(x, t) (51)
w2 (0, t) = W1 (0, t) (52)

wi(L,t) = n(L, 1) +23/v(ug(0))v(u(0, 1)) U(1)

L
— / Kq1(L, s,t)¢(s,t)ds
0
L

- Kl?(L757t)n(57t)d37 (53)
0

for 0 <z< L,t > 0, if K117K12 satisfy *.
Cascaded system - is transferred to system - by the inverse back-

stepping transformation

E(x,t) = w(:c,t)+/0w L(z, s, t)w(s,t)ds, (54)
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where L(z,s,t) = [Li;j(z,s,t)] € R**? is solution to the kernel equations

O L(x,s,t) — 0sL(x, s,t)A(u) — A(u)0, L(z, s,t) B(u)L(x,s,t) (55)
L(z,z,t)A(u) — A(uw)L(z,2,t) = B(u) (56)
Lll(fE,O,t) = ng(I7 , (57)
Loy (x,0,t) = Loo(x,0,t), (58)
where (55) - (B8) is defined on {(z,s,t): 0 < s <x < L,t > 0}.
Let us redefine time as
= o) = /0 /o(u(0,0))do. (59)

Slnce v(u(O o)) > 0, for any u( 0 o) € R, the inverse function of ¢(t) exists, namely,

(7). By (59 ., system (49 . can be expressed as
dX (¢~ (r)) _ f(X(¢7'(1)), u(0,¢"(7)))

= 60
dr v(u(0,¢~1(7))) (00
1 wi(0,¢7(7))
Oru(0, = 61
R ORI O oy
Orwi(z, ¢~ (1)) = By (w, 7 (7)) (62)
Orwa (@, ¢~ (1)) = =yt (w, ¢~ (7)) (63)
wa(0,67H(7)) = wi (0,67 (7)) (64)
wi(L, ¢~ (1)) = n(L, ¢~ (1)) +2/v 0,¢=1(7)) Ule™ (7))
[ Koo s, 07 (r)ds
| Koo omts. o7 () (65)
for0<z < L,7>0,if Ky1, K12 satisfy 7.
Remark 3.1. From , one has
¢ (671(7)) = Vo(u(0,671(7)). (66)
Noting that ( is achieved from ) and .
Denote

U(r) =U(¢7"(r), alz, ) = u(z,¢~ (7)), (67)
), Wa(x,7) = wa(w, 67 (7)), (68)

X(r) = X(67(1)),
@i(w,7) = wi(z, ¢~ (1)

system - is rewritten as
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ey _ S (0,7) N
X(7) a0.7)) (69)
0,7(0, 7 ©1(0,7) 70
0.7) vu(@(0,7))v(u(0,0)) (70)
0w (x, 7) = Opo1 (2, T) (71
0, wa(x,7) = —0,Wa(x, T) (72
wa(0,7) = w1 (0, 7') (73
@1 (L, 7) = (L, ¢~ (1)) + 23/v(u( a(0,7)) U(7)

/ Ki(L, 5,67 1())C(s, 61 (r))ds
- / KoL, 5,6 (r))n(s, 67 (7)) ds, (74)
0
for0 <z < L,7>0,if Ky, K12 satisfy f.

4. STABILITY ANALYSIS OF THE PROPOSED CONTROL LAW
4.1. Equivalent nominal controller for the target system’s ODE

From Assumption the control law u(0,t) = k(X (t)) globally stabilizes system X (t) =
F(X(t),u(0,t)). Equivalently, the control law u(0,¢p~1(7)) = k(X (¢~1(7))) globally sta-
)

dX((Z_rl(T)) = f(X(f)/;l(iT(s))’f_(?’(f)—;)(T) ). So the control law (0,7) = k(X (7))

globally stabilizes system .
It is easy to check that the feedback law

M(X) = \4/1}(6(0’7—))“(@(0’0))#1()()5 (75)

where x = [x1, x2] € R X R and 4 is given by (I6), is a nominal stabilizing controller
for the ODE

bilizes system

1
¢ = , 76
X (x ot —0.0) ) (76)

where ¢ is given by .
The predictor signal that compensates the PDE actuator dynamics for the target
system - is defined by the following vector functions p(z,7) and ¢(x, 7):

‘137'277' ’ T w(yv) d
Pz, 7) z<>+/0¢<p<y, ) i ))> Y, (77)
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where p(z,7) = [p1(z,7), p2(x, 7)]T with the initial condition

2,0) = Z(0 ’ 0), 1(y,0) )d , 78
e ()+A¢G@)¢Mmmmwww» ! ™
and
- | X(r
70 = oo |
o I (p1(y,7),p2(y,7))
wily, T _ Vu(p2(y:7))
¢<(“ )v@@ﬂ%TDNMQ0»> T |
and
x,7)=Z(1) — ’ ,T), 22y, 7) )d, 79
ala,7) = Z(r) LwGw)emewmmm y (79)
where q(z,7) = [q1(2,7), q2(z,7)]T, with the initial condition
- ’ wa(y,0)
2,0) = Z(0) — ,0), dy, 80
a(2,0) = Z(0) [;¢G@ )vw@mmwwmﬁ»>y (s0)
where
oy, 7) fla1(y,7),q2(y,7))
- wa\y, T _ Vvla(y,7)
@<““)’vw%@anuwm»> T

4.2. A second-step backstepping transformation towards stability analysis

A second-step backstepping transformation is designed in order to map — into
the final target system whose stability will be established. We state the following Lemma.

Lemma 4.1. (Second-Step Backstepping Transform) Let
w(z,7) = wi(z,7)— plp(z, 7)), (81)
A(JZ,T) = 62(x77-) _M(Q(xaT))v (82)
where p is defined in , and p(z,7),q(x,T) are given as , , respectively, and
U(r) is

U0) = 5y ¢ )

- /<Kma&¢ )5, 671 (7)) + Kaa(L, 5,6 (1))(s, 61 () ds

0

- up(L, 7)), (83)
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map system - into the target system

Orw(x,7) = Oyw(z,7) (85)
Nz, 7) = —0:\=,7) (86)
A0,7) = w(0,7) (87)
w(L,T) 0. (88)

The proof of Lemma is provided in Appendix

Remark 4.2. Using (/16| , . (42), l.) 1t can be deduced that the control law
(183)) is just (19| . In addltlon from (10)), (32), (33| , 1 , it is not dlfﬁcult to find that

p(x, ¢(t)) defined as is just [p1(x, #(t)), p2(z, d(t))]? given as .

Inverse Backstepping Transforms: Define the vector functions 7(x,7) and ¢(z, 7)

o @y, ) + ulr(y.7)
T™x, T =Z(t ™Y, T), d’ 89
) =20+ | “0< e 2<y,r>>v<u<o,o>>> ! )

where 7(z,7) = [m1 (2, 7), 72 (2, 7)]T, with the initial condition

0 (

and

e [, Ay, )+u(( )
oz, 7) = Z(r) / w((% R 0 O))>dy, (91)

where (2, 7) = [11(2,7), 12(z,7)]T with the initial condition

(0.0) = Z(0) /:w (L(M)’ )\(970)+M(b(y,0))))> 0. (02)

Y/(12(y, 0))0(@(0,0

where w, A, p are defined in , , , respectively.
The inverse backstepping transformations of w, A are defined as

wi(z,7) = w(x,7)+ plr(z, 1)), (93)
w2(x’7—) = )\(.Z‘,T>+M(L(.Z‘,T)), (94)

where 7(z, 1), t(z,7), 0 <z < L, 7 > 0, are given as , , respectively.

The inverse backstepping transformation (93]), (94]), and the control law (83]), trans-
form the target system - into system , it can be deduced from straight-
forward computations.
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4.3. Some Lemmas and A Theorem

Under Assumptions f and condition @, we prove stability of the closed-loop
system (1)) — (4] together with - by using the following Lemmas (Lemmas {4.4—
1.10).

Theorem 4.3. Consider system 7 with 7, if Assumptions f and
condition (6) hold, for any initial condition ug(z) € C1[0,L], ui(z) € C|0, L], which
is compatible with the feedback law f and such that wu,(0,0) = 0, then the
closed-loop system has a unique solution X (t) € C1([0,00),R™), (u(-,t),u(:,t)) €

C([0,00), C1[0, L] x C]0, L]), moreover, there is a L function 5 such that
Q) < B(Q0),1) (95)

where
Qt) = [X )] + lw®)loo + lJue(®)lloo + [[ua(t) oo

for t > 0.

Lemma 4.4. (Stability Estimate for Target System) Consider system 7,
if Assumption and condition @ hold, there is a class KL function 3, such that

1Z(T)] + @ (7)o + AT [0

(
< BUZ(O)] + [@(0)]so + [AO)loc. ) (96)

for all 7 > 0.
The proof of Lemma [4.4] is provided in Appendix

Lemma 4.5. (Bound on Forward Predictor) Under Assumption [2.3/and condition
@, there exists a class Ko function p; such that the following holds:

sup [p(x,7)] < p1(|Z(7)] + [|&1 () ]| 0)- (97)
0<z<L

The proof of Lemma [£.5] is provided in Appendix

Lemma 4.6. (Bound on Backward Predictor) Under Assumption and condi-
tion @, there exists a class Ky function ps such that the following holds:

sup |q(z, 1) < p2(|Z(7)] + [|&2(7) [l 0)- (98)
0<z<L

The proof of Lemma, is provided in Appendix

Lemma 4.7. (Bound on Extended Forward State Predictor) Under Assumption
and condition @, there exists a class Ky function ps such that the following holds

sup [m(z, 1) < p3(|Z(7)] + [|ow(7)l0)- (99)
0<z<L

The proof of Lemma [4.7] is provided in Appendix [A-5]
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Lemma 4.8. (Bound on Extended Backward State Predictor) Under Assump-
tion and condition @, there exists a class K, function py such that the following
holds

G pa(|Z(T)] + A7)l 0)- (100)

The proof of Lemma is provided in Appendix

Lemma 4.9. Consider system (84) 7, and output maps are 7 , if Assump-
tions and and condition (6)) hold, there is a class K, function s such that

Z(0)] + 1@1(7) oo + [@2(7) oo
< (| Z0)] + 127 oo + 1A 1oo)- (101)

The proof is omitted since it is easy to achieve.

Lemma 4.10. Consider system (69)) — 7 and output maps are 7 7 if Assump-
tions and and condition (6) hold, then there is a class Ko, function 73 such

that
Z()] + (7)o + M) | oo
<3 Z(T)] + [@1(7) oo + [2()]00)- (102)

The proof is omitted since it is easy to achieve.

Proof of Theorem 1. Combining Lemma [£.4] Lemma Lemma one has

(7)]
o]

INIA A N

2 2 2

1(7)[loo 4 [[&2 (7)o

|+ [[@(M)lleo + A7) lloo)

2(B(1Z(0)] + [[@(0) [l + IA(0) ][0, 7))

2(B(13(1Z(0)] + @1(0)loe + [[@2(0)[00), 7)), (103)

for all 7 > 0. By ., .7 and . from (103| 7 we get

1Z@)] + [[wi () ]loo + [l ()0
< 72(B((1Z(0)] + llw1(0)]leo + [lw2(0) [0 ), t)) (104)

for all ¢ > 0. With the help of ([48)), (54), from (104) we have

1Z(@)] + 1E@) ]
< (1+ L) (B(ys(V2(1+ K)(Z(0)] + [16(0) [ 0)) ), (105)

N\+
f\

(r
|

73

A/‘\
N|
/‘\A\/

forallt > 0,and L = sup |L(z,y,t)|, K = sup |K (x,y,t)|.
(z,y,t)€[0,L] x[0,L] % [0,00) (z,y,t)€[0,L]x[0,L] % [0,00)
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Using , , , , , (105)), we derive the estimates below

(X (@] + [u(0, )] + [[0ru(®)l|oo + [[0ru()]lo

< Valz()+ 2 (1+ j?) 2160

2

< max{ﬁ, ? (1 + %) \/f} (1Z(0)] + IED) o)

< (1+L)max{ 2,? <1+\/la> . gi}

X Y2(B(33(V2(1 + K)(1Z(0)] + £(0)][0)), 1)
< (1—|—L)max{\/§,\gE <1+> d 92}

Vor 01
% 2(B(VE (14 ) (1X(0)] + [4(0)
; 2{1/?(1 +/3) (10(0) o + [0:(0)]]o0)), 1))- (106)
In addition,
(e, t) = u(0,1) + /0 us(s, ) ds, (107)

so, it holds

[ X ()] + [[w() oo + 10su(t) oo + (102 (t)]|o0
< X@O]+ [u0, )] + [|0ru(t)] oo + 2/ Oz u(t) | co- (108)

Hence, defining the class Ko, function
B(s,t) =2(1 + L)max{\f (1 + \ﬁ) 2}
X (B(ra(V2(1 + K) + 2/ 2 (1 + /02)5), 1)),

we obtain .

It can be deduced that under Assumptions f and condition for up(x) €
4110, L], uy(z) € C[0, L], which is compatible with the feedback law (19)—(21), the
closed-loop system has a unique solution X(¢) € C1([0,00), R™), (u(-,t),us(-t)) €
C([0,00), C1[0, L] x C10, L)). O

5. SIMULATION
For a third-order system
Xi(t) = Xaoft)+ X3(t) (109)
Xalt) = Xa(t) + Xs(t)u(0,1) (110)
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Fig. 2. Responses of the ODE state X and PDE state u(x,t) under
the proposed control (solid line) and the nominal control (dotted line).

the nominal feedback law for (109) — (111) is
3

uw(0,t) = —X1(t) — 3Xa(t) — 3X;5(¢) — ng(t)Q
) () 2500 + A ¢ 220X

o\ 2
X - 13007 - § () - ) ) . (112)

Now system (109) — (I11)) cascading with (2) — ([ with
(113)

I (E—

is controlled by - .

In simulation, L = 1, ¢; = 5, X;(0) = 3, X3(0) = —2, X3(0) = 1 and wug(x)
0, ui(z) = 0 for z € [0,1], responses of the ODE states X7, X2, X3 and wave PDE
state u(z, t) under the proposed control are given in Figure 2. Response of the predictor

control ([19) 7, and the uncompensated control (112]) are given in Figure 3. The
proposed control stabilizes the cascaded system while the uncompensated control ((112)

leads to instability.
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Fig. 3. Responses of the proposed control (left) and the nominal
control (right).

6. CONCLUSION

Predictor control is investigated for wave PDE /nonlinear ODE cascaded system with
boundary value-dependent propagation speed. The controller design and stability anal-
ysis are based on a two-step backstepping transformation and introducing a new time
variable. A novel two-step backstepping transformation is employed to derive a target
system whose stability is established using Lyapunov arguments. The resulting bound-
ary controller is a predictor-feedback control law, which compensates the wave actuator
dynamics and guarantees globally asymptotic stability of the closed-loop system.

A. PROOF OF THE LEMMAS
A.1. Proof of Lemma 4.1

First, from , p(0,7) = Z(7) and using , , we derive (84)). Second from |.D
, , it is easy to deduce . In addition, with the help (74]), , (75), it can
be deduced . Finally, we will prove 7 and . The transformatlon (77) can be

expressed as follows:

fpl Y, T p2(y7 ))
pi(e, / ey, (A1)

po(e,7) = (0, 7) / 1 y’ 7) dy. (A2)
V0(@(0,0))v(p2(y, 7))
Differentiating (|A.1)) with respect to 7 and x, we have

a‘rpl(x T)

B f(f( Opy F(p1(y, 7), p2(y, 7))0rp1 (y, 7)

- 2 N ) W
apz f(pl (y7 )7p Yy, T ))a‘rp2(y7 )

- 25, 7) ‘

. / 137l - T(”?m”“;jg?jg D)Orpy:7) g, (A.3)
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and

Oopr (2, 7) )
R S
L / Opy [ (P1(y, Ti(];((y T))))ayp2<ya7) 4
“ iy, T pz(2 T pﬁfi(l));g% ;7)) 0yp2(y, 7) dy. (A1)

Defining

Hyi(x,7) = 0:p1(x,7) — Oup1(, 7), (A.5)
Hg(x 7) = 0:p2(x, 7) — Oppa(w,7), (A.6)
and combining (A.3)) and (| , we arrive at
Hl(x,r)
,/m Op, f (1 (y, 7)s 2y, 7)) Ha (y,7) 4
= Y
0 v(p2(y, 7))
+/” Opa f(P1(y, 7). P2y, 7)) Ha(y, 7)
v(p2(y, 7))
f P1(y,7) pz y 7))0p, v (p2(y, 7)) Ha(y, 7)
(v(p2(y,7)))?/
Differentiating (A.2)) with respect to 7, one has

dy. (A7)

Orpa(,7)

0,5:(y.7)
= 00, /w Nl )

7/ Wl(yv )apzv(p2(yv ))37-}72(% )dy (AS)
o 4y/v(@(0,0)(v(p2(y. 7)))°
Differentiating with respect to x, it holds

w1 (z,7)
V/v(@(0,0))v(p2(z, 7))
_ wl(O,T) * 0 Wl(y, ) d
N ICORO)IG +/o /o@(0,0)0(pay 7))
e T>ap2v<p2<y )ypaly T> | o
| V@O ey .

Combining (A.8) and (A.9)), and using , we get

v w1 (va)a;Dzv(pQ(yaT))HQ(y>T)
HQ T, T) = — dy. A.10
(@7) / o@0,0) 0w ) (A10)

89L'p2 (JJ, T) =
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Differentiating (A.7) with respect to x, the following ODE in «z is deduced

aplf(pl(l‘,T),pg(l‘,T))Hl(x,T)
’U(pg(ﬂ?,T))
apzf(pl(x77)7p2(xaT))H2($7T)
v(p2(z, 7))
. f(pl(x,T),pg(:b‘,T))am’v(pg(.%',T))HQ(x,T)
2(0(pa(a. 7)) S

O Hy(z,7) =

+

and
H,(0,7) =0. (A.12)
Differentiating (A.10|) with respect to z, the ODE in z is acquired

_wl (x7 T)am’l)(pg(l‘, T))HQ(x’ T)

R ) P o )
and
H>(0,7) = 0. (A.14)
From , , and , , it is easy to deduce
Hy(z,7) =0, Hy(z,7) =0, (A.15)
for all z € [0, L],t > 0. Knowing 7 it is clear that
Orp(x,7) = Oup(z, 7). (A.16)

Taking the time and the spatial derivative of the backstepping transformation , and
using (A.16]), relation is deduced. Relation can be derived similarly. O

A.2. Proof of Lemma 4.3

Let us introduce a new variable z(x, 7),2 € [—-L, L] such that

| w(x,7), forallzel0,L],
2, m) = { A —=,7), forall x € [-L,0]. (B-1)
From , and , we get
0rz(x,7) = Op2(x, 7), (B.2)

for all z € [-L, L], and z(L,7) = 0. Now, defining the functional Iy ,,(7) as follows

L
Tyn(r) = / ) e2n9(L4e) o (2 1) 2, (B.3)
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where ¢ > 0 and n is a positive integer, and using integration by parts, the derivative
of T'y n(T) is given by

Ly n(T)

L
:/ 2ne? I LA 5 (4 721G 2 (e, 7) da
-L
L
< —Qng/ 2L+ o (1 7). (B.4)
-L

From (B.3)), we derive the following estimate

L L
/ 2(z,7)?"dx < Ty n(1) < 64"9L/ 2(z,7)*"dx. (B.5)
—L —L
Integrating (B.4]) and using (B.5]), we obtain
L L
/ 2(z,7)*"dx < e_Q"g(T_S)eMgL/ z(x, s)*"dx. (B.6)
—L —L

L
2n

Further, it can be established that
1

(/LL z(x,T)Q"dx>

L )
< em9T9) 29l (/ z(x7s)2"dx> . (B.7)

-L
Taking the limit of (B.7) as n goes to infinity, the following inequality holds
12(T) oo < €799 2(s) o1, (B.8)

for all 7 > s > 0. Using (B.1]), from (B.8)), it can be deduced that

%(HW(T)Hoo + AT lls0)

< lz(7) oo

< e 9T (|| (5)[loo + IA($) lo0)s (B.9)
for all 7 > s > 0. Noting that @(0,s) = A(0, s), from (B.9), we get

sup. (0, 5)| < €% (/[ (0)l]oo + A0)loc)- (B.10)

Under Assumption there exist a class KL function 87 and a class Ky function 71,
such that the solutions to satisfy

_ — 1
Z(T 1(|Z(s)], T —s 1| su w (0,0 , (B.
1Z(7)] < B1(1Z(s)] )+ <G€[S{>T] ({‘/U(u(O,U))U(u(0,0)) (0 ))) (B.11)
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for all 7 > s > 0, using @, we get

1Z(1) < B1(1Z(s)], 7 = s) +m (\/19»1 S | (0, 0)) ;

for all 7 > s > 0. Finally, combining (B.12)), (B.10]), one has

o o 2gL
1Z(7)] < B1(12(0)],7) + (i/a(IIW(O)lloo + ||>\(0)||oo)>
for all 7 > 0. Now defining
B(s,7) = Pi(s,7) +m (ijz)is) + 2¢%9L s,
1

with g > 0, from , (B.13)), we deduce .

A.3. Proof of Lemma 4.4
Differentiating with respect to x, we get

B o Dl(x,T)
M(mﬁ)%@(p( o oate, O, 0>>>
p(O,T) = Z(T)7

for all 0 < x < L, 7 > 0. With the help of , we obtain the following relation:

OR\p(.7) [ <

@y (2, 7) )
ap " /u(pa(w, 7)0(@(0,0))

o o le( ?7—)'
< Ri(p(z, 7)) + a3 (Vv(m(x,r))v( (0, ))>

Using (C.]] - from (C.3 , with the help of @ we have

aRl(gixaT)) < Rl(p(x,T))—i-ag (|w1(x,7)|).

Using , from (C.4)), we deduced that
ar(|p(z, 7)[) < Ra(p(x, 7))

< fay([Z(r)) + (¢ — ag (\/1@1 Bl

for all 0 < x < L,7 > 0. Defining the function

(o) =i (eFan(s) + (e - oy (j?)) |

we obtain , which completes the proof.

(B.12)

(B.13)

(C.4)

(C.5)
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A.4. Proof of Lemma 4.5

Differentiating with respect to x, we get

Dol 7) = —p <q<m>, al@,7)_ ) ,

Q(O’ T) = 7(7_)7

forall 0 <z < L, 7 > 0. With the help of 7 we obtain the following relation:

ORa(a(w,7)) Ba(z,7)
7 “’(‘I(‘”’”’ qu(x,r))v(u(o,o»)

SRQ((](I,T))—FOAG ( ) .

wa(x,T)

Vv(az(z, 7)v(@(0,0)

Using (D.1]), from (D.3]), we have

IRy (q(z, 7))
or

< Ra(q(z, 7)) + g (

wa ('T7 T)
{L/’U(Q2 ({177 T))U(ﬂ(07 0))
With the help of @7 inequality (D.4]) holds

IRy (q(x, 7))

42.) < Ryfgta,) + o (1 |w2<x,f>|) ,

Vo1
so we have
Ro(q(z, 7))

< CRZ) + (" = Vs (= o) ).

Using , from (D.6]), we arrive at
ag(|q(z,7)]) < Ra(q(z, 7))

< e as(Z()]) + (& - Do (;EHWQ(T)OO) ,

for all 0 < a < L,7 > 0. Defining

pale) =i (eFas(s) + (e - Do (\/1? )

we derive (98], which completes the proof.

421

(D.1)

(D.2)

(D.3)

(D.5)

(D.7)
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A.5. Proof of Lemma 4.6

Under Assumption 1, it can be deduced that the control law p; given in is such
that the following system

z2=pzm@+o=| S50 (®1)

with Z = [XT,€]T is input-to-state stable with respect to ¢. Thus, there exist a smooth
positive definite function R4 and class K, functions a9, a1, 12 such that

a0(|Z]) < Ri(Z2) < an(]Z]), (E.2)

OR4(2)
oz *

for Z € R"*! and ¢ € R.
Differentiating (89 with respect to x, we get

_ o (i, 2 7) +w<w )
Dur(e,7) = ¢ ( (o) e 0))> , (E.4)

7(0,7) = Z(7), (E.5)
forall 0 <z < L, 7 > 0. From (E.3|), we can deduce that

Ors(nter) (L e T>>+w<x )
or \/v (ma(x, 7))v(w(0,0))

w(m T) 7 (F.6)
Vo(ma(z, 7))v(E(0,0))
for all 0 <z < L, 7 > 0. With the help of (@, (E.4), we have

(Z,11(2) + <) < Ra(Z) + en2([s]), (E.3)

< Ry(m(z,7)) —|—a12<

w < Ry(m(x, 7)) + aio < w\(/m—g’:) ) ) (E.7)

for all 0 <z < L, 7 > 0. Hence, the following relation holds:

Ry(m(z,7)) < e*Ry(w(0,7)) + (e — 1) 021;I<)L Q12 <\/IQ>1

forall 0 <z < L, 7> 0. Using (E.2), from (E.8]), we get

)] < i (Fan(Z)) + (e - Dans (j? =)l )). ©9)

w@nl). (€

for all 0 < x < L, 7 > 0. Defining

ps(s) = agg <€L0411(8) + (" = Danz (\/SE)> ;

is obtained, which completes the proof. g
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A.6. Proof of Lemma 4.7
Differentiating with respect to x, we get

N Az, 7) +M( ( 7))
Opt(z,7) = —¢ ( N ERS ) O))) (F.1)

L(OaT) = 7(7—)7 (F?)

for all 0 <z < L, 7 > 0. Introducing the following change of variable:

r ds

Y= / _— (F.3)
0o (s, 7))

for 0 < z < L. Since the transport velocity v is assumed to be strictly positive, the

function y is monotonically increasing with respect to x. Thus, it admits an inverse
function as z = x(y) and system (F.1)), (F.2]) can be rewritten as

Ax (@), 7) + p(e(x(y), 7))
Oyt ,T)=—p | ,T), — , F.4
(X(¥),7)=—¢ < (x(),7) \/U(LQ(X(y),T))v(u(o,O))> (F.4)
1(0,7) = Z(1), (F.5)
forall 0 <y < fOL %, 7 > 0. Noting that
1(t(x(y), 7)) ’ (F.6)

i), 7)) = Vle2(x(y), 7))v(@(0,0))

and using , we have

ORs(1(x(y). 7)) Ax@), ™) + (@), 7))
- @wa)w&2m>%w%mﬂ
Alx

w).0
(2 X), m<mmD -7

for ¢(x(y),7) € R™ and A(x(y),7) € R. With the help of (F.4), we deduce that

OR3(t(x(y), 7))
N T (F.7)

<mmmmm+%(

smwmmm+%(

AMx(y),7) D
v(e2(x(y), 7))v(@(0,0)) |/’
for0 <y < fOL %, 7 > 0. Hence, the following relation holds:

v(t2(s,T
Rs(u(x(y), 7))

swmmnwﬂwww—qgg%(

)
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forall 0 <y < fOL ——4s 7> 0. With the help of (§), (F.3), the following holds

Vou(e(s,T))
L L A, 7)
Rs(i(z,7)) < e"R3(t(0,7)) 4+ (e —1) sup ag | |—==|]), (F.9)
0<z<L Vo1
for all 0 <z < L, 7 > 0. Finally, using , from (F.9)), defining
_ s
p4(8) =ay 1 (eLag(S) + (eL _ 1)&9 <\/Q>1>) ,

(100)) is obtained, which completes the proof. O
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