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PSEUDO-RIEMANNIAN AND HESSIAN GEOMETRY RELATED
TO MONGE-AMPERE STRUCTURES

S. HRONEK AND R. SUCHANEK

ABSTRACT. We study properties of pseudo-Riemannian metrics corresponding
to Monge-Ampére structures on four dimensional T* M. We describe a family
of Ricci flat solutions, which are parametrized by six coefficients satisfying the
Pliicker embedding equation. We also focus on pullbacks of the pseudo-metrics
on two dimensional M, and describe the corresponding Hessian structures.

1. INTRODUCTION

Let T*M 5 M be the cotangent bundle over a real, smooth, two dimensional
manifold M. Let Q € Q?(T*M) be the canonical symplectic form, which in the
Darboux (or canonical) coordinates is written as

(1) Q=dzAdp+dyAdg.

Let us further consider a 2-form a € Q?(T*M) given by
a=AdpAdy+ B(dzAdp—dyAdg)+CdzAdg

(2) +DdpAdg+ EdzAdy,

where A,B,C,D,E € C*(T*M) are smooth functions. If Q A @ = 0, then the
pair (9, «) is called a Monge-Ampére (M-A) structure over T*M [9, [10]. This
terminology reflects the fact that the pairs (2, «) are in correspondence with
a subclass of all nonlinear second-order PDEs, called Monge-Ampere equations,
in the following way. Choose a function f € C°°(M). The deRham differential
of f gives rise to a section, d f: M — T*M, and one can consider the pullback
(df)*a € Q%(M). Then the equation

(3) (df)a=0

defines a nonlinear second order PDE with respect to f, where the nonlinearity
is given by the determinant of the Hessian matrix of f. In the above chosen
coordinates, the equation writes

(4) Afsz+2Bfuy + Clyy + D (forfyy — fui®) + E=0,
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where A, ..., E are the coeflicients given in , but now depending on z,¥, fz, fy,
instead of x,y,p,q. The equation is called a 2D (symplectic) Monge-Ampére
equation (shortly just M-A equation). M-A equations arise and have rich applica-
tions, for example, in differential geometry of surfaces, integrability of geometric
structures, hydrodynamics, acoustics, variational calculus, Riemannian, CR, or
complex geometry [4, [9, [T0, 12] T6]. For a detailed exposition of some of these
applications and geometric treatment of M-A equations, especially in 2D and 3D,
see [8,[9].

From a different perspective, M-A structure (2, «) yields other geometric struc-
tures on T*M, for example, complex, product, Kéhler, or nearly Calabi-Yau
structures (depending on various assumptions on the coefficients A, ..., E) [3, 4l [
9, [10}, 15, [16]. We call a M-A structure non-degenerate, if the Pfaffian of a M-A
structure, which is given by the equation

(5) aha=Pia)QAQ,

satisfies Pf(«) # 0. The sign of the Pfaffian decides whether M-A structure gives rise
to a complex or product structure, and whether the M-A equation corressponding
to the M-A structure is elliptic or hyperbolic [3, 9 [T0]. We have found that
non-degeneracy of M-A structures on 7T*M is equivalent to non-degeneracy of
certain bilinear forms on M.

Inspired by applications in theoretical meteorology [0, 12, [14], we are interested
in a specific family of symmetric bilinear forms, parameterized by 2-forms « as
given in (or, equivalently, by the corresponding coefficients A, ..., E). More
concretely, there is a map

Q*(T*M) — S*(T*M),
&= Ga,
given locally by

2txa Nty 4+ tya AxQ) A w* vol
QAQ ’

where X, Y € T'(TT*M), ¢ is the interior product, and 7* vol € Q?(T*M) is the
pullback of a locally chosen top form vol € Q?(M) along the cotangent bundle
projection. Under a mild assumption on ¢, the symmetric form g, is a pseudo-metric
on T*M, which is called Lychagin-Rubtsov metric [2, [l [7].

The L-R metrics are the main objects of our interest. They find applications,
for example, in theoretical meteorology [6l 13 [15] [T6]. In particular, we want to
mention a paper in progress of I. Roulstone, V. Rubtsov, and M. Wolf, where an
approach motivated by general principles of topological fluid dynamics is employed.
Specifically, the curvature of L-R metric @ is used to study geometric aspects of
semi-geostrophic incompressible flows in 2D and 3D, which are associated with
the accumulation of vorticity of the flow. These results were discussed on a series
of lectures Monge-Ampére Geometry and the Navier-Stokes Equations, given by
I. Roulstone during Winter School and Workshop Wisla 22 held in the beginning
of February 2022.

(6) goz(va) =
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1.1. Structure of the paper. After the introduction we focus on properties of
L-R metrics over the 4D cotangent bundle T* M and investigate the Ricci flat case.
Using the Pliicker embedding, we show that there is a correspondence between
the set given by Ricci flat g, and points in projective space. We then consider
the pullback of g, along sections of T*M — M and describe their basic features,
as well as some particular cases, among which are Hessian structures. Hessian
structures are connected to and have applications in, for example, affine differential
geometry, homogeneous spaces, cohomology theory, statistical manifolds, string
theory, etc. [IL [I7, [18]. We also find a special subclass of Hessian structures given
by the solutions of certain Monge-Ampére equations. In this case, we compute the
Koszul forms and comment on the related Kéahler structure and its Ricci tensor.
We note that more general M-A structures (i.e. A, B, C not necessarily zero)
naturally lead to deformations of the Hessian structures on M. We show that
the pullback metrics behave rather independently of the original ones, and that
the non-degeneracy of a special subset of the pullback metrics is equivalent to
non-degeneracy of the corresponding M-A structures.

2. PSEUDO-RIEMANNIAN LYCHAGIN-RUBTSOV METRIC ON 1% M

We start with some basic information about the L-R metric. In the canonical
coordinates, the matrix of g, defined by @ is

°¢ —2B D 0
9B 24 0 D
@ =D 0 0 0
0 D 0 0

We note the independency of G, on E. From det G, = D* further follows the
non-degeneracy condition is

detG, #0 <= D #0.

Lemma 2.1. Let g, be the L-R metric given by @ Suppose that o given by
satisfies D # 0. Then g, is a pseudo-Riemannian metric field on T* M with
signature (2,2).

Proof. From we see that the vector fields a%, a% span a 2-dimensional totally

isotropic subspace. Since dim T, T*M = 4, the signature of g, is necessarily (2, 2).
O

2.1. L-R metric and Ricci flatness condition. We search for the conditions
on « so that the L-R metric @ satisfies the Ricci flatness condition

(8) R;; =0.

The Ricci curvature R;; and the Ricci scalar R of g, are, in general, complicated

expressions with the second order derivatives of the coefficients A, B, . ... We focused
on the special case A = B = C = 0. This means that a reduces to

(9) a=DdpAdg+ EdxAdy,
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and the corresponding Monge-Ampere equation is
DdetHess(f) = —F.

Although we have restricted our considerations significantly by this choice of A, B, C,
the above M-A equation has interesting properties. For example, it naturally emerges
in the context of incompressible fluid dynamics, and is related to rich geometric
structures [6l, 8, 9] [16]. Moreover, the pullback of the L-R metric yields a Hessian
structure on M, which will be further discussed in the next section. We proceed
with the following lemma, which will be used in the subsequent result.

Lemma 2.2. Let g, be the L-R metric with A = B = C = 0. Then the Ricci
scalar is
(10) R=2(
D3
Proof. The proof is given by a direct computation. Note that the factor % is
well-defined, since GG, corresponds to a metric only if D # 0, due to Lemma .
|

—DyDy +2DDyy — DpD, +2DD,,) .

Proposition 2.3. Let a € Q*(T*M) be given by [9), where E € C>(T*M) is
arbitrary. Then g, is a Ricci flat pseudo-Riemannian metric if and only if,

(11)  D(2,y.p,q) = (c1 + 2w+ sy + cap + esq + co(wp + yq))

where the constants ¢; € R, i =1,2,...,6, satisfy

(12) cocy + c3cs —cicg =0.

Proof. The Ricci curvature is a symmetric tensor and thus, in general, has 10
independent components. We will split the set of equations corresponding to
R;; = 0,1 < 14,5 <4 into three subsets. The first subset contains four equations

(13) 3D} —2DD;; =0, i€ {z,y,p,q},
as well as the second subset

3D,D, —2DD,, =0,
3D,D, —2DD,, =0,
3D,D, —2DD,, =0,
3D,Dy —2DD,, =0.

(14)

The last two equations are
5 —2DDyy + 3D, D, —4DD,, =0,
(15) —2DDy, +3DyDy —4DDyy =0.

Now we use the following scheme for looking for solutions of the above system of
PDEs. We start with the first equation 3D? — 2DD,,, = 0, which can be easily
transformed by multiplying both sides of the equation with the factor ﬁ

3Dy _ Dia
2D D’
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thus obtaining an equation, which can be integrated to a separable equation
3
ElnD =InD, +c.

The solution to the last equation is
_ 1
(c1(y,p, @) +zea(y, p, q))?

where ¢1(y, p, q), c2(y, p, ¢) are unknown functions. We use the remaining equations
in ([3) and (T4) to fix the dependencies of ¢1(y,p, q) and c2(y,p, q) on the variables
Y, D, q. This leads to

D(x,y,p,q) = (c1 + cat + 3y + cap + c5q + co(xp + yq)) >

Plugging this in the remaining two equations , we get the condition , which
finishes the proof. O

2.1.1. Pliicker embedding. Following [I1], let V be a real vector space, dim V' = 4.
Denote by Gr(2,V) the Grassmanian of 2D subspaces in V, and by P(A2V) the
projectivization of the space of exterior 2-forms on V. Let p12, p13, D14, P23, P24, P34
be coordinates on P(A2V). The Pliicker embedding is a map

(16) Gr(2,V) — P(A%V)
with image given by the equation
(17) P12P34 — P13P24 + P1apa3 = 0.

Now we are ready to formulate a corollary of Proposition which describes a
link between the solutions g, and points on quadric in the 5D real projective space.

Corollary 2.3.1. There is a correspondence between the set of metrics g, €
S2(T*M), which satisfy , , and the quadric in RP® given by the image of
the Pliicker embedding (16)). The condition is equivalent to vanishing of the
scalar curvature of ge,.

Proof. Define
€1 = —Pi14, C2=DpP12, C€3=—Pi13, C4=DP34, C5=DP2as, Ce=P23-

Then is satisfied only if holds. If g, is given by , then its scalar

curvature is
R= —24(0264 + c3cs5 — 0106) .

Thus holds only if R = 0. ]

3. THE PULLBACK METRIC

Given a section of the cotangent bundle d f: M — T* M, we can pullback the
metric from T*M to M and induce a (pseudo-)Riemannian structure (d f)*g, on
M. In this section we explore the properties of this metric.
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3.1. General case. We start with the matrix of the pullback metric (d f)*g, in
canonical coordinates, which we will denote G,
( 2C -2B

(18) G, =

9B 24 > + 2D Hess(f) .

We remind the reader that we use the same notation for the functions A, B,C, D €
C>(T*M) (i.e. depending on z,y,p,q) as we do for the precompositions with the
section of T*M — M (i.e. depending on z,y, fs, fy). The determinant is

(19) det G, = 4(AC — B?) + 4D (Afze + 2B foy + Cfyy + Dfrafyy — Df2,) -

We observe that the non-degeneracy of g,, which was governed by the condition
D # 0, is not directly related to non-degeneracy of (d f)*ga, which is much more
complicated. This allows for all four situations of degeneracy/non-degeneracy of

the pair (gqa, (d f)*ga)-

3.2. Special choices of A,..., E. We will now discuss certain choices of the
coefficients A, ..., E, leading to further simplifications and interesting properties
of (d f)"ga-

3.2.1. Hessian structures. Suppose that A= B =C =0and D = % Then the
pullback metric is of the form

(20) Gy, = Hess(f),

which is called a Hessian structure on M. The theory of Hessian structures is well
studied, for example, see [I7], where the Riemannian geometry of the Hessian struc-
tures is investigated. Interesting properties of these structures are also described,
for example, in [I1 [I7) 18].

In [I7], the author defines so-called first and second Kozsul forms, a;,b;;, of
the Hessian structure, which are derived from the Christoffel symbols of the
corresponding metric as follows

(21) a; =T%, bij = 0ja; .
We can employ the condition that the M-A equation (d f)*a = 0 is satisfied,
which yields
det G, = —-F
In this case, the first and second Kozsul forms simplify to the following nice form
190IndetGY, _ 19In|[E|

ai = 2 ox? B 2 Ozt
10°mn|E| 1
bij = T §Hess(ln\E|).

Especially the second Koszul form is of great importance. Following [17], given
a Hessian structure on M, one can define a Kéahler structure on TM. Let (z*, ")
be a coordinate system on T'M and 27 = z7 4 i£7. Then the Hessian structure is

g = (gijom)dz"dz .
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Then the Ricci tensor of g7 is given by the second Koszul form
1
T
Rij = —§bij oOTr.

The authors of this paper are interested in the relationship between the complex
structure given by the above construction, and the complex structure naturally
associated with M-A structures with negative Pfaffian (see for the definition of
the notion).

3.2.2. Deformations of the Hessian structure. Let us now suppose only D = %,

then
. 2C —2B
GO‘(—QB 2A>+Hess(f).

It is possible to choose suitable functions A, B, C' such that the matrix

2C -2B

—2B 24
is a Hessian matrix of some function eg, where € > 0 is a scalar. Such a choice gives
rise to a deformation of the Hessian structure, since

G} = Hess(f) + eHess(g) = Hess(f + €g) .

Notably, all the results of the previous paragraphs holds.
3.2.3. Pfaffian and non-degeneracy. So far we did not need to assume that the M-A
equation related to the M-A structure (2, @) is satisfied by f. Nevertheless, if we

assume that the M-A equation (d f)*« = 0 holds, then it allows us to significantly
simplify the expression .

Proposition 3.1. Let f € C*(M) and consider a M-A structure (Q,a) €
O2(T*M) x Q>(T*M). Suppose that f satisfies the corresponding M-A equation
(df)*a=0. Then (d f)*gq is a metric on M only if Pf(a) # 0, which is equivalent
to non-degeneracy of the M-A structure (Q, ). Moreover, the eigenvalues of the
matriz of (d f)*ga in canonical coordinates are

(22) M2 =C+ A+ D(foz+ fyy) £2/Pf(a).

Proof. A coordinate description of the M-A equation (d f)*a = 0 is (). Thus, if
f satisfies the equation, then

Af;cac + 2foy + nyy +D (f:cacfyy - facy2) =-F.
This implies that becomes
det G¥, = 4(AC — B?) — 4DE .

Using the equation and the coordinate descriptions , of the M-A structure,
one can easily compute Pf(a) = —B? + AC — DE. Therefore

det G, = 4Pf(a).
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The eigenvalues are solutions of the following equation
(23) M —\(2C +2A+2Df,, +2Df..) — 4(B* — AC) — 4DE =0
and their determination is a direct computation. O

We observe that the signature of (d f)*g, depends on two M-A equations. Firstly,
to obtain the previous result, we had to assume that f solves the M-A equation
(d f)*a = 0. Secondly, we see that the eigenvalue equation contains the
Laplacian expression 2D(fy, + fzz). But vanishing of this expression amounts to
the Laplace equation fy, + fzr = 0, which, in general, is a different M-A equation
then (d f)*a = 0.

4. CONCLUSIONS AND OUTLOOK

Motivated by the results of V. Lychagin et. al. [I0, 12], and I. Roulstone et.
al. [6l, 3], 14], we were interested in (pseudo-)Riemannian and Hessian structures
related to Monge-Ampere structures and the corresponding 2D Monge-Ampeére
equations. More concretely, this paper was focused on the following questions.

re there any non-constant Lychagin-Rubtsov metrics with vanishing Ricci
1) Are th tant Lychagin-Rubt tri ith ishing Ricci
curvature?

(2) If the answer to the first question is positive, can we classify all such
Monge-Ampere structures and the corresponding M-A equations?

(3) What kind of geometry on M yields the pullback of the L-R metric along
sections of T*"M — M?

We have presented partial answers to the above questions in the case of 4D metrics
on T* M and their 2D pullbacks on M.

The first question is positively answered in proposition [2.3] There is a family of
non-constant L-R metrics, depending on five real parameters satisfying conditions
, , with R;; = 0. Considering the second question, we have found definite
answers for the case

(24) DdetHess f = —F |

This amounts to suppressing three out of five degrees of freedom of a general 2D
(symplectic) M-A equation by choosing A = B = C' = 0. The answer to the last
question is also based on this choice, which naturally leads to 2D Hessian structures
on M, their deformations, and a subclass of Hessian structures determined by the
requirement that f is a solution of the M-A equation . We want to emphasize
that only some of our results depend on the requirement that f satisfies certain
PDE. The L-R metric and its pullback can be introduced without any mentioning
of the correspondence between M-A structures and M-A equations, so (or
possibly other M-A equation) is an additional assumption. Aside from the above
three questions, we observed an interesting relation between a family of solutions
of the vacuum field equations and the Pliicker embedding, which is described in
Corollary 2:3.7] Regarding the future work, we are interested in the following.

— Further properties of the curvature tensor of g, and the relation between the

curvature and the corresponding M-A equations.
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— The Hessian structures determined by and aim at establishing further links
between M-A structures and Hessian structures (as well as their deformations)
in dimensions greater then 2.

— Comparison of the complex structure related to the Koszul form with the
complex structures associated with M-A equations satisfying Pf(a) > 0.
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