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Abstract. We introduce a new class of bi-univalent functions defined in the open unit disc
and connected with a g-convolution. We find estimates for the general Taylor-Maclaurin
coefficients of the functions in this class by using Faber polynomial expansions and we
obtain an estimation for the Fekete-Szegt problem for this class.
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1. INTRODUCTION, DEFINITIONS AND PRELIMINARIES

In his survey-cum-expository review article, Srivastava (see [33]) presented and
motivated a brief expository overview of the classical g-analysis versus the so-called
(p, q)-analysis with an obviously redundant additional parameter p. We also briefly
consider several other families of such extensively and widely-investigated linear con-
volution operators as (for example) the Dziok-Srivastava, Srivastava-Wright and
Srivastava-Attiya linear convolution operators, together with their extended and
generalized versions. The theory of (p,q)-analysis plays important role in many
areas of mathematics and physics. Our usages here of the g-calculus and the frac-
tional g-calculus in the geometric function theory of complex analysis are believed
to encourage significant further developments of these and other related topics (see
Srivastava and Karlsson [39], pages 350-351; Srivastava [30], [31], [32]). Our main
objective in this survey-cum-expository article is based chiefly upon the fact that the
recent and future usages of the classical ¢g-calculus and the fractional g-calculus in the
geometric function theory of complex analysis have the potential to motivate further
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research of these and other related subjects. Jackson (see [20], [21]) was the first who
gave some application of the g-calculus and introduced the g-analogue of derivative
and integral operator (see also [1], [29]). We apply the concept of g-convolution in
order to introduce and study the general Taylor-Maclaurin coefficient estimates for
functions belonging to a new class of normalized analytic functions in the open unit
disk, which we define here.

Let A denote the class of analytic functions of the form

(1.1) f2) =24 amz™, z€A:={z€C: |z| <1},
m=2
and let S C A consist of functions that are univalent in A. Let the function h € A
be given by
(1.2) h(z):=z+ Z byn2™, ze€A.
m=2

The Hadamard product (or convolution) of f and h, given by (1.1) and (1.2), respec-
tively, is defined by

(1.3) (fxh)(z):=2z+ i Ambm 2™, z € A.
m=2

Srivastava in [33] made use of various operators of g-calculus and fractional g-
calculus. Recall the definition and notations. The g-shifted factorial is defined for
A g€ CandneNy=NU{0} as

(\a) 1, m =0,
14)m =

Tl A =NA=Ag) ... (1=AgFY), meN.
By using the g-gamma function T'y(z), we get

(1 —q)™Ty(A +m)
Iy ’

(@ Q)m = m € N,

where (see [19])
— (69)0
F 2) = (1 — q 1-z \114/00 q < 1.
o(2) =(1-q) pEn lql
Also, we note that

(>‘; Q)oo = H (1 - )\qm)’ |(J| <1

m=0

and the ¢g-gamma function I'y(z) satisfies
L(z +1) = [2]qT4(2),
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where [m], denotes the basic g-number defined as

1 — g™
d , m € C,
1-¢q
(14) COPEE SR
1+Zq7, m € N.
j=1

Using the definition formula (1.4) we have the next two products:
(i) For any non-negative integer m, the g-shifted factorial is given by

1, if m =0,
[m]q! == s .

H [n]g, ifmeN.

n=1

(ii) For any positive number r, the g-generalized Pochhammer symbol is defined by

1, if m=0,
g m = r+m—1
o H [n]lg, ifmeN.

It is known in terms of classical (Euler’s) gamma function I'(z), that
Iy(z) = T(2) asqg—1".

Also, we observe that

hm{m&mm}:Mm,

q—1- (1 — q)m
where (), is the familiar Pochhammer symbol defined by
1, if m = 0,
(Nm = .
AMA+1)...(A+m—=1), ifmeN.

For 0 < ¢ < 1, El-Deeb et al. in [16] defined the g-derivative operator (or, equiva-
lently, the g-difference operator) D, for f * h given by (1.3) as (see [20], [21])

(f*xh)(2) = (f * h)(g2)
z(1—q)

I%(f*hﬂz):Dq<z%—2§;ambmzm> -

=1+ Z [M]g@mbmz™"1, 2 €A,

m=2
where, like in the definition (1.4),

m

1_q m—1
=1+ ¢, meN,
(1.5) mly, =4 1—4¢ ;

0, m = 0.
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For A > —1 and 0 < ¢ < 1, El-Deeb et al. (see [16]) defined the linear operator
Hy9: A— Aby

Hg’qf(z) * Mgat1(2) = 2 Do(f xh)(2), 2 €A,

where the function M, 41 is given by

= A 1) gme
Mysia(e)i= =+ 3 Btlanton ey

m=2

A simple computation shows that
(1.6)  Hy'f(z):= Z )\+1 S Ombmz™, A> -1, 0<g <1, €A

From the definition relation (1.6), we can easily verify that the next relations hold
for all f € A:

A+ 1 Hy f(2) = NgH TV (2) + ¢ 2 Dg(H T f(2)), 2 € A

5\ NRT A, - m' m
(L7) Tif(z) = lim %, () =z + “;2 mambmz , zeA.

Remark 1.1. Taking different particular values of the coefficients b,,, we obtain
the next special cases for the operator Hz’q'

(i) For by, = 1, we obtain the operator Z defined by Srivastava (see [40]) and Arif
et al. (see [3]) as

(1.8) = ZAH amz™, A>—-1,0<qg<1, z€A.

qml

(ii) For by, = (=)™ (v +1)/4™ Y(m — 1)IT(m +v)), v > 0, we obtain the
operator N, defined by El-Deeb and Bulboaci in [14], and El-Deeb in [12] as
(1.9)

> )" 10 (v + 1) [m]q!
A _ 1 "
N; qf - z:: m — DIT(m 4+ v) [A+ 1gm-1 "
= mam m7 ) A -1, L, A’
Z/\—I-lqm [pmomz”, v>0,A> -1, 0<g<], €
where
—1)ym-Ir 1
o R Ll VORS

4m=1(m — )IT(m +v)’
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(iii) For by, = (n+1)*/(n+m)*, a > 0, n > 0, we obtain the operator M)
defined by El-Deeb and Bulboacd in [13], and Srivastava and El-Deeb in [37] as

oo

n+1 [m],!
1.11 nof(z) 1 mz",  z€A.
M=+ 3 () g™ |
(iv) For b, = g™ te7¢/(m —1)!, o > 0, we obtain the g-analogue of the Poisson
operator defined by El-Deeb et al. in [16] (see also [27]) as
o0 m7 '
1.12 I)"Q [mlg! amz™, z€A.
(1.12) f(z Z= T

(v) For by, = (1 +1+pum—-1))"/Q+1D)", ne Z, 1 >0, p >0, we obtain the
g-analogue of the Prajapat operator defined by El-Deeb et al. in [16] (see also [28]) as

Am — o~ (Ll p(m -1\ [m,q]! m
(1.13) " f(2) ._z+mZ=:2( T ) L z €A

-2
(vi) For b, = nam
m—1

g-analogue of the Pascal distribution operator defined by Srivastava and El-Deeb
in [38] (see also [16], [15]) as

fm=1(1—-0)", n € N, 0 < 0 < 1, we obtain the

m=2

If f and F are analytic functions in A, we say that f is subordinate to F, written
as f(z) < F(z), if there exists a Schwarz function s, which is analytic in A, with
s(0) =0 and |s(z)| < 1for all z € A, such that f(z) = F(s(z)), z € A. Furthermore,
if the function F' is univalent in A, then we have the equivalence (see [7] and [24])

f(z) < F(z) = f(0)= F(0) and f(A)C F(A).

The Koebe one-quarter theorem (see [11]) proves that the image of A under every

univalent function f € S contains the disk of radius i. Therefore, every function

f € S has an inverse f~! that satisfies

fU W) =w,  |wl <ro(f), ro(f) > 1,

g(w) = fHw) = w — agw? + (243 — az)w® — (5a3 — 5asas + as)w* + . ..
=w+ Z Apw™
m=2
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A function f € A is said to be bi-univalent in A if both f and f~! are univalent
in A. Let ¥ denote the class of bi-univalent functions in A given by (1.1). The class
of analytic bi-univalent functions was first introduced by Lewin (see [23]), who proved
that |az| < 1.51. Brannan and Clunie in [4] improved Lewin’s result to |as| < /2
and later Netanyahu in [26] proved that |as| < 3.

Note that the functions

1 1
fie) =T fale) = Slog sy fa(z) = —log(1 —2)
with their corresponding inverses
2w w
1 w 1 e —1 1 e —1
fi(w) = T+ o fa (w) = P fi (w) = e

are elements of ¥ (see [16], [41], [35]). For a brief history and interesting examples
in the class ¥, see [5]. Brannan and Taha in [6] (see also [41]) introduced certain
subclasses of the bi-univalent function class ¥ similar to the familiar subclasses S*(«)
and K («) of starlike and convex functions of order a, 0 < a < 1, respectively (see [5],
[10], [34]). Following Brannan and Taha, a function f € A is said to be in the class
S% () of bi-starlike functions of order o, 0 < o < 1, if each of the following conditions
is satisfied (see [6]):

4 !
fex with ‘arng (z)‘ <%, z€A and ‘argwg (w)‘ %, wE A,
f(z) 2 g(w) 2
where the function g is the analytic extension of f~! to A, given by
(1.15)  g(w) = w — agw? + (2a3 — az)w® — (5a5 — bagas +ag)w* +..., w € A.

A function f € Ais said to be in the class K (o) of bi-convex functions of order «,
0 < a < 1, if each of the following conditions is satisfied:

fex with ‘arg(l + ZJ{,I;S))‘ < %, z €A

and

wg” (w) ‘ an
— A.
g'(w) ) g vE

The classes S&(«) and Kyx(a) of bi-starlike functions of order a and bi-convex

arg(l +

functions of order o, 0 < a < 1, corresponding to the function classes S*(«) and
K (a), were also introduced analogously. For each of the function classes S% (o)
and Ky («), non-sharp estimates on the first two Taylor-Maclaurin coefficients |as|
and |as| have been found (see [6] and [41]).

The object of the paper is to introduce a new subclass of functions E%”\(n; h; ®) of
the class 3, that generalizes the previous defined classes. This subclass is defined with
the aid of a general ’Hz’q linear operator defined by convolution products together

54



with the aid of the g-derivative operator. This new class extends and generalizes
many previous operators as it was presented in Remark 1.1, and the main goal of the
paper is to find estimates on the coefficients |az|, |as| for the Fekete-Szego functional
for functions in these new subclasses.

These classes are introduced by using the subordination and the results are ob-
tained by employing the techniques used earlier by Srivastava et al. in [41]. This last
work represents one of the most important studies of the bi-univalent functions and
has inspired many investigations in this area including the present paper, while many
other recent papers deal with the problems initiated in this work, see [9], [22], [2], [17],
and many others.

Bulut in [8] defined and studied the class Nx(a,A\,d0), A > 1,6 > 0, 0 <
a < 1. In the same way, we define the following subclass of bi-univalent functions
MENy,m, B, ) as follows.

Definition 1.1. For v > 1 and n > 0, let a function f € ¥ have the form (1.1)
and h be given by (1.2), then the function f is said to be in the class M%’)‘ (v,m, B, h)
if the following conditions are satisfied:

_ M Asq ! Aq 7
L16)  R{1 ) 0 @) + (R ()| > B
and

Hylg(w)

) w{a- + A g (w)) + (Y g(w)" | > 8
with A > -1, 0<¢<1,0< 8 <1and z,w € A, where the function g is the
analytic extension of f~! to A and is given by (1.15).

Remark 1.2. (i) Putting ¢ — 1~ we obtain that lim M%”\('y,n,ﬁ;h) =:
q—1—

G (7,1, B; h), where G (v, n, B; h) represents the functions f € X that satisfy (1.16)
and (1.17) for H,"* replaced with Z}) (1.7).

(ii) Putting b, = (=1)™"T(v +1)/(4™ " (m — 1)!T(m +v)), v > 0, we obtain
the class B%”\ (7,1, B,v), that represents the functions f € X that satisfy (1.16)
and (1.17) for H,"¢ replaced with N}, (1.9).

(iii) Putting b, = (n+1)*/(n+m)%, a > 0, n > 0, we obtain the class
E%’)‘('y,n, B,n,«), that represents the functions f € ¥ that satisfy (1.16) and (1.17)
for #, replaced with Mpye (1.11).

(iv) Putting b, = 0™ te=¢/(m — 1)!, 0 > 0, we obtain the class ./\/lqz’)‘('y, 1,8, 0),
that represents the functions f € ¥ that satisfy (1.16) and (1.17) for 7-[2"1 replaced
with 7@ (1.12).
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(v) Putting by, = (1 +1+pu(m—1)"/(1+1)", ne Z,1 >0, p > 0, we obtain
the class qu’)‘('y, 7, B,m, 1, 1), that represents the functions f € ¥ that satisfy (1.16)
and (1.17) for H," replaced with jq’}ﬁ (1.13).

Using that the Faber polynomial expansion of functions f € A has the form (1.1),
the coefficients of its inverse map may be expressed as (see [18], [25], [38], [43])

oo

(1.18) g(w) = fw) =w+ 3 S K™ (az, a,.. ™,
where "
(119) K;l'fl(ag,ag,...)

_ (_m)' am—l + (_m)' am—Ba

T (2m+ D (m—1) 2 —m+1)(m—31 2 °°

(_m)' m—4
(—2m +3)! (m — 4)'a2 =
T elm +(_27)n')'(m - 5)!“?75(“5 + (- 2)af)

ay % (ag + (—2m + 5)azas) + Z ay ',

+
(—2m + 5)I(m — 6)! <

is such that U; with 7 < i < m is a homogeneous polynomial in the variables
a2,as, ..., an. In particular, the first three terms of K™, are

K12 = —2as, K5°=3(2a% —a3), K3*=—4(5a3 — 5azas + as).

In general, an expansion of ., n € N, is (see [2], [8], [36], [40], [42], [44])

_ nn—1)_, 3 n!
K" =na D D cii bt ———>Drn

m mt T m+3!(n—3)! mt +m!(n—m)! m

where D', = DI (ag, as,...) and
D = p‘ i1 2
Dm(al’a%”"am):Ziiﬂ..,im!al Qs
m=1

while a; = 1 and the sum is taken over all non-negative integers i1, ..., 4,, satisfying

t1+is+ ...+t =p, 1+2+...+mipy =m.

Evidently

Di(ar,az, ..., am) = af".

The following lemma is needed to prove our results.
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Lemma 1.1 (Carathéodory lemma [11]). If ¢ € P and ¢(z) =1+ Z ¢pz" then
=1

|en| < 2 for each n. This inequality is sharp for all n where P is the family of all
functions ¢ analytic and having a positive real part in A with ¢(0) = 1.

2. MAIN RESULTS

Throughout this paper, we assume that v > 1, n > 0, A > =1, 0 < 8 < 1,
0 < g < 1. We firstly introduce a bound for the general coefficients of functions
belonging to the class M%*(v,7, 8; h).

Theorem 2.1. Let the function f given by equation (1.1) belong to the class
qu’)‘('y,n,ﬂ; h). Ifa, =0 for 2 < k < m — 1, then

2(1 6)[A+1 Q-1
(L4 (v +nm)(m —1))[m,q] b

lam| <

Proof. If f € M%*(v,n,5;h), from (1.16), (1.17), we have

ey -2 eyt o)y
mi: (1 + (v 4+ nm)(m — 1))%%%#1, zeA
and
22 (1- V)W +(Hy g(w)) + nuw(Hpytg(w))”
=14 30 () n - D) b A
-1 +§2<1 + (-4 ) m = 1))
x bm_%lC;ffl(ag, WY we A
Since

feMP(rmBih) end g=f7" € ME (i),

we know that there are two functions with positive real parts,
o0
z):l—i—Zcmzm and V(w —1+dew
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where

R(U(z)) >0 and R(V(w)) >0, z,weA,

so that
ey =IO ey 4 i)y
A=AV =14 (1=8) 3 ane™
and -
ey - gy g
B+ (1 B)V(w) = fj d”

m=1

Using (2.1) and comparing the corresponding coefficients in (2.3), we obtain

@5 G = D)0, = (1= By

and similarly, by using (2.2) in the equality (2.4), we have

[m, q]! lom _
(2'6) (1+ (7+77m)(m— 1))7bmalcm71(a2;a3; .- -vam) = (1 _6)dm—1-

P‘ + ]-a Q]mfl
Under the assumption ay = 0 for 0 < kK < m — 1, we obtain A,, = —a,,, and so
m,q|!
@D )= )b = (1= B
and
[m, q]!
2.8 (1 -1 1)) am = (1= B)dpm1.
@8)  ~(+rlm = 1) +mmlm = D) b = (1= Ay

Taking the absolute values of (2.7) and (2.8), we conclude that

|a |: (1_6)[>‘+1aQ] —1Cm—1 ‘_‘ B)P\"‘l q]m ldm 1
T+ (y + gm)(m = 1) [m, g b 1+ 'y+77m)( —1))[m, q) by |

Applying Carathéodory lemma 1.1, we obtain
20 -B)A+1,qlm
(1 + (v +nm)(m —1))[m, q' br’
which completes the proof of the theorem. O

Taking by, = (—1)™ " T'(v+1)/(4™ 1 (m — 1)!T'(m + v)), v > 0, in Theorem 2.1,
we obtain the following special case.

|am| <
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Corollary 2.1. Let the function f given by equation (1.1) belong to the class
B%’)‘('y,n,ﬂ,v). Ifap =0 for 2 < k <m —1, then

2(1 = B)A+1,qlm—1
L+ (y +nm)(m — 1))[m, q]' Ym

|a’m| ~ ( ’

where 1, is given by (1.10).

Taking b, = (n+1)*/(n+m)%, a > 0, n > 0, in Theorem 2.1, we obtain the
following result.

Corollary 2.2. Let the function f given by equation (1.1) belong to the class
E%’/\(’y,n,ﬁ,n,a). Ifap, =0 for 2 < k <m —1, then

20 =)+ m)* A+ 1, qlm
L+ (v +nm)(m — 1)) [m, q]! (n + 1)*

lam| < (

Putting b,, = 0™ te=¢/(m —1)!, 0 > 0, in Theorem 2.1, we obtain the following
special case.

Corollary 2.3. Let the function f given by equation (1.1) belong to the class
qu’)‘(’y,n,ﬁ, 0). Ifa, =0 for 2 < k <m — 1, then

21 = B)A+1,¢)m-1(m —1)!
L+ (v +nm)(m —1))[m, g]t g™~ Te e’

lam| < (

Theorem 2.2. Let the function f given by equation (1.1) belong to the class
M (3,1, B; h), then

2(1 =B)A+1,4]
(T+7+2n)[2,¢]' b2’

(1+7+21)2([2,¢)") A + 2, ¢Jb3

0<pB<l— ,
b 201+ 27 + 603, g A + 1, albs

(2.9)  laz| < 5
(1-B)A+1,q
\/(1 + 27+ 6n)[3, 4] b3’

(1474 2n)2([2,¢)? [A + 2, ¢)b3
L T v oBa Db P

21 = B)[A+1,4]2

2.10 < ,
(2100 a3l S T3y 3 6B, gl s

and

(2.11) las — 2a3) < 2L AT Ll

(1+2v+6m)[3,q]! b3’
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Proof. Putting n =2 and n = 3 in (2.5), (2.6), we have

2, 4]! -
(2.12) (1+’Y+277)m boaz = (1 — fB)ci,
(213) (1 + 2’)/ + 67})% bsas = (1 - 5)02,
(2.14) (4t 277)% baaz = (1 - B)di,
and
(2.15) (1 + 2v + 677)% bg(2a§ —a3) = (1 — ,B)dg.

From (2.12) and (2.14), by using Carathéodory lemma 1.1, we obtain

A=+ Ldlal _ A=FA+Ldldl _ 200-FA+14
(I+y+20)2,q'b2  (L+v+20)[2,q]'ba ~ (147 +2n)[2,q)'by

(2.16) |ao| =
Also, from (2.13) and (2.15), we have

2(1 42y + 67))% bza3 = (1 — B)(ca + da)

and by using Carathéodory lemma 1.1, we obtain

20— B+ Ll
@17) laz] < \/(1 27+ 6B dlbs’

From (2.16) and (2.17), we have the desired estimate on the coefficient as asserted
in (2.9).
To find the bound on the coefficient |az|, we subtract (2.15) from (2.13) and get

2(14+2y+ GU)% bs(az —a3) = (1 — B)(ca — da)

(1—=PB)(c2 —d2)[A+1,q)2

2.18 — 2
(2.18) 4 = S oy T 6)[3.q] bs

Substituting the value of a3 from (2.12) into (2.18), we obtain

(1=8P2A+1,q% | (1=B)(ca—da)A+1,q)
(L+v+2n)2([2,¢])205 = 2(1+ 27+ 6n)[3,9]'bs

as =
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Using Carathéodory lemma 1.1, we find that

4(1 - B[N+ 1,¢)? 2(1 - B)A+1,q]2
L+~ +2n)2([2,¢)265 (1427 +67)[3,q]!bs

(2.19) las| < (

and substituting the value of a3 from (2.12) into (2.18), we have

(1 =B)A+1,ql2co
(1+2y+6n)[3,q]'b3

Appling Carathéodory lemma 1.1, we obtain

20 = P)A+ 1 gl
142y +46n)[3,q]' b3

(2.20) sl < ¢

Combining (2.19) and (2.20), we have the desired estimate on the coefficient |as| as
asserted in (2.10).
Finally, from (2.15), we deduce that

00— 22— Q=B+ Labldo] 20—+ 1.g]
R Ty onBalles T (127 +6n)[3,q] by
Thus the proof of Theorem 2.2 was completed. O

Taking by, = (—1)™ " 'T'(v+1)/(4™ 1 (m — 1)!T'(m + v)), v > 0, in Theorem 2.2,
we obtain the following special case.

Corollary 2.4. Let the function f given by equation (1.1) belong to the class
BQJ\
> (77”; 6; U), then

2(1 = B)A+1,4] (147 +20)%([2, d])*[A + 2, q]¥3

o) THTH B S A T oy + 6B gl A T Laus
R B T T N (R B 1) (Y LEa X L SO
(1+2v+46n)[3,q]' s’ 2(1+ 2y +60)[3,q]' A+ 1,qlvvs ’

2(1 = B)[A+1,q]2
142y 4 6n)[3, ¢! vs’

20 = PN+ 1,4d)

d |az—2d2| <
and - |az =203 (1+2v46n)[3,q]' 3’

las| < (

where 1, Is given by (1.10).

Considering b,, = (n +1)*/(n +m)*, a > 0, n > 0, in Theorem 2.2, we obtain
the following result.
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Corollary 2.5. Let the function f given by equation (1.1) belong to the class
a2
L5 (v,m, B,n, a), then

2(1 = B)(n+2)*A+1,4]
(1+~+2n)(n+1)22,q]"
(147 + 2020+ )%+ 3 (2,0 + 2,4

S T T Ay e B N L]
laz| <
21 =p)(n+3)* A+ 1,4l
(1+2v+6n)[3,q)! (n+ 1)’
(1 +7+2n)*(n+ 1)%(n +3)*([2, ") *[A + 2, q]
ST R e R 2 ) W N R
as] < 20-p)(n+3)*A+1,q 0 — 203 < 2(1—B)(n+3)*[A+1,q)

(1+2y+6n)[3,q]! (n+ 1) (1+2y+6m)[3,q]! (n+ 1)~

Putting b, = 0™ 'e™¢/(m — 1)!, 0 > 0, in Theorem 2.1, we obtain the special case:

Corollary 2.6. Let the function f given by equation (1.1) belong to the class
MEN,m, B, 0), then

2(1=P)A+1,4] (1+7+20)([2,9)° N+ 2,

S K ERETIT N (S S XIS N
B I BT I P 1) (Y G S [
02(1 4 2v + 61)[3, ¢]! (1427 +60)[3,¢)'[N+1,q] ’

401 = B)A+1,4q]2
02(1+ 2y +6n)[3,¢]!

41 = B)A+1,4q]2
02(1+2y+6n)[3,¢]!

las| < and |az — 2a3| <
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