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Abstract. We study the existence of positive solutions to the fourth-order two-point
boundary value problem

{u””(t) + f(t,u(t)) =0, 0<t<l,
W' (0) =4 (1) =u”’(0) =0, u(0) = afu],

where afu] = fol u(t)dA(t) is a Riemann-Stieltjes integral with A > 0 being a nondecreasing
function of bounded variation and f € C([0, 1] x R4, Ry ). The sufficient conditions obtained
are new and easy to apply. Their approach is based on Krasnoselskii’s fixed point theorem
and the Avery-Peterson fixed point theorem.

Keywords: boundary value problem; fixed point; positive solution; cone; existence
theorem

MSC 2020: 34B10, 34B18

1. INTRODUCTION

The study of fourth-order boundary value problems (BVPs) has been a major
focus among researchers in recent years due to their applications to problems in
heat conduction, thermoelasticity, plasma physics, control theory, and many applied
sciences. The study of fourth-order differential equations becomes more important
when one uses nonlocal boundary conditions as is evident from the works in [1], [3],
[4], [6], 7], [9], [10], [11], [13]-[22]. As can be seen from the above cited articles,
the main approaches to the study of nonlocal fourth-order BVPs are the use of
Krasnoselskii’s fixed point theorem, the Leggett-William fixed point theorem, the
upper-lower solution method, the fixed point index property, and the method of
successive iterations.
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In a recent work, Benaicha and Haddouchi (see [3]) studied the existence of positive
solutions to the fourth-order two-point BVP

(1.1) {“""(t) + fu(t) =0, te(0,1),

u'(0) =/ (1) =u”(0) =0, wu(0)= fol a(s)u(s)ds,

where a is a positive continuous function. Later, Haddouchi et al. in [5] extended
the results for (1.1) to the problem

u"(t) + f(u(t)) =0, te(0,1),
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a/o u(s)ds+ Y Byu(n),

=1
where f € C([0,1] x Ry, Ry), a>0,5>0,1<i<n, 0<m <mp<...<n, <1,
and o+ > f; < 1.

=1
In this work, we propose to study the existence of a positive solution to the non-

linear fourth order two point boundary value problem (BVP)

(1.3)
u'(0) =u'(1) = u"(0) =0, u(0)=alu],

{u””(t) + f(t,u(t)) =0, te0,1],
where afu] = fol u(t) dA(t) is the Riemann-Stieltjes integral, A is a function of
bounded variation, and f € C([0,1] x R4, R4). By a solution of problem (1.3)
we mean a function u € CY(]0, 1], R, ) that satisfies the equation and the boundary
conditions. Throughout this paper, we assume that
(H1) 0 < al] < 1 and A(#) > 0 is nondecreasing.

Riemann-Stieltjes integrals of the form «a[u] play an important role in the literature
covering a variety of nonlocal boundary conditions including the cases:

alu]l = du(n), X=0, ne(0,1);

l
aful = > Nu(uy), MNER, j=1,2,...,,0<m<m<..<m<l
j=1

a[u]:/o w(t)h(t)dt, he C((0,1),R).

Some important features of afu] are:

! !
(i) fafu] = > au(n), 0 <n; <1, then assumption (H1) reducesto 0 < > oy < 1.
i=1

i=1
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(i) If afu] = (g2 —m)~ ! f;’f atu(t)dt with 0 < m < 72 < 1, and « is a positive
constant, then assumption (H1) reduces to 0 < a(n; + n2) < 2.

(iii) If afu] = afol t™u(t) dt, m > —1, then (H1) reduces to 0 < v < m + 1.

In view of the above observations, our assumption (H1) is more general than the

assumptions considered for (1.1) and (1.2). This motivates us to study the positive

solutions of BVP (1.3).

This work is divided into four sections. Section 1 is the introduction. All basic
results and two fixed point theorems are presented in Section 2. Section 3 contains
the main results in this paper. Two examples are given in Section 4 to enhance
our results.

2. PRELIMINARIES

Consider the BVP

(2.1)

where h > 0 and afu] = fol u(t) dA(t) is a Riemann-Stieltjes integral with A > 0
being a function of bounded variation. It will be convenient to define

t3

) )

(2.2) o(t) = min{t®, 13(1 — 1)} = {

N[= N[=

t <
t2(1—1t), t>

)

and

(2.3) §:=6° (1 —afl] + /91_9 dA(t)> <1

BVP (2.1) can be expressed as an equivalent integral equation, which is given in the
following lemma.

Lemma 2.1. For any h € C[0,1], BVP (2.1) has the unique solution u(t) given by

1 1 1
(2.4) u(t):/o G(t, S)h(S)dS—’—m/o /0 G(t, s)h(s) dsdA(¢),

where G(t,s) is Green’s kernel

1 [t —-5)2—-(—-35)3 0<s<t<],
(2.5) G(t,s) ==
6 | £3(1 - s)?, 0<t<s< 1.
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Proof. Repeated integration of the equation v (¢) 4+ h(t) = 0 from 0 to ¢ gives

t
(2.6) u’'(t) = — / (t — s)h(s)ds + 1t + ca,
0
1t
(2.7) u'(t):—a/(t—s) h(s)ds + S + eat + ey
0
and
1 ¢ 3 C1 3 C2 2
(2.8) u(t)= —= [ (t—s)°h(s)ds + —t° + =t° + c3t + ¢4,
6/, 6 2
where ¢, co, c3 and ¢4 are arbitrary constants. The conditions «/(0) = 0 and

u”(0) = 0 imply co = 0 and ¢35 = 0. Hence, from (2.7) we have

which, together with the condition u'(1) = 0, gives

o = /01(1 — 5)2h(s)ds.

Thus, (2.8) becomes

t3

(2.9) u(t) = /O (1—s) h(s)ds—%/o (t — $)°h(s) ds + ca.

Multiplying both sides of (2.9) by dA(t) and integrating the resulting identity from 0
to 1, we obtain

(2.10) a[u]:éa[ ]/0 (1—s)*h s——/ / t — 5)°h(s) ds dA(t) + csafl],

where a[t?] = fol t3dA(t). Thus, from (2.9), (2.10), and the boundary condition
u(0) = afu], we obtain

C4:m<a[t3]/(l—s ds—/ / (t—5)° dsdA())
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Hence, from (2.9) we have
3 t
u(t) = t6 /0 (1—s) h(s)ds—%/o (t — 5)3h(s) ds

+m(a[t3]/(1—s ds—// (t = 5)°h(s) ds dA(t ))

1 b ., ., . 1 31 g s 1
=1 [0 =02 - - P as e 3 [ 0002 as 4 g

(//t31—s s)dsdA(t //t31—s dsdA())
e // (t— $)°h(s) ds dA(t)
1

——3—52——5355113—82887
,G/O[ta )2 — (¢ )]h()d+6/tt<1 Vhis)ds + 5 0

x/l(/t[t%l—s) () ]h()ds+/1( - (s ds) a0
/Gts s)ds + ———— Aol //Gts s)dsdA(t).

This proves the lemma. (I

Green’s function G(t, s) defined in (2.5) is the same as the one obtained in [3]. We
apply the following lemma, which can be found in [3], Lemma 2.3 or [5], Lemma 2.6.

Lemma 2.2. Let § € (0,3) be fixed. Then Green’s function G(t,s) has the
following properties:
(i) G(t,s) =20 for all t,s € [0,1];
(ii) for allt,s € [0,1] we have

—_

(2.11) (15 (t)s(1 —s5)* < G(t,s) < =s(1 — 5)%

(=]

Since (2.11) is true for any ¢,s € [0, 1], for any fixed 6 € (0, 1) we have

(2.12) é93 (1—5)> <G(t,s) < =s(1—s)*forall s €[0,1] and t € [0,1 — 6].

CDI'—‘

In this paper, we take X = C[0, 1] to be the Banach space with the standard norm

(2.13) Jull = max [u(t)].

Then we have the following lemma.
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Lemma 2.3. Let 6 € (0, 3). Any solution u(t) of (2.1) in X satisfies

2.14 i t) = 6lu]|.
(2.14) min u(t) > ol

Proof. From (2.4) and (2.11) we have

/Gts s)ds + ——

(2.15)  |lu|]| = max

mas = //Gts dsdA()‘
gé/o s(1 — 8)?h(s)ds + —————c 60— all // (1—5)%h(s)dsdA(t)
_%</018(1_ )h()ds+%/o s(1-9) h(s)ds>

1 ! )
= 6(1_706[1]>/0 s(1—s)?h(s)ds.

On the other hand, from (2.12),

min u(t):/o min G(t, s)h(s)ds

te(0,1-6] t€[91 0]
A
A =am / /0 te[rénlna]Gt ,8)h(s)dsdA(t)
93 ) 93 1 ) 1-6
> — sl—s hsds—l—i/sl—s hsds/ dA(t
5 | s st gt [ as [ aaw
93 1—afl +f ! 2
1—
- a —a[l]) /0 s(1 —s)°h(s)ds,
which, in view of (2.15), implies (2.14). The lemma is now proved. O

We define two cones K and P on X by

(2.16) K={ueX: u(t) >0, ult) = o(t)|ull, 0 <t <1}
and

. = : > >
(2.17) P {u €X:u(t) >0, min u(t)> 5||u||},

and an operator T: K — X by
(2.18)

ut):/o G(t, s)f(s,u(s))ds—f—m/o /0 G(t,s)f(s,u(s))dsdA(t),

where G(t, s) is Green’s function given in (2.5). Then in view of Lemmas 2.1-2.3,
we have the following lemma.
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Lemma 2.4. A continuous function u(t) is a positive solution of BVP (1.3) if and
only if u(t) is a fixed point of the operator T' on the cone K. Also, T(K) C K.

Let us denote, for any r > 0,
={ueK: |u|<r} and 0K,={ueK: |u|]|=r}.
Lemma 2.5. The operator T: K,,\ K,, — K is completely continuous, where r,
and ro are positive real numbers with ry < rs.

Proof. Since f is continuous on [0, 1], there exists a continuous function Pj:
(0,1) — [0, 00) and positive numbers 71 and o with r; < rg, such that f(¢,u) < Ps(t)
for 0 <t < 1and dr < u < 7o, and fo s(1 — 5)?P¢(s)ds < oo. Clearly, T is
continuous on K, \ K,,. For any u € K,, \ K,, we have

|Tu|=/Gts (5. (s) ds + s //Gts (5, u(s)) ds dA(t)

<6£ u_@ﬂswnm+aizr—//“1—@f@w>mmm>
=%([fdl—sVﬂ&u@»ds+Kﬁﬂ%ﬂjéldl—sVﬂ&u@»dQ

1 ! )
_ m/0 s(1 — 5)°Py(s) ds,

which implies that 7" is uniformly bounded. Since G(t, s) is continuous on [0, 1] x [0, 1],
it is uniformly continuous there, so for every € > 0 there exists §; > 0 such that for
all (t1,s), (t2,s) € [0,1] x [0,1] with [¢t1 — t2] < d1, we have |G(t1, s) — G(t2, s)| < €.
So, for any u € K, \ K,, and t;,t € [0,1] with [t; — t2| < &1, we have

1 1
KMM%WWM@EEWAﬂ@w

Hence, T is equicontinuous. Consequently, T is relatively compact on K., \ K, and
hence compact on K, \ K,,. Thus, the operator T: K, \ K,, — K is completely
continuous, and this proves the lemma. ([

In this paper, we shall use two very valuable fixed point theorems, Krasnosel’skii’s
fixed point theorem and the Avery-Peterson fixed point theorem, to prove our results.

Theorem 2.1 ([8], Krasnosel’skii’s fixed point theorem). Let X be a real Banach
space and K C X be a cone in X. Assume that K, and Ko are bounded open subsets
of X with0 € Ky, K1 C Ko, and T: KN (Ks\ K1) — K is a completely continuous
operator such that either
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@) N1 Tul|l < |||, w e K NOK;y and ||Tul|
(i) ||Tu|l = |lu|l, v € K NOK;y and ||Tul|

Then T has a fixed point in K N (K3 \ K1).

llu]l, w € K NOKs; or
llu]l, v € KNOK,.

VA%

<
> |

In order to state the Avery-Peterson fixed point theorem, we need to define some
functions in a cone. A map ® is said to be a nonnegative continuous concave func-

tional on a cone K in a real Banach space X if : K — [0,00) is continuous and
(te + (1 —t)y) = t@(x) + (1 - t)2(y)

for all z, y € K and t € [0,1]. Similarly, the map ¢ is a nonnegative continuous
convex functional on K if p: K — [0,00) is continuous and

ot + (1 —t)y) < tp(x) + (1 —t)e(y)

for all z,y € K and ¢t € [0,1]. We use the following notations as introduced by
Avery and Peterson (see [2]). Let ¢ and © be nonnegative convex functionals on K
and let ® be a nonnegative continuous concave functional on K. Also, let ¢ be
a nonnegative continuous functional on K. Then, for positive numbers ry, 72, 73
and r4, we define the sets:

(2.19) K(p,rg) ={ue K: p(x) <rs}, K(p,ra)={ue K: ¢o(x)<rys},
K(p,®,ro,m4) ={u € K: ro < O(u),o(u) < rq},

K(p,0,0,1m9,r3,74) ={u € K: ro < ®(u),0(u) <73, 0(u) < rat,
K(p,,r1,ma) ={u € K: r1 <¢(u), p(u) <14}

The following theorem will be used to establish the existence of multiple positive
solutions to our BVP.

Theorem 2.2 ([2], Avery-Peterson fixed point theorem). Let K be a cone in a real
Banach space X, let ¢ and © be nonnegative continuous convex functionals on K,
let ® be a nonnegative continuous concave functional on K, and v be a nonnegative
continuous functional on K satisfying ¥ (ku) < ki(u) for 0 < k < 1, and such that
for some positive numbers M and r4 we have ®(u) < ¥(u) and |u| < My(u) for

all u € K(p,r4). Assume that T: K(p,rs) = K(p,74) is a completely continuous

operator and there exist constants r1, ro and r3 with r; < ro such that:

(S1) {v € K(9,0,®,r9,73,74): @(u) > ro} is nonempty and ®(Tu) > ry for
u€ K(p,0,P,r9,73,74);

(S2) ®(Tu) > rq for u € K(p, ®,1q,r4) with O(Tu) > r3;

(S3) 0 ¢ K(p,¢,r1,r4) and (Tu) < rq for u € K(p,1,r1,74) with p(u) = rq.

Then T has at least three fixed points uy,us,uz € K(p,rs) such that ¢(u;) < ry,
1=1,2,3, 10 < P(u1), r1 < P(uz), P(uz) < ro and (us) < ry.
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3. MAIN RESULTS

In this section, we shall apply Theorems 2.1 and 2.2 to obtain the existence of
positive solutions to BVP (1.3). We introduce the following height function to control
the growth of the nonlinear term f(¢,u). For any » > 0 and 0 < ¢ < 1, let

filt,r) =min{f(t,u): o(t)r <u < r}
and
fa(t,r) = max{f(t,u): o(t)r <u<r}.

Proceeding as in the lines of the proof of Theorem 4.5 in [12], we can prove the
following theorem.

Theorem 3.1. Assume there exist constants 1 and ro with 0 < r1 < r9 such
that either
(H2) 1 < 5(1—afl lfo )2 f1(s,r1)ds < co and % lfo
( ,7"2) s < r2, or
(H3) & L1—al1])~ fo )2 fa(s,r1)ds < rqand g < %(1—&[1])_1%1 5(1—s)% x

fl(s,rg)ds < 00.

Then BVP (1.3) has at least one positive solution u*(t) in K with r < u*(t) < 72
for 0 <t < 1.

Remark 3.1. Although the conditions in Theorem 3.1 look simple and exam-
ples can be easily constructed, the following result for the existence of positive solu-
tions to (1.3) covers a wide range of functions and is easily verifiable.

For convenience, we introduce the following notations:

fo=lim { min M}v %= lim {max f(t,u)},

u—0+ Ltef0,1] U u—0+ Ltgf0,1]  u
. [y o0 _ 1 f(t,w)
o= S L miny T g i e T
Set
2(1 —afl
(3.1) Ag= 72(1 = of1]) for any 6 € (0,1).
63(1 — 20)(1 — 202 +20) (1 — a[1] + [, * dA(t))

Theorem 3.2. If either
(H4) f°=0 and fo = oo, or
(H5) fo =00 and f>* =0,
then problem (1.3) has at least one positive solution.
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Proof. We consider the cone P defined in (2.17) to prove this theorem. Fix
6 € (0, %) First, suppose that (H4) holds. Since f = 0, there exists r; > 0 such
that f(t,u) < eu for all 0 < u < 7 and ¢ € [0, 1], where e > 0 is chosen so that
Le/(1—afl]) < 1. Set @, = {u € P: |lul| <ri}. Then for u € PN IR, we have

or1 = dllul] < . guln a]u( ) < ||ul]] = 71, and so using (2.12),

/Gts (s,u(s))ds + ——— 0 —all //Gts (s,u(s))dsdA(t)
L[S0 s uts >>d8+6(1T// (1= )21 (s, u(s)) ds dA()

0

([Tl = max
0<it<

//\

1

1
= =/~ S —82 S, uls S

; 18 —S2US
6<1—am>/o (1~ s)eu(s)d

N

< lulle < lull

1
72(1 — «af1])
Thus, ||Tu|| < |Jul] for uw € PN OQ,,. Since foo = 00, there exists T2 > 0 such
that f(t,u) > pu for all w > Ty and ¢t € [#,1 — 6], where 1 > 0 is chosen so that
1oAg > 1. Now set ro = max{r1/9,T2/0} and Q,, = {u € P: |lu|]| < r2}. Then for

all w € PNOQ,, we have dry = §u|| < [mlln a]u( ) < |jul]| =72 and so
te

ITul| > min Tu(t) = /Ol(temln G(t, s))f(s u(s))ds

te(0,1-0] [0,1-6]

o, (g 00.9) et asaa

93 ,
%5 8(1 —5)2f(s,u(s)) ds
0
63 ! ) 1-6
+m/0 s(1 =) f(s,u(S))ds/e dA(t)
—9—3(1_a[1]+f01_9 dA(t)) 15 —52 S, u(s S
6 (1—a[1]) /0 (1=5)7f(s,u(s))d
9_1_0‘[1]+f 1 — 5)2%u(s)ds
21 (1—a[1]) /0 s(1—s)"u(s)d
9_1—al]+f 1798 i
“ 1% (1_a[1]) /9 (1—5) u(s)d
3 —« 1-60 1-6
> mHuH%(l [itgm)dmn/a s(1—)2ds > ||u]

since f01795(1 —5)?2ds = 5(1 — 60 4+ 46%). This implies that |Tu| > ||lu| for
u € PN oQY,,. Hence, by Theorem 2.1 (i), BVP (1.3) has a positive solution.
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Next, suppose that (H5) holds. Since fy = oo, there exists 71 > 0 such that
flt,u) = pu for all 0 < u < 71, where p > 0 is chosen so that udAp > 1. Then for
all w € PN 0Ly, a similar calculation shows that

ITul| > min Tu(t) = ||u|.
telo,1—-0]

Hence, ||[T'u|| > ||u|| for w € P NOQ,,.

Now, f> =0, so there exists 72 > r; such that f(¢,u) < eu for all ¢ € [0, 1] and
u > 7, where ¢ > 0 is chosen so that 0 < =5£/(1 —afl]) < 1. We consider two
possibilities.

If f is bounded, then there exists L > 0 such that f(¢t,u) < L. Let ,, = {u € P:
|lu|| < re}, where ro = max{r1/d, LAg}. Then, proceeding as in the first part of the
proof of this theorem, where (H4) holds, we obtain | Tu|| < 72 = |Ju|| for u € PNE,,.

If f is unbounded, then there exists o > 0 such that f(¢,u) < ep with 0 < u < 79
and t € [0,1]. Let Q,, = {u € P: |lu|| < r2}, where ro = max{p,72}. So, for
u € PNoKY,, we have f(t,u) < erq, and proceeding as above, we obtain ||[T'u|| <

r2 = [[ul].
Hence, by Theorem 2.1 (ii), BVP (1.3) has at least one positive solution. This
completes the proof of the theorem. O

Now, we shall apply Theorem 2.2 to find sufficient conditions for the existence of
three positive solutions to BVP (1.3). We let K be a cone in a Banach space X and
define sets as in (2.19).

Theorem 3.3. Let 0 € (0, %) be fixed and assume that there exists a continuous
function fo: [0,1] — [0,00) such that

(H6) fo (1 —5)%fo(s)ds < 6(1 — afl]).
In addition, assume that there exist constants r1, r2, 3 and r4 with

T2
0<7’1<7”2<§:7'3<7’4

such that:

(H7) f(t,u) < fo(t)ry for 0 < u(t) <r and 0 < ¢ < 1

(H8) f(t,u) > Agrg for ra < u(t) <re/d and 0 <t < 1—6;

(H9) f(t,u) < fo(t)rs for 0 <wu(t) <rq and 0 <t < 1
(1.3)

Then BVP (1.3) has at least three positive solutions u; with ||Ju;|| < 74, 7 = 1,2,3,

< < mi t)| < 72 and |lus|| < r1.
< min ()], r< min fus(D)] <o and flus <
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Proof. We define a nonnegative continuous concave functional ¢ on the
cone K by

O(u) = mi t
(w) = gmin  [u(®)]

so that ®(u) < ||ul|. We also consider two nonnegative continuous convex func-

tionals ¢ and © on K given by ©(u) = ¢(u) = ||lu||, and a nonnegative continuous
functional ¥ on K defined by % (u) = ||u||. Then

(k) = [lkul] < [klllul < [kRb(u) = ki) for 0< k <1,
@)= min [u(t) < u] = (u),

and we can find a constant M > 1 such that
Jull = p(u) < M(u) for every u € K(p,ra).

We consider the operator T: K — X defined in the same way as in (2.18). Clearly,
u(t) is a solution of BVP (1.3) if and only if it is a fixed point of 7" on K. It can
also be shown that T'(K) C K.

Let u € K(p,74). Then ¢(u) = |lu|| < rq for 0 < u < 74 and 0 < ¢ < 1. Hence,
by (2.12), (H6) and (H9), we have

p(Tu) = |[Tull

= max
0<t<1

1 11
%/0 s(1 = s)2f(s,u(s))ds + 6(1%@[1])/0 /0 s(1 —8)2f(s,u(s)) ds dA(t)

1 1 1 1
| ctase ) s+ g [ s suts) dsaan)

N

1
= m/o s(1 —5)%f(s,u(s))ds

1 ! )
ng/o s(1—s)*fo(s)ds < ry.

This shows that T: K(p,74) = K(p,74).

Next, we prove that T': K(p,r4) — K(p,74) is completely continuous. From the
continuity of G(t, s) and f(t,u) for ¢, s € [0, 1], it follows that T is continuous on K.
Setting

M, = max t,u
1 Ogtgl,ue[o,h;]f( ) )7

we have M
Tu)(t)] < som——rrs,s
()] < =y
which implies that 7" is uniformly bounded on K (¢, 74). Since G(t,s) is continuous
on [0, 1] x [0, 1], it is uniformly continuous there. Hence, for every £ > 0 there exists
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91 > 0 such that |G(t1,s) — G(t2,s)| < € for (t1,s) and (t2,s) € [0,1] x [0, 1] with
|t1 —ta] < 01. Consequently, for any u € K (p,ry) and tq, ta € [0, 1] with |t; —t2| < 1,

we have
1

(1 —aft])

That is, T (K (¢,74)) is equicontinuous and so the set T'(K (p,r4)) is relatively com-

[(Tu)(t2) = (Tu)(t1)] < e M;.

pact. Thus, by the Arzela-Ascoli theorem, for the convex functional p(u) = ||ul|, the

mapping T: K(¢,714) = K(p,r4) is completely continuous. Set

9 + T3 1 ( 7’2)
)= ——=— — 1+6 =
uo(?) 2 g \"2t 5 25( +9) < 5 "3
. o + 13 2ro
@ = = > — =
(uo) te%l,llnfe] |u0| 2 2 "2
and

ro 413 T2 T2

o(uo) = =< —-=r3<"y

This implies that the set {u € K(p,0,®,ro,73,74): ®(x) > ro} is nonempty.
Now, let ro < u(t) < rg = re/d with ¢ € [#,1 — 0]. Then, by (2.12), (H6), (H8)
and (3.1), we have

1
@ T = i T =
(Tu) tefﬁlﬁa] u(t) /0 teguln 0 G(t,s)f(s,u(s))ds

(1—af1]) / /0 min G(t,s)f(s,u(s)) ds dA(t)

te[0,1—-0]

>%Aqvw%@wwm
63 !

1-0
i 6(1—704[1])/0 s(1 =) f(s,u(S))ds/G dA(t)

93 1—a _|_f 1 \
T [0 o2 st s>

for u € K(p,0,®,rq9,r3,74). Hence, condition (S1) of Theorem 2.2 is satisfied.
Next assume that u € K (g, ®,r2,r4) with O(Tu) > r3. Since T(P) C P,

O(Tu) = min (Tu)(t) = §||Tul| = §O(Tu) > ors = ra,
te(0,1-0]

which shows that (S2) of Theorem 2.2 is satisfied.
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Since ¢(0) = 0 < ry implies that ¢ € R(p,1,71,74), for u € R(p, ¥, 11,7r4) With
Y(u) = ||ul]| = r1 we have, using (2.12), (H6) and (H7),

Y(Tw) = ([ Tull
= max /Gtsf(s u(s))ds + 1_a1])//Gts s, u(s)) ds dA(1)
< %/015(1—5)2f(s,u(s))d5+ T ali /0/ s(1 =) f(s,u(s)) ds dA(t)
= e | S0 R as
< m / (1= 9 o(e)ds <.

Hence, (S3) of Theorem 2.2 is satisfied. Therefore, by Theorem 2.2, BVP (1.3) has

at least three positive solutions u; with ||u;|| < r4, i = 1,2,3, 13 < fmn 0 lui(t)],
te

r; < [I;lin 6]|u2 (t)] < 72, and |lug|| < ri. The proof of the theorem is now complete.
te[6,1—
O

The use of conditions (H7) and (H9) in Theorem 3.3 forces us to assume that
condition (H6) holds. These conditions can also be replaced by some easily verifiable
conditions as given in the following theorem.

Theorem 3.4. Let 0 € (0, %) be fixed and assume that there exists a continuous
function fo: [0,1] — [0, 00] such that (H6) holds,
(H10) hmsup Jnax ft,u)/ fo(t)u =0,

(H11) hmsup max f(t,u)/ fo(t)u =0, and
u—0 OIS

(H12) there is a constant c2 > 0 such that f(t,u) > Agcg for co < u(t) < ¢2/d and
0<t<1—0.
Then BVP (1.3) has at least three positive solutions.

Proof. By (H10), there exists
6(1 — ofl])
fol s(1 —s8)2fo(s)ds
and 1 > 0 such that f(¢,u) < efo(t)u(t) for z(t) > nand 0 <t < 1. Set

(3.2) 0<e<

My = ma; t,u).
! ogugn,txe[o,uf(’ )

Then we have f(t,u) < efo(t)u(t) + My for u(t) > 0 and 0 < ¢t < 1. Choose a
constant ¢4 > 0 such that

Mf }
5’ 12(6(1 — a[1] —6f0 s(1 = )2 fo(s)ds)

Cq > max{
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and consider a nonnegative continuous concave functional ¢ on the cone K defined
by ¢(u) = ||u||. Then for u € K(p,cs) we have

p(Tu) = [ Tull

— max
0<t<1

/Gts s,u(s))ds + ————— i—all //Gts 5, ))deA()‘

<é/0(1—8)f(, u(s) ds + s // (1 )2 f(s, u(s)) ds dA(2)
- é( / (1 5 (s, u(s)) ds + % / 51— 5) f<s,u<s>>ds)

1 ! 5
:m/o s(1 =) f(s,u(s))ds

1 1
m/o s(1— 5)2(€f0(s)u(s) + My)ds

1 L )
m/{) 5(1 —s)*(efo(s)ca + My)ds < cy.

X

X

Hence, T: K(p,c4) = K(p,cq). Proceeding along the lines of the proof of Theo-
rem 3.3, we can show that the mapping T is completely continuous. Also, we can
choose functionals ©, ¢ and ® to show that conditions (S1) and (S2) of Theorem 2.2
are satisfied.

Thus, to complete the proof of the theorem, it remains to show the existence of a
constant ¢1, with 0 < ¢1 < ¢g, such that condition (S3) of Theorem 2.2 is satisfied.
The existence of such ¢; can be obtained from (H11). Indeed, by (H11), there exist
constants € and ¢ satisfying

6(1 — a[l])
fo (1—5)2fo(s)ds
such that f(¢t,u) < efo(t)u(t) for 0 < u(t) < ¢; and 0 < ¢ < 1. Hence, for the

O<e<

and 0 < ¢ < co,

continuous functional (u) = ||u|| on the cone K and 0 < ¢ < 1, we have
(Tu) = |[Tull
:01232(1/Gt8 (s,u(s))ds + ———= A—al //Gts (s,u(s))dsdA(t)

<é/0 s(1—s) f(su())ds+6(1_7a// s(1— )% f(s,u(s))ds dA(t)

1 ! )
M/o s(1 =) fo(s)ds < c;.

This proves the theorem. O

< e
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As an application of Theorem 3.4, consider the BVP

ul

u”"(t) + =0, t €10,1],
53 O+ 1o 0,1]

' (0) = (1) =u"(0) =0, u(0)=afu].

The nonlinear term in this equation sometimes appears in models of red blood cell
production. The following result provides a sufficient condition for the existence of
three positive solutions to (3.3).

Corollary 3.1. Let 0 € (0, %) be fixed, let | > 1, m >1—1> 0, and

m—l—|—1( -1 )(1*1)/"1

4
(3.4) m-—1+1

> AG)
m

where Ay is given in (3.1). Then BVP (3.3) has at least three positive solutions.

Proof. Set fo(t) = 1. Then (H6) is equivalent to o[l] < ZL. With f(t,u) =
u!/(1+u™) and fo(t) = 1, conditions (H10) and (H11) are satisfied. In order
to apply Theorem 3.4, we need to find a positive constant co such that condi-
tion (H12) is satisfied. Clearly, for co < u < ¢/ we have f(t,u) = u!/(1 +u™) >

§mch /(6™ + ct). Hence, (H12) is satisfied if

m l—1
0™y

—=— > Ay.
O™ + bt 0

(3.5)

Consider the function g(r) = 6™r!=1/(6™ + r™). Then setting

_ 6( -1 )l/m
2=\ +1 ’
we observe that ¢'(r2) =0, ¢'(r) > 0 for r < ¢g, and ¢'(r) < 0 for 7 > co. Thus, the
minimum value of g(r) in the interval [ca, c2/0] is attained at c2/0 and is given by

m—l—i—l( -1 )(1*1)/"1.

m m—1+1

Thus, (3.5) is satisfied if (3.4) is satisfied, and the theorem is proved. O

Remark 3.2. From the conditions of Theorem 2.2, it is clear that the theorem
cannot be applied to the equations where the nonlinear function f(¢,u) satisfies

(H13) lim sup max f(t,u)/ fo(t)u = oo and lim sup max f(t,w)/ fo(t)u = oo,

which includes functions of the type (\/t?)(c/u® 4+ u?), where o, 8, A, ¢ and v are
constants with ¢ > 0, A > 0,0 < 8 < 1,7 > 1and o +1 > 0. In this case,
the following theorem provides a sufficient condition to obtain positive solutions of
BVP (1.3). Its proof is based on Theorem 2.1.
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Theorem 3.5. Let 6 € (0, 2) be fixed. Assume that there exists a continuous
function fo: [0,1] — [0, 00] such that condition (H13) is satisfied and

(H14) there exists a constant ro > 0 such that fo s(1—5)%f(s,u(s))ds < 6r2(1—all])
for 0ro <u<roand 0 <t <1.

Then problem (1.3) has at least two positive solutions.

Proof. To prove the theorem, we consider the cone P given in (2.17). From the
first part of (H13) with

I (f_{m]) A o) s

for any p1 > pg, there exists r1 € (0, drg] such that f(t,u) > pfo(t)u for all ¢ € [0, 1]
and 0 < u < 7.
Set Q,, ={u € P: |lu]| <r1}. Then for u € P NI, we have

—1

|ITul| > min Tu(t)

te[0,1-0]

- / 1(t6g111n9 G(t,5)) f (s, u(s) ds
el [, 60 g6t asaaw)

>§ s sp st as

b | (1 )2 (s, u(s)) ds / A

AL OLERE m D [ s 9t utsnas
AL (1+_£ 7 / s(1 - 9P fals)u(s) ds
S (1+_£ = /9 T = 9 folshu(s) ds

3 (1 _ 1-6 1-6
> o e B8O P 2>
which means that ||[Tu|| > |lu| for v € PN 9OQ,y,. On the other hand, from the
second part of (H13), there exists 73 > ro such that f(t,u) > pfo(t)u for any
w = pe and u > T3, where pg is given in (3.6). Let r3 > 73 > 73/ and set
0, ={u € P: ||lu]| < r3}. Then proceeding as above, we can prove that ||Tu|| > ||ull
for u € PN OQy,.
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Finally, set Q,, = {u € X: |lu|]| < ro}. Then for any u € P N IQ,,, by (H14)

we have

|ITu|| = max
0<t<1

6/0 (1_5)f(SU())dS+6GT// s(1— 8)2f (s, u(s)) ds dA(t)

%(Al<1—s>ﬂ <»d&+a{%%ﬁjllql—sfﬂ&u@»dﬁ

1 1
:aﬁaml s(1 = 5)*f (s u(s)) ds < 2 = [Jul

[ atasoaenas+ s [ [ . s, asaa)

//\

which implies ||Tu|| < |lul| for v € PN IQ,,. Since r1 < 19 < r3, from the above
estimates it follows from Theorem 2.1 that 7" has a fixed point u1 € P N (Qy, \ Q)
and another fixed point us € PN (Q,, \ Q,,), which are positive solutions of (1.3).
The proof of the theorem is now complete. O
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