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MELLIN ANALYSIS OF SINGULAR
AND NON-LINEAR PDE’S

BOGDAN ZIEMIAN

ABSTRACT. The article gives a review of the applications of the Mellin trans-
formation to the geometric study of singular and non linear PDEs. Among the
topics covered is the theory of second microlocalization and the radial regularity
of solutions to Fuchsian type PDEs.

With the discovery of the notion of singular spectrum and of the related
concept of a microfunction in the early 60-ties Miko Sato opened way to
microlocal analysis and to the geometric study of singularities of solutions to
linear PDEs. The essential idea of microlocal study of a function (distribu-
tion) u is to localize it first to a neighbourhood of a point £ by means of a
bump function ¢u and then to study the behavior of the Fourier transform
F(pu)(€) = pule’™] in a conical neighbourhood of a vector £. If F(pu) is
rapidly decreasing then we say that (2, £) does not belong to the wave front
set of u (denoted (£, 3 ¢ WFu). The wave front set of a distribution u is an
important invariant describing the local singularities of u. Geometrically it is a
subset of the cotangent bundle T*(R™) and its behaviour under the action of
linear PDEs can be estimated by means of the principal symbol of the operator:
recall that if

1 o™ o%n
P(m,D) = Z aa(m)Da with D¢ = m W‘l’l W
la|<m

then the principal symbol op(z,&) is defined as
Up(m,f) = Z aa(w)fa'
la|=m

The fundamental result reads (microelliptic regularity):
If Pu= f then
WFu C WFf U Char P (%)
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where Char P = {(z,£) € T*(R"): op(z,&) =0} is the characteristic set of P.
In the case of strictly hyperbolic operators there is a refinement of (*) stating
that the set

WFu \ WFf C Char P

is invariant under the Hamiltonian flow

Hp=S"22 2 _%¢ 9
P Zae,- dz; Oz; 0%,

=1

This means that if (2, Eo) ¢ WF(u— f) then (z(s),£(s)) ¢ WF(u— f) for the

bicharacteristic curve passing through (2, §° ).

The methods of microlocal analysis (based on the techniques of pseudodif-
ferential and Fourier integral operators) were very useful in a whole range of
problems concerning the existence and regularity of solutions to linear PDEs.
However they break down almost completely in the case of non-linear and linear
singular equations. The purpose of my talk is to address those two classes of
equations which in a sense are closely related:

i) Singular operators:

An operator P is called singular if the coefficient a,(z) for || = m vanish
on a certain set (called the singular set of P). The Hamilton flow degenerates
(or vanishes) on that set and we have no information on the way the solution
approaches the singular set (also on the behaviour of solutions at infinity).

ii) Non-linear operators:

Non-linear singularities need not travel along bicharacteristic curves. In other
words different non-linear waves may interact producing new singular waves. The
most fundamental example here is the case of a semilinear wave operator in two
space variables

5 T S T RS =f(t,:z:,y,u),
Y

f smooth in a neighbourhood of (¢,z,y) = (0,0,0) ([B]).

To study those classes we need more information on the way the solution
approaches the singular set (the point zero). This is acheaved by a further local-
ization of solution called the second microlocalization. It was introduced in the
70-ties by M. Kashiwara to study systems of singular linear PDE the so
called holonomic systems which can be regarded as a generalization of ordinary
Fuchsian differential operators. In the case where the singular set reduces to the
origin, second microlocalization consists (roughly speaking) in localizing » (in
addition to microlocalizing it) to a conical neighbourhood (in the space z) of a
vector §Z by means of a conical cut of function k' with £'(6Z) # 0. The effect
is then measured in terms of the scale of suitable weighted Sobolev spaces. For
instance one may use the space SP(s,s’) defined as follows
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DEFINITION. Let u € D’'(R™\ {0}), u = 0 outside the unit ball in R". Let
s,s' € R be such that s+s’ is a non-negative integer. We say that u € SP(s, ')
if
lz||~** M D u € L2(R™) for 0< A <s+5, AERY, |[N=A+--+A,.

For remaining (s,s’) the spaces SP(s,s’) are defined by duality and inter-
polation.

Fix 62 = (68,,...,68,) e R* LR )", €=(£,...,6,) € R and let

1° p € C*(i(R*\{0})) be a homogeneous function of order zero defined in a
conical neighbourhood of i3 = (:62£; &1,...,162,&,), p(i3) # 0. The function
p is extended to R™ + i(R"\{0}) by putting p(z) = p(Im z).

2° k= -k’ where p is a C§° bump function at zero and &’ € C™*(R"\{0})
is a cut-off function in a conical neighbourhood of §&, i.c., supps’ C R} . & is
homogeneous of order zero and «’'(6Z) # 0.

3° x € C*(i(R*\{0}) be a function with suppx C {ir: 1/4 < |I7||} and
x(it) = 1 for ||7]| > 1. The function x is extended to R™ + ¢(R"\{0}) by
putting x(z) = x(Im z).
DEFINITION. Let (£, £) € T¢(R") = {(0,6): ¢ e R}, 62 € R}, 66 = 0.
Let u € SP(s,—o0) = |J SP(s,0'). We say that u belongs to SP(s.s)

2-microlocally at the point (%, fo, 6w°,6§°) = (0, {o, §2,0) if there exist functions
p, k, x satisfying conditions 1°, 2°, 3° respectively such that

P(z,D)u = x(zD)p(zD)x(z)u € SP(s,s')  (zD = (x,Dy,... 2, D,)).
If uw € SP(s,—00) we define its SP(s,s’)--second wave front set (denoted
2WFsp(s,s)) as a closed subset of the space

(T*R™\T5 (R™)) U Nz )T (T*R")

(Nzz ) T(T*R™) = T(T*R")/T(T;(R")) —the space of normal vectors to
T5(R™)) consisting of the points (z,£) ¢ T§(R™) such that u ¢ SP(s+s',0)
microlocally at (z,£) (observe that outside zero SP(s,s’) = SP(s+ s',0) co-
incides with the usual Sobolev space) and of the points (0,£,6z,0) such that
u ¢ SP(s,s') 2 microlocally. (Note that in our case the space normal to 75 (R")
at the point (0, £) can be identified with the set of vectors of the form (6%,0)
with 6§ € R™).

This definition however is not practical and one would like to have a definition
(similar to that of the (first) wave front set) in term of growth conditions (rapid
decay) of a suitable transformation. Clearly the Fourier transformation is not
convenient here since the spaces SP(s,s’) are not isotropic (in his original paper
[B] M. Bony uses complicated techniques of Paley-Littlewood decompositions
to overcome this difficulty). Instead, I suggest the approach based on the Mellin
transformation which is adapted to the geometry of the singular set (point zero)

[Z-K].
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LEMMA. Let u € SP(s,s'), suppu CT' (I' a proper cone in R} ) then
Mu(z) = u[z™*71) (7t =gy gt

is well defined and holomorphic for z € C* such that ¥ Rez; <s— 3.

Mu(z) is called the Mellin transform of u (it is a distributional generaliza-

o0
tion of the classical formula [ u(z)z~*'dz with the sign of z changed).
0

We have the following characterization of the space SPr(s,s’) of distribu-
tions in SP(s,s’) supported by a proper cone I' C R} : u € SP(s,s’), s+s' € Ny
iff

i) Mue O(XRez; <s—3).

if) M(a+i)e L2+ (R") = L*(R™, (1 + 1811+

for o such that Yo; <s— 3.

This leads to the following equivalent definition of the second wave front set.

DEFINITION. Let (0, §) € T0 (R*), 6£ € R}, u € SP(s,—0). u € SP(s,s')

2 microlocally at the point (0, E, 62,0) if and only if there exist functions x, &, p
satisfying the conditions 1°,2°,3° such that

x(2)p(2) M(ku)(2)|smari. € L2 (RY)  for o+ +om < 5— g .

COROLLARY. The point (0, 5,6 £,0) does not belong to 2WFsp(s,00) iff for
some x,k,p X(z)p(z)M(ku)(z) as a function of Imz is rapidly decreasing for
z with Re z1+---+Re z, <s— 3.

Propagation of 2 microlocal singularities:

THEOREM 1. (Propagation of smgularltles along the incoming bichar-
acteristic) Let 62 = (—1,0), £ = (0 £') and let v € SP(s,—00). Sup-
pose v € H®*t? microlocally at (w,E) for every z = (z;,0), z; < 0 and
w = 3%1” € SP(s—1,0+1) 2 n::icroloca]]y at (0,&,6&,0). If 0 > —% then
v € SP(s,0) 2 microlocally at (0, £,6%,0).
THEOREM 2. (Propagation of singularities along second bicharacter-
istics) Let " be a cone in R™ not tangent to ;. Suppose v € SP(—o00,—00) on
F and let —a—v =we SP(s—l o+1) 2 microlocally at (0, £ 6z,0) for 6z €T,

= (0,8 for some fixed €. If v € SP(s, o) 2 microlocally at (0, E, 6z,0) for
6:1: € I —a subcone of I' then v € SP(s,o) 2 microlocally at (0, £ 6z ,0) for
6z el.
THEOREM 3. (Propagatlon of singularities along the outgoing bichar-
acteristics) Let 6% = (1,0), € = gO § ) and let v € SP(s,—o0) be such that

v € SP(s,0) 2-microlocally at (0, £, 6z,0) where 6z € R . Suppose w = a%l'"
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and w € SP(s — 1,0 + 1) 2 microlocally at (0, 50,61'?,0). If o < =% then
v € SP(s,0) 2 microlocally at (0, £,62,0).

We have seen that the condition u € SPr(s, —oo0) implies that Mu is holo-
morphic for ¥ Re z; < s — 5. Further analysis of singularities of u is done by
the study of analytic continuation of Mu to C™. This is achieved by intro-
ducing subspaces M (2, p) of SP(s,s’) of distributions with continuous radial
asymptotic defined as follows. Introduce variables

G=z1++z,

Cj=z_1' for j=2,...,n,
(this corresponds to the change of radial variables
Ty =Yy1, Tj=wyy; for j=2,...,n).

Let Q = Q! x C*1 where Q! C C is the complement of a number of
half-lines { +Ry,...,¢(* + R, . Further introduce a “nondecreasing” function
p: Re ;3 — R (which will be used to measure the growth of the Mellin trans-
forms in the imaginary direction, similarly to the spaces L??).

We say that a (Mellin) distribution u supported by a proper cone T' belongs
to M(RQ,p) if

i) Mu(¢) € 0(),

i) |Mu(a +b)| < C(1 + b]])*
locally uniformly in a; and a’ (outside the set A = C\Q!).

The spaces M(Q,p) allow us to generalize the concept of the second wave
front set (by studying the growth in the imaginary direction of the analytic con-
tinuation of the Mellin transformation). Moreover new information is contained
in the singular set A = C*\Q of the Mellin transform. The set A controls the
asymptotic expansion of u at the origin with respect to the radial variable.

Since the set A! is a finite number of half lines we may compute the difference
of the boundary values Ti,... ,T; of Mu across these line. T3,... , T} usually
are distributions and they turn out to be a generalization of the classical Borel
transformation. This leads to the following Borel resumation of u

u(ys,y') = To(y)yi) + - + Tu(y)yi]

which gives the asymptotic expansion of u with respect to y; .

For instance in the case of the so called corner operator (i.e., operators of the
form

R = San(e)D* with ﬁa:(mi)a‘,,,( a)an

Tp—
oz, oz,

we have the following “elliptic regularity result”:
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THEOREM. Let w € M(R,s) (p = s — const) 2 locally at (0’6:&1; Then for

every & € R® with {Re {3 < &1} C Q! there exists ug € M(Q\ _Uo(chara* R
J:

+3),s —m) 2locally at (0,6%) such that Rug = w 2 locally at (0,6&).

Here charg R is the so called radial characteristic set of R (see [S-Z] and
[2]) defined by means of the principal Mellin symbol of R

(R = P(D) + £2,Q(z, D))

which generalizes the notion of the characteristic roots for ordinary Fuchsian
differential operators.

Still deeper analysis of solutions to singular operators will be achieved if in-
stead of radial we study complete asymptotic (we do not 2-localize). This is done
by applying a transformation adapted to the geometry of the singular set. In the
case of a corner operator this is the multiple Mellin transformation and the anal-
ysis leads to study of holomorphic continuation of functions of several complex
variables and computing their boundary values by applying the techniques of
the hyperfunction theory.

The program outlined here can be regarded as a multidimensional version
of the study of linear and non-linear singular ordinary differential equations
conducted by means of the resumation techniquesby Malgrange, Ramis,
Shibuya, Ecalle. In particular the resurgence effects of J. Ecalle have
their multidimensional counterparts (characteristic resurgence) which allows one
to expect that the program may be successful in the study of local singularities
of solutions to non-linear PDEs.
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