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BOUNDARY VALUE PROBLEMS
IN WEIGHTED SPACES

A. KUFNER
Mathematical Institute, Czechoslovak Academy of Sciences
115 67 Prague 1, Czechoslovakia

1. Introduction

Let us consider a linear differential operator of order 2k of the

form

(Lu) (x) = T (—1)|“|D°‘(aa8(x)osu<x)J , XEQ, (1.1)
lal, 18]k

together with the associated bilinear form

a(u,v) = > Jaas(x)DBu(x)Dav(x) dx . (1.2)
lal, 8] <k Q
Here ag are given (real) functions defined on the domain & € RY

The usual procedure for solving a boundary value problem for the

operator L proceeds in the following fundamental steps:

(i) Choose an appropriate Banach space V such that the form
a(u,v) 1is defined and continuous on V x V and elliptic on V , i.e.,
that there exist constants cy 0 and Cy > 0 such that the following
conditions are fulfilled:

le,w) | £ eyllullylivlly for every u, vev (.3)
(continuity of af(u,v) ), and
a(u,u) > c0||u||$ for every u g V (1.4)

(ellipticity of a(u,v) ).

(ii) Use the Lax-Milgram Lemma in order to obtain assertions about

the existence and uniqueness of a (weak) solution in the space V .

If the coefficients aas of the operator L are bounded, i.e., if

a g € L"(2) for |af, |B] =k, (1.5)

and if the operator L is (for simplicity) uniformly elliptic, i.e.,

if there exists a constant Cy > 0 such that
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(x)¢

Ve
L >
e}

[al, 18] <k

2 ;colglz (1.6)

%up 8

for every ¢ e RN (¢ = {e» lal = k} ), then the first step mentioned
above can be realized if we choose for the space V the Sobolev space
wk’z(u) or one of its subspaces selected according to the type of the

boundary conditions.

If one or both of the conditions (1.5) and (1.6) are violated, i.e.,
if operators with uingular coefficients appear - condition (1.5) is
not fulfilled - or if the operator becomes degenerate - the quadra-
tic form on the left-hand side in (1.6) is only positive semidefinite
- then the Sobolev spaces Wk’z(Q) cannot be used in general. In these

cases, appropriate weighted Sgbolev spaces can be constructed which re-
s

53
place the classical spaces Wk (@) . The weight functions appearing in
these new spaces arc determined by the coefficients of the operator, and
the method of the proof of the corresponding existence and uniqueness
theorem for weak solutions is the same as in the case of classical So-

bolev spaces, the main tool being the Lax-Milgram Lemma.

On the other hand, there appear boundary value problems in which the
operator L satisfies conditions (1.5) and (1.6) but the right-hand
side in the equation Lu = f or the right-hand sides in the boundary
conditions Biu =95 ,
have in such a way that the classical Sobolev spaces caniog be used:
(W™

i=1,...,k ( Bi being boundary operators) be-

*
(Q)) or

some of the functions g; are not traces of functions from Wk’z(ﬁ)

the function f 1is not an element of the dual space

on the boundary 99 of @ . Also in such cases, weighted spaces can be
sometimes used for obtaining assertions about existence and uniqueness

of weak solutions. The bilinear form af(u,v) is considered to be defi-
ned on a weighted space V or on a product of two wetghted spaces

V1 X V2 , and it is necessary to show for which such spaces conditions

(1.3), (1.4) or their certain modifications are fulfilled.

In what follows, we give a survey of results obtained in these two
directions of application of weighted Sobolev spaces to the solution of

boundary value problems.

1.1. Definition of the weighted space. Let 1 < p < «» and let Q be

a domain in RN . For k € N and for N-dimensional multiindices «
such that |o| < k let o, = 0,(x) be weight functions, i.e. measur-
able and a.e. in @ positive functions, and let us denote S =

{o,, |a] < k} . The weighted Sobolev space

WP (a;s) (1.7)
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is defined as the set of all functions u = u(x) , x € @ , such that
p _ N a p ©
Hall® o= 2 [Ip"ue0 P o 0 ax < o, (1.8)
la| <k a

the derivatives D%u being considered in the sense of distributions.
Further, let

wg’pm;S) (1.9)

o

be the closure (if it is meaningful) of the set CO(Q) with respect to
the norm (1.8).

1.2. Theorem. Let us suppose that

I VAS <o DR

a loc (1.10)

(@) for |af

A
w

Then the linear set wk’p(g;S) 28 a B an ac h space with respect

to the norm ||-

lk p,S defined by (1.8 ). - If, moreover,

o € !

o € Lioc (@) for la] <k, (1.11)

then the linear set wg’P(n;S) is a B an ac¢ h space with respect

to the same norm.

1.3. Remark. Conditions (1.10), (1.11) are rather restrictive. In the
paper A. KUFNER, B. OPIC [2] it is shown how to modify the definition
of the weighted spaces if (1.10) and/or (1.11) are not fulfilled. -
The most frequent type of weight functions o, are the so called power

type weights

o (x)

N [@ist(x,M)]*®

with MC Q@ and ¢ = e(a) real numbers. If M is a subset of the
boundary 9% of @ , then conditions (1.10) and (1.11) are obviously
satisfied.

2. Operators with singular or degenerating coefficients

Let us consider the operator L from (1.1) and let us suppose that

its coefficients fulfil the following conditions:

a >0 a.e. in 9 ; a , a~? € L]

aa aa aa loc(g) ’ I“I sk 2.1

there exist constants ¢, > 0

1 , Cc, > 0 such that

0



la )| < C1Jauu(x)a

B BB(x) a.e. in 2 (2.2)

for Jal, || « k , « # 8 ;
} 2 . .
(x)cuc > C a (x)r,m a.e. in (2.3)

Loe a B
afs IBr <k *F B0 ek e

for all ¢ e R .

Conditions (2.1) indicate that the weighted spaces Wk’z(Q;S) and

wg’z(u;s) with o = a , la] <k, i.e. with
o ao ==

s = {a =a (x), |a] <k} (2.4)

aa aa =
are Banach spaces. From the following theorem we see that these weighted

spaces are just the right tool for solving boundary value problems.

2.1. Theorem. Let the operator L  from (1.1) fulfil conditions (2.1)
- (2.3). Let S be given by (2.4); let f € (W§’2(Q;S))* and u, €
Wk’z(n;s) . Then there exists one and only one weak solution u €
Wk‘z(u;s) of the Diricilet problem for the equation Lu=f , i.e.,

such a functzon u' that

k,2
- > .5
u u, € wO () (2.5)
and

a(u,v) = < £,v > for every Vv e WE’Z(Q) . (2.6)

Moreover, there is a constant <c > 0 such that

cc(l1fllx + []u (2.7)

[ullg 2. Ollk,Z,S) :
Idea of the p r o o f : Condition (2.2) implies the continuity of the
bilinear form a(u,v) from (1.2) on V x V with V = Wk’z(Q;S) and
conditions (2.3) imply its ellipticity while (2.1) guarantees that the
space V and its subspace wz’Z(Q;s) are well defined. A standard
application of the Lax-Milgram Lemma then yields the existence and uni-
queness of a weak solution u € wk’z(Q;S) as well as the estimate
(2.7) which expresses the continuous dependence of the solution on

the data of the boundary value problem.

2.2. Remarks. (i) In the sequel, we shall give two examples of boun-
dary value problems which go beyond the frame of conditions (2.1) -
(2.3), but for which again existence and uniqueness of a weak solution
can be proved. These examples indicate that conditions (2.1) - (2.3) can
be substantially weakened and that the adequate weighted space can be

constructed in a much more sophisticated way. A detailed description of
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the (rather complicated) construction of these spaces can be found in

A. KUFNER B. opIC [1], [3].

(ii) Although Theorem 2.1 is a simplified version of an applica-
tion of weighted Sobolev spaces to the solution of boundary value prob-
lems, some of its conditions can be weakened: E. g. condition (2.3) fol-
lows from (2.2) if the constant c1 in (2.2) is sufficiently small, i.
e. if c, < 1/(M - 1) where M is the number of multiindices « such
that o <k .

(iii) The restriction to the Dirichlet problem in Theorem 2.1 is
not substantial, either; other boundary value problems can be handled

in the same manner.

2.3. Example. Let us consider the differential operator of order two,

i.e. k =1":

N
_ . 3 Ju
(Lu) (x) = - 'L 5§f(ai(x) 5}7) + ao(x)u
i=1 i i
where a, >0 for i=1,...,N but a, <0, a, = - b with b_ >
i -1 01 0 0 0
0, X > 0. We suppose that a;, ay € Lloc(Q) for i =0,1,...,N .

Here, one of the conditions in (2.1) is not fulfilled, but if we take
s = {bo,a1,...,aN} , then wW'’2(2;8) and wg’z(ﬂ;s) are the adequate
spaces which can be used for deriving existence and uniqueness theorems

provided the following inequality holds for all u € CS(Q) :

2 N
bo(x) dx < c 1

su |2
Jl—E- a. (x) dx (2.8)

N 1

i=1

[1uco |
Q
with a constant c¢ independent of u , and provided the constant \ 1in

a, = - )b is sufficiently small, namely i < 1/c .

0 0
2.4. Example. Let us consider the plane domain @ = (0,«) x (0,~) (i.e.

N = 2 ) and the fourth order operator

2 § 8 2
:) 1 2 37u
(Lu) (x) = == (x, x,° =>2—) -
ax1ax2 1 2 ax1ax2
3 Y1 Y2 su 3 (.B1 B2 au
ax1(x1 %2 ox, axz(x1 *2 axz)

Here we have two possibilities:

(i) We can prove existence and uniqueness of a weak solution of the

E
Dirichlet problem in the anisotropic space W ’ (Q;S) normed by
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-2 4,-2 2y Y
2 2 1 2 Ju 1 2
[lu] |7 = J|U[ x4 X, dx + Jlﬁi—! X X dx
& “ (2.9)
[ B 2 I2 § §
* ”;i Py ax s [ T | x, ! x,? ax
ST L VT2
provided 61 £1 62 # 1 (these last conditions are caused by the
fact that the cllipticity constant Cq equals
P -2, _ 2
16(u1 1) (ﬁz N+ 1),
(ii), We can prove existence and uniqueness in another anisotropic
K, b . . . .
space W 2(sZ;S) normed by the expression obtained by omitting the se-
cond and third integrals in (2.9) provided Yy = 61 s Yy = 62 -2,
H1 = d1 -2, “2 = &2 .
2.5. Remarks. (i) Example 2.4 shows that the structure of the opera-

tors as well as of the weighted spaces can be more general than that
mentioned in formula (1.1) and in Definition 1.1; in particular, ant-

soiropdc operators and spaces can be treated by our method.

(ii) In Example 2.3, the estimate (2.8) played an important role.
Estimates of such a type, which can be viewed as continuous imbeddings
of w1’2(Q;S) into the weighted L2~space LZ(Q;bO) , are very useful

tools both in the theory and in applications of weighted Sobolev spaces.

2.6. Nonlinear operators. Let us consider the nonlinear operator

) = 5 enlel*a tosum) L xea, (2.10)
laf <k

where §u = {DBu, |8] < k} . Using the theory of monotone operators,
results concerning existence of weak solutions of boundary value pro-
blems for the equation Lu = f in the weighted space Wk’p(Q;S) with
1 <p< o and S = {Ua’ |a] < k} can be derived provided the "coeffi-
cients" aa(x;g) of the operator L satisfy the following three con-
ditions:

(i) the weighted growth condition

1 . -1 1
o)Pefg 0 + o £ g, P o Pia] (2.11)

la (x58)| <
¢ 18] <k

|a] <k, for a.e. x g @ and all ¢ € RM with given constants c, 2 0
and functions g € i) , g=p/p-1) ;

(ii) the usual monotonicity condition
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L o la,x50) —a (xsm]le - n ] zo0 (2.12)
la] <k a Q
for a.e. x g 2 and all ¢, n ¢ RM :
(iii) a weignted coereivity condition
Loa (xe)E > ep 0 g (P g, (2.13)

la[<k = Oafek ®
M

for a.e. x € © and all ¢ € R with a given constant Cy > 0 .

The following assertion is a nonlinear analogue of Theorem 2.1.

2.7. Theorem. Let S = {Ou, la] < k} be a given family of weight
functions and Wk’p(Q;S) the corresponding wetghted space with p > 1.
Let the operator L from (2.10) fulfil conditions (2.11) = (2.13). Let
f € (wg’p(Q;S))* and u, e Wk’p(Q;S) be given. Then there exists at
least one weak solution u € wk’p(Q;S) of the Dirichlet problem for

the equation Lu = £ | Z.e., such a function u that

- P,
u u, € wﬁ (92;8)

and

]
Jaa(X;éku(x))DaV(X) dx = <f,v> for every vV € Wg’p(Q)
Q

If the inequality in (2.12) <s strict, then the solution u <is

la]zk

unitquely determined.

Idea of the p r oo f : Let us consider the form

. [ o
a(u,v) = L Jaa(x;éku(x))D v(x) dx .
lo] <k Q :

The operator T defined by the formula af(u,v) = <'f‘u,v> , is, in view

of condition (2.11), a bounded operator from Wk’p(Q;S) into its dual.
To find a solution u of the Dirichlet problem means to find a func-

tion 4 € X = Wg’p(Q;S) such that a(i + u
vex,
from X to X* defined by T = T(d + u)
to the solution of the equation Tu = f in X with a given f & X* .

0’ v) = <f,v> for every
i.e., that T(4 + uO) = f . If we denote by T the operator
, then our problem reduces
Conditions (2.11) - (2.13) guarantee that the operator T is bounded,
demicontinuous, monotone and coercive, and so, the existence of at
least one solution of the Dirichlet problem follows by applying the
method of monotone operators. Uniqueness follows by contradiction if we

assume that the inequality in (2.12) is strict.




2.8 Example. As a typical cxample of a nonlinear operator closely con-

nected with the weighted Sobolev space wk'p(u;S) , S={o = ol(x);
o) N
|[a] - k} , we can consider the operator
(Lu) (x) = ). (—1)“"1)"‘{|1>“u(x)|p“1 sgn D% (x) o ()} .
|11[‘~'k )

3. Elliptic operators with "bad" right-hand sides

Let us now suppose that the operator L from (1.1) satisfies con-
dition (1.4) with a space V C wk‘z(u) (V is chosen in accordance
with the type of the boundary conditions: for instance, V = W§’2(ﬂ)

k,2,
WS T (q)

for the Dirichlet problem and V = for the Neumann problem) .

Further, let S = {Uu’ |a| < k} Dbe a family of weight functions
and let us denote by 1/S the family {1/aa, |[a| < k} . The functions
1/0Ol are weight functions as well and consequently, we can consider

the pair of weighted Sobolev spaces

Hy = wo2(uss) and my = WO P(e;1/8) . (3.1)
Rewriting the bilinear form af(u,v) from (1.2) in the form
a(u,v) = ) Ja 5 1DPu(x) Jo_x) D (x) 1( - dx (3.2)
‘ul,IBI;k A a o Oa X

we conclude immediately from H6lder’s inequality that af(u,v) s a
continuous bilinear form on H1 X Hy .

This last property replaces the continuity condition (1.3). If we
now replace the ellipticity condition (1.4) by the pair of conditions

sup |a(u1,u2)| > le[ujI!H4 , i, 3 =1,2, i#3, (3.3)
haglly <1 3
1
- we say in this case that af(u,v) s (H1,H2)—elliptie - we can

again derive assertions about existence and uniqueness of weak solutions
of the equation [u = f in H1 (or its subspafes selected according

to the type of the boundary conditions), f € HZ . The main tool is a
modified version of the Lax-Milgram Lemma due to J. NECAS [1],[2], who

also proposed the method roughly described above.

3.1. Problem. For what weight functions oa,lal < k, the conditions
(3.3) are satisfied? More precisely: For what weight functions 9, does
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s

the ellipticity condition (1.4) with V a subspace of the c¢lussical
Sobolev space Wk’z(n) imply the weighted (H1,H2)—ellipticity?

3.2. Power type weights. Let us consider weight functions of the form

o (x) = [aist(x,M)]¢ for all J|af < k (3.4)

where M 1is an m-dimensional manifold, M C 92 , and ¢ is a real
number. The corresponding weighted space wk’z(n;s) will be denoted by

w2 (q; (@ist)®) , so that we have W<'2(q;(dist)™ %) for w<'2(e;1/s)

In the case of the Dirichlet problem the solution of Problem 3.1

is given by the following statement.

3.3. Theorem. There exists an Interval J containing O such that

for € € J the (H1,H2)-ellipticity conditions (3.3) are satisfied with

_ kK, 2 5. 4. € _ wkKs2 6. (a4 -€
H, = W, (Q; (dist) ") , H, Wy (R; (dist) ) .

The p r o o f 1is based on the imbedding
wer 2 (925 @ist) ) G L2 (2; (aist) “72) (3.5)

which holds for € # 2 + m - N (m = dim M) . Using the ellipticity con-
dition (1.4) and repeatedly the imbedding (3.5) (also for higher deriva-
tives and for both € and -¢& ) we obtain the lower estimates (3.3)
with constants c¢. which depend on the coefficients of the operator L
ap on the ellipticity constant Sy ), on
geometrical properties of @ (especially on m = dim M and on the

(i.e. on the Lw—norm of a

smoothness of M ) and on the norm of the imbedding operator from (3.5)
(i.e. mainly on the value of the parameter ¢ ). The interval J is
determined by the requirement of the positivity of the constants c. .
A detailed derivation can be found in A. KUFNER [1] who extended to ar-
bitrary M C 82 the ideas developed by J. NECAS [1] for the case M =
N .

3.4. The size of J . Theorem 3.3 states the existence of an interval

J ; consequently, the existence and uniqueness of a weak solution of
the Dirichlet problem for the equation Lu = f in wk’z(ﬂ;(dist)e) is
guaranteed provided € € J . For applications it is necessary to know
the exact size of the interval J of admissible powers € in the
weight function (3.4). It depends on L , @ and M , but the estimates
derived in the proof of Theorem 3.3 are very rough, and therefore, it

is necessary to evaluate the interval J in every particular case se-
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parately. For example, for the operator L = - A it can be shown that
Theorem 3.3 holds for |e| < 1 so that we have J = (-1,1) but in
the case of M = {xo} with x 0 (i.e., the case of the weight
function |x - xolC ) where { 1is a plane domain with the outer cone

property at the point x (the cone being characterized by the angle

w ) we have a better estgmate le] < 2m/(2m - w) . In this connection,
let us mention the recent result of J. VOLDRICH [1] who has shown that
for any given € # 0 , |e¢| arbitrary small, a second order elliptic
differential operator L can be constructed (depending on € ) such

that the Dirichlet problem for L has no solution in the space
w2 (0; (aist) ©) .

In the case of other than power type weights, certain results con-
cerning weight functions of the type

ua(x) = s(dist(x,M)) ,

s = s(t) a positive function on (0,~) , have been derived by B. OPIC.
These results as well as other examples concerning the Dirichlet problem
can be found in the book A. KUFNER [1].

3.2. Other boundary value problems. For non-Dirichlet problems, Problem

3.1 has been investigated only for power type weights, and results si-
milar to Theorem 3.3 have been established. The fundamental difference
as compared to the Dirichlet problem consists in the fact that sertous
restrictive conditions appear. E. g., in the case of the Neumann problem,
where one has to work with the space wk’z(Q;S) instead of Wg’z(ﬂ;s) R
the following analogue of Theorem 3.3 holds.

3.6. Theorem. Let for £ C RY and M C 30 with m = dim M the follo-

wing condition hold:
N-m2>2k+ 1. (3.6)

Then there exists an interval J containing O such that for e & J
the (H1,H2)—eZZipticity conditions (3.3) are satisfied with H1 =

wk’z(n;(dist)c) » Hy = wk’z(Q;(dist)-E) (and conseguently, existence

and uniqueness of a weak solution u € H1 of the Neumann problem for

an elliptic equation of order 2k is guaranteed).

The p r o o £ uses the same ideas as the proof of Theorem 3.3, but it
is based on the imbedding
W' 2 (a5 (aist)©) G L2 (05 (aist)e7?)

which, in contrary to the imbedding (3.5), holds only for € > 2 + m -




N . This difference leads to the unpleasant restriction (3.6).

3.7. Remark. For second order equations, i.e. for k = 1, condition
(3.6) has the form

N-m:>3
and excludes many important and interesting special cases of M as
points (vertices - m = 0 ) or lines (edges - m = 1 ) on the boun-
daries of domains § of dimension N = 2 or N = 3, respectively.
Nonetheless, for some special domains (cubes) and spectal operators
(- A ), J. VOLDRICH derived results analogous to Theorem 3.3, even
in the case if (3.6) is violated. For details see A. KUFNER, J. VOLDRICH

0.

3.8. Another approach. The method described above is a little more

complicated than the usual method mentioned in Introduction: It needs
a patr of Banach spaces and two "ellipticity" conditions (3.3) instead
of one simpler condition (1.4) and involves the Lax-Milgram-Necas Lemma
mentioned in the beginning of this section. In the paper of A. KUFNER,
J. RAKOSNIK [1], another method is proposed which uses only one (weigh-

ted) space and requires the classical version of the Lax-Milgram Lemma.

Let us describe the method for the Dirichlet problem. We introduce
a new bilinear form b by the formula
b(u,v) = a(u,ov) (3.7)

where o 1is a (sufficiently smooth) weight function, and consider the
weighted space wk’z(Q;S) with the family S = {oa(x) = o(x) for all
la] < k} as well as the corresponding space Wg’z(Q;S) . For a given
functional f € (Wg’z(n;s))*k ;nd a given function u, € wk’z(Q;S) , we
say that the function u € W >7(Q;S) 1is a o-weak solution of the Di-
richlet problem for the operator L if

k,?2

0 (2;8)

u - u0 € W
and

b(u,v) = < f,v > for every Vv € Wg’z(n;s)

(provided b(u,v) 1is meaningful for wu, v e wk’z(Q;s) ).

Let us further consider a weight function o which satisfies the
following conditions: There exist a weight % and constants €y 5 Cy
such that

o(x) dx (3.8)

N
Jlu(x)|2 0, (%) dx < c; L f’QE_
=1
Q
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for every u ¢ CS(H) and

IVG(X)IZ/G(X) < (x) a.e. in @ . (3.9)

€2%
Then it can be shown that the form b(u,v) is bounded on

wl’z(Q;S) X w]'z(u;s) . Further, it can be shown that if the constant
0102 is sufficiently small then the form b(u,v) satisfies the ellip-
ticity condition b(u,u) > c01|u||?,2;s , so that the existence and
uniqueness of a v-weak solution follows by a standard application of

the Lax-Milgram Lemma.

3.9. Remarks. (i) The last result was derived for k =1, i.e. for
the sccond order operators only. For k > 1 , we have to consider
weights o which fulfil conditions (3.8), (3.9) repeatedly (i.e. for
o there must exist the corresponding 9y > for 9 the corresponding
(uo)0 etc. k-times).

(ii) The pair of conditions (3.8), (3.9) on o can be replaced
by the single condition

[ve (x)] < c,0(x) a.e. in @ (3.10)
(in the case k = 1 ). For such weights we again deduce that b(u,v)

is continuous and, moreover, for c, > 0 sufficiently small also ellip-

tic, so that existence and uniqueness of a o-weak solution in w1’2(Q;S)

follows in a standard way.

3.10. Examples. (i) For o(x) = [dist(x,M)]E , condition (3.9) is sa-
tisfied with o (x) = [dist(x,M)]E_z and c, = ¢2 and condition (3.8)
h ey = e - 1172 if ¢ # 1 and with ¢, =

le + N-m-2]"% if e #m+2-N (m=dimM, N =dim ). Con-

is satisfied with ¢

sequently, we obtain an assertion about the existence and uniqueness of
a (dist)®-weak solution u of the Dirichlet problem in the space
w1’2(ﬂ;(dist)e) provided |e| <s sufficiently small, i.e. ¢ € J
where J* is an interval containing the origin. Thus, we have obtained
a result similar to Theorem 3.3, and a comparison of the interval J
from Theorem 3.3 with the interval J* shows that (at least in some
special cases) J*:D J so that our second approach improves the set of
admissible powers.

(ii) The weight o(x) = exp(e dist(x,M)) satisfies condition (3.10)
with the constant ¢, = |EI . Weights of such a type are suitable for
unbounded domains Q and the existence and uniqueness of a o-weak so-

lution is guaranteed for |e| small.
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3.11, Other boundary value problems can be dealt with in the same manner,

and similar difficulties arise as in the first approach. E. g., if we
consider the Neumann problem in the space w1’2(n;s) with o(x) =
[dist(x,M)]° , we obtain a result about the existence and uniqueness
for ¢ € J* which is the same interval as in the case of the Dirichlet
problem, but under the restrictive condition N - m > 3 . Further, one
can show that for N - m = 1 our method cannot be used while for

N - m= 2 we find that admissible values are positive ¢’s from J* .
- On the other hand, the mixed boundary value problem admits existence
for ¢ e J°  without restriction on the dimension of M .

3.12, Remark. Since the form a(u,v) was derived from the operator L

by using Green’s formula for the integral J[lu v dx , Vv & CS(Q) , the
Q
form b(u,v) = a(u,ov) can be derived in the same way from the integ-

ral [lu(ov) dx = folu v dx . Consequently, we can treat our o-weak so-
Q Q
lution as the solution of a boundary value problem for the operator

olu . Since o(x) > 0 a.e. in Q , the difference between a weak and

a o-weak solution is more or less formal.
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