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Abstract. We consider the nonlinear evolution equation %+ Au = f(u)
in a separable, real Hilbert space H assuming that A is a linear, self-
adjoint, positive operator on H with compact resolvent. The nonlinearity
f is assumed to belong to CF(D(A¥), D(A?)) with k € Nso U {1-} and
nonnegative a, @ satisfying 0 < a — < % Let Py be the orthogonal
projection of H onto the subspace generated by the eigenvectors corre-
sponding to the first N eigenvalues \; of A. We state an existence theo-
rem for an inertial C* manifold graph(yp) with ¢ € CF(PNyD(A%), (I —
Pn)D(AY)) using an almost sharp spectral gap condition

At = KA > V2Lip (/) (X875 + 1% 7)

Assuming the existence of an absorbing ball Bp(4a)(r) in dom(A%), and
assuming only f|Bn(aa)(vV2F) € CF(Bp(aa)(V2F), D(A?)), we state the
existence of a globally attracting, locally positively invariant C* manifold
graph(y) N Bp(ae)(r) using the spectral gap condition

Ani1 — kAx > V2Lip (f|93®(,4a)(\/§?)) (A;‘;ﬁ + k:Af‘V_ﬁ)
where 7 > r. For it a special preparation of f is used.
The proofs of the theorems base on comparison theorems for special two-

point boundary value problems and for inequalities in ordered Banach
spaces.

AMS Subject Classification. 34C30, 35K22, 34G20, 47TH20

Keywords. smooth inertial manifolds, spectral gap condition, graph
transformation, boundary value problems, comparison theorems
1 Introduction

Let H be a separable, real Hilbert space with inner product (-|-) and norm | - |.
We consider the nonlinear evolution equation

U+ Au = f(u) (1)

for u € H where A satisfies

This is the final form of the paper.
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Assumption 1. A is a linear, self-adjoint, positive operator on H with compact
resolvent.

Thus, —A is the infinitesimal generator of an analytic semigroup on H.

Let A1 < Ay < A3 < --- denote the eigenvalues of A repeated with their
multiplicities, and let e; denote corresponding orthonormal eigenvectors of A.
By the properties of A the eigenvectors e; form an orthonormal basis in H.

We can define the fractional powers A* for a € R, see | ]. The do-
mains U* := D(A®) of A* are Hilbert spaces with respect to the scalar prod-
uct (ul|v), := (A%|A%v), and the corresponding norm | - |, is equivalent to
the graph norm. With Py we denotes the orthogonal projection of H onto

o0
spanfey, ... ,en}. Since U* = {u € H : 3 (u,e;)? A3% < oo}, we have PyH N
j=1

U® = PyU* and (I — Py)HNU* = (I — Py)U®. Further Py commutes with
A7 for v > 0.
The nonlinear term f is assumed to satisfy at least

Assumption 2. There are k € Ny U {1-}, k € [0,1] with k = 0 iff £ = 1—
and nonnegative constants «, (3 satisfying 0 < a— g < % such that f|£2 belongs
to CFFF(02,UP) for any bounded set £2 C U°.

Here f|£2 denotes the restriction of f onto £2. C!.(€,7) denotes the Banach
space of the bounded continuous functions from € into F being uniformly Lip-
schitz. For k > 1, C’{fl’f ®(€,F) denotes the Banach space of the k-times k-Holder
continuously differentiable functions from &€ into & with bounded derivatives up
to the order k. In the following, we calculate with 1— as with 1. We denote by
Lip (g) the smallest Lipschitz constant of g on its domain dom(g).

For a subspace U of U* endowed with the induced topology let

Bu(r) ={uel : |ulo <r}

be the open ball in U centered at 0 with radius r < oco.

Applying the results of | ], equation (1) generates a (local) semigroup
S in U%, such that the (classical) solution at time ¢ in the existence interval
through an initial point ug € U® is given by u(t) = S(t)ug. For ¢ > 0, u(t) is
more regular than the initial point, with u(t) € U'*P C D(A) and u(t) € UP.
These regularity results make it possible to work with the equation itself and
take inner products rather than have to use the variation of constant formula.
In particular expressions such as

1d 2 . 20—
37 u(t)[2 = (A%0(t)| A% Pu(t))
make sense for ¢ > 0 since U# C U2*™F because of o — 3 < 1 and since

u(t) € UP and u(t) € UTP for ¢ > 0.
Recall that an inertial C* manifold M is a subset of H with the following
properties (see | , , | for k=1-):
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1. M is a finite dimensional C'* manifold in U* C H.

2. M is positively invariant; i.e., if ug € M then S(t)ug € M for all ¢ € [0, oo].

3. M is exponentially attracting; i.e., there is a v > 0 such that for every n € U“
there is a C' such that

dist(S(t)n, M) < Ce™ ™ (t>0).

In some papers the exponential attracting property is supplemented by the
exponential tracking property (] ) or asymptotical completeness property

([ : : D):

There is v > 0 such that for every n € U* there are € M and
C > 0 with |S(t)n — S(t)A|e < Ce™ " dist(n, M) for all ¢ > 0.

Usually we are looking for an inertial C* manifold M which is constructed
as the graph graph(y) := {£ + p(£) : € € PyU*} of a CF function ¢ : PyU® —
(I — Py)U®.

Because of the attraction property of M, the asymptotical behavior of the
solutions of (1) is governed by the asymptotical behavior of the solutions on the
finite-dimensional manifold M. The dynamic on M is determined by the ordinary
differential equation (inertial form)

T+ Az = Py f(xz + ¢(x))

in the N-dimensional Banach space PyU®.
Instead of Assumptions 2 usually one assumes

fechus,u?) (2)
with suitable @ > 3: For k = 1— we have for example « =1, 3= 1 in | l,
B=a-1in] ], a =03=0in | Lo=pg<a<1lin| I,
0<a-p<1in] Lo<a—-p<1lin]| ]. Thus our assumption

0<a-p< % assumed for technical reason is not the weakest possible one.
A spectral gap condition mostly of the form

AN+1 — AN > Cy Lip (f) ()\%_ﬁ +2y7) (3)

plays an important role where C; is a number depending on «, 3, and Lip (f).

Romanov | ] found (3) with Cy = 1 ensuring the existence of a Lipschitz
inertial manifold for (1) with 0 = 8 < a < 1. He gave counter-examples satisfying
a spectral gap condition (3) with C; < 1 but not having an inertial manifold.
That means, the spectral gap condition (3) with C; = 1 is a sharp condition for
Lipschitz inertial manifolds. As corollary of our Theorem 8 we have a spectral
gap condition (3) with C; = /2, i.e. our spectral gap condition is a little stronger
than Romanov’s one.

The weakest known spectral gap condition in the form (3) for inertial C*
manifolds was found by Ninomiya | | with Cy =2for0 < a—p3<1/2. Our
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Theorem 8 will allow C; = v/2, i.e. our spectral gap condition is a little weaker
than Ninomiya’s one.

For k > 1 and (2), Chow et al. | ] have a spectral gap condition of the
form

v —kAx > G (O8] +A57), Av > Go

but with unknown Cp, C1 depending on «, 3, k and Lip (f). Additionally they
get the a priori estimate Lip (¢) < 1. Inserting (10) with Q = U* in (14) we
obtain the spectral gap condition

A1 — B > V2Lip (F) (A1 + 03 7)

for the existence of an inertial C* manifold of (1) even for k > 1. Moreover, we
get the better a priori estimate Lip (¢) < x1 where the number x; < 1 is defined
in Lemma 4.

Let Q be an open set in U“. In order to include also manifolds which are
subsets of Q, we introduce the following notion: A set M is called inertial C*
manifold in Q if

1. M is a finite dimensional C* manifold in U®.

2. M N Q is locally positively invariant; i.e., if ug € M N Q then there is € > 0
such that S(t)up € MNQ for all ¢ € [0, ¢].

3. M is exponentially attracting for all orbits in Q; i.e., there is a v > 0 such
that for any ug with S(t)up € Q for ¢ > 0 there is a constant C such that

dist(S(t)n, M) < Ce " (t >0).

If M is an inertial manifold in Q then the asymptotical behavior of the orbits of
(1) in Q is determined by the orbits of (1) in M N Q.

If @ = U and dom(p) = PyU* then an inertial manifold M = graph(y) in
Q is an inertial manifold in the usual sense.

If f does not satisfy (2), it is usually modified by a trunctation method to
a new function f so that the asymptotic behavior of the solutions of (1) is not
changed but f satisfies (2): If B(r) is an absorbing set of (1) then f is modified
outside of B(r) in such a way that f(u) = 0 outside of B(2r), and such that
Lip (f) of the new function is not greater than Lip (f|B(2r)) of the old function.
Then an inertial manifold M of the prepared equation is an inertial manifold in
B(r) of the original equation (1).

Let Q = Bpyue (r) + B(r—pyyu=(r) and Q = Bpyye (T) + B1—py)ue () with
T > r > r arbitrary close to r. Theorem 8 allows to use Lip (f|§) instead of
Lip (f|B(2r)) even for k > 1 such that we get an additional weakening in the
spectral gap condition since Lip (f|Q) < Lip (f|B(v/2r)) < Lip (f|B(2r)) for
T< \/iﬁ.

A crucial role in the proof of Theorem 8 plays comparison system (8). System
(8) has a linear inertial manifold in R if and only if the spectral gap condition
(5) is satisfied. -
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2 Main Results

2.1 Existence of Smooth Inertial Manifolds in a Set Q

Let N € N be suitable chosen. In order to simplify notation we shall use

Ay = Ay, Ao == AN,
w1 = Py, my := I — Py,
Ug == mu, Ug = mU”

such that U* = UT @ US. To avoid repetition, we agree that ¢ always ranges over
the integers 1 and 2.
We assume that the set Q has the special form

Q.= ‘Bufc (7"1) + Bug (7‘2),

where r; € R>q or 1 = r9 = oo.
In order to ensure the existence of an inertial manifold in Q, we introduce

Assumption 3. There are numbers v; > 0 and 7; with r; < 7; < o0 or 7; =
r; = 0o such that the one-sided Lipschitz inequalities

(A2 Priup| AP [f (ur) — f(u2)]) > =71 A7 |mualza—sluala, @
(A2 Prau | AProo[ f (wn) — fluz)]) < 7245 “|moual2a—sluala
hold for any u; € QN UP where up = u1 — us and

Q := Bys (T1) + Bug (T2)-

The following technical lemma gives a connection between the spectral gap
condition (5) and a comparison problem (8) in the plane:

Lemma 4. Let the spectral gap condition

3/2
Ay — Ay > (Wf/?’ + 73/3) (5)

be satisfied. Then we have:

1. There are x2 > ¥/v2/71 > x1 > 0 and g2 < 01 which are uniquely deter-

mined by
gl':—A1—71\/1+X§:_A2+’72\/1+X;2' (6)

Moreover,

02 < 0. (7)
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2. The sets ¥; == {w € R%, : w? = yyw'} are integral manifolds of the
comparison system

u'}l = —Alwl - ’Yl|w|a wQ = _A2w2 —|—’}/2|U]|, (8)

where |w| = \/(w')? + (w?)2. The function v; : R>o — R defined by
bi(t) = (Lxi)  (t=0)
is the solution of (8) through (1,x;) € ¥; at t = 0.

Proof. First we note that ¥ = {w € R2, : w? = yw'} is an integral manifold
of (8) if x > 0 is a zero of the function p : R~¢ — R defined by

p(OX) = A — A+ V142 + 72V 1+ x72

The function p is strongly convex with lim,_,op(x) = limy—p(x) = +oo.
Hence p has at most two positive zeroes. p is minimized at xo := {/72/71 and
p(x0) < 0 because of (5). Therefore, the existence of positive zeroes 1, x2 of p
with x1 < xo0 < x2 follow. By definition of p, these numbers x1, x2 satisfy (6).
Thus ¥; are integral manifolds of the comparison system (8) and the functions
1; are solutions on ¥; with the stated properties.

Since A; > 0 we have gs < 1 < 0 and hence (7). O

Remark 5. W is an inertial manifold of (8) in R%.

Remark 6. Requiring p(1) < 0 one gets the little stronger gap condition
Ay — Ay > V22 4+ 7). 9)
Assuming (9) we have x1 < 1 < x2 and

01> —A1 —V2v1, 02 < —As+ V27.

Remark 7. If r; < oo and Lip ( f |§) > 0 the existence of numbers ~; satisfying
Assumption 3 follows from Assumption 2: We can choose

v = Lip (f]9) A7 (10)
The spectral gap conditions (5), (9) read now
= a— o 3/2
Ay — Ay > Lip (f[Q) <A§< RIEIE ﬂ)/S)
and
Ay — Ay > V2Lip (f[Q) (Ag—ﬁ n Aix—a)

in the well-known form.
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Theorem 8 (Inertial manifold in Q). Let the Assumption 1, 2, 3 be satis-
fied. If (5) then there is a ¢ € Céf(Bu? (r1),Ug) with Lip (¢) < x1 and being
uniquely defined if r; = oo such that M := graph(y) is an inertial C*~ manifold
in Q with
dist(S(uo, M) < XXX 00— omu)lae®t (2 0) (1)
X2 — X1

for any ug with S(t)ug € Q for t > 0.

Moreover, for any Q C Q with positive distance to 09 if r; < oo and any ug
with S(t)ug € Q for t > 0 there are g € MNQ and T > 0 with S(t)tay € MNQ
fort >0 and

|m2uo — @(m1uo)]a

I St+T — S(t)uplla <
|7 [S(t + T)uo — S(t)ao]| —

Up(t+T)  (t=0) (12)

where T =0 if ro = oo. If in addition k > 1 and
02 > koy (13)
then @ € C’{;('Burlx (r1), Bug (r2))-

Theorem 8 will be proved by means of Theorem 11 concerning the existence
of special overflowing invariant manifolds.

Remark 9. Since x1 < ¥/72/71 < X2 we have

2/3

01>—-MA -7 /?

2/3 2 2/3
'71/ +7% 92<—A2+’72/

2/3 . _2/3
’71/ +72/

such that (13) can be replaced by

2/3 2/3 2/3 | _2/3
Ay — kAy > (3 + kP 5T
Assuming (9), this inequality can be replaced by the stronger condition

Ay — kAy > V2(v2 + k). (14)

2.2 Overflowing Invariant Manifolds

Theorem 8 will be reduced to the following Theorem 11 concerning the existence
of an overflowing invariant manifold for the prepared evolution equation

U+ Au = f(u). (15)

A set M = graph(¢*) with ¢* : clWy — US and Wy C US is called
overflowing invariant with respect to (15) (compare [ D if:

— M* := graph(¢*|Wy) is locally positively invariant with respect to (15).
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— The vector field of (15) is pointing strictly outward on the boundary OM™* =
M\ M.
— The vector field of (15) is nonzero on OM*.

Besides Assumption 1 we need

Assumption 10. There arq@ with 0 < 71 < T1 < 00 or 0<r <7 <00 and
0 < 2 < To < oo such that f|Q belongs to CF(Q,U?), and such that f satisfies

<A2a*57r1u4|A57r1 [f(ur) — f(uz)]> >~ A mualsapluala,

2a—0 Jé] r n B—a (16)
(4% P mpual APm [ fun) = Fu)]) < 1245 maualosluals
for u; € QN UMP where ua = uq — us, and

<A2a’ﬁ7r1u| — A1+67T1’U, + Aﬁwlf(u)> >0 if |7T1u|a =T, (17)

<A2a’ﬁ7r2u| — A1+67T2’U, + A57r2f~(u)> <0 if |7T2u|a =Ty

for u € QN UMA,

The inequalities (17) ensure some inflowing and outflowing properties of the
vector field on the boundary of

Q := By (1) + Bug (72).
Let S denote the local semiflow of (15) in Q.

Theorem 11 (Overflowing invariant manifold). Let Assumption 1 and 10
as well as (5) be satisfied and let Wo := Bae (71). Then there is a unique p* €

CL™ (1 Wo, Ug) with Lip (p) < x1 and |p(&)|a < 72 for & € cIWq such that

M = graph(¢*) is overflowing invariant with respect to the prepared evolution
equation (15). Moreover, for any ug € Q with S(t)ug € Q for t > 0 there is
Go € M* with S(t)to € M* fort > 0 and

7S (H)uo — S(t)io]|o < LELD ;f_* ZT“O)""%(@ (t > 0).

If k> 1 and (13) then ¢* € CF(clWo, US).

In order to show the existence of a C'~ manifold with the properties stated
in Theorem 11 we proceed as follows. For fixed v € [, 8 + 1] we introduce the
Banach space Gg := C2(cl Wy, U]) equipped with the supremum norm |[¢|]o :=

sup  [o(€)]5- Let
EeclW

0
Do :={po € Go : ||wollo < 72, Lip (¢o) < x1}-

Note that @( is a closed subset of Gy.
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We introduce the two-point boundary value problems

U+ Au = f(u) (18a)

mu(d) = &, mu(0) = ¢o(miu(0)) (18b)

on [0,9] with & € clWp, ¥ > 0, and g € Py. Showing that (18) has a unique
solution Uy (-, 9, &, po) satisfying

UO(ta 19)57900) € g (t € [0719])
for any ¥ > 0, £ € cl Wy, o € Po, we can define the G(9) : &g — Go by

(GO(ﬁW’O)(f) = 7T2U0(195 19)57 800) (79 Z Oa 6 € C1W07 Yo € QSO)

Using some properties of Uy (¢, 7, €, po) we can show that Go(¢) maps @ into
itself and that Go(9) is uniformly contractive for ¥ > Ty and sufficiently large
To. Hence there is a unique fixed-point ¢f(9) in &g for ¥ > Ty. Showing the
existence of these fixed-points for all 9 > 0 and showing their independence of
¥ we get the locally positive invariance of graph(pf|Wo).

The exponential tracking property can also be proved reducing it to the
estimation of solutions of boundary value problems.

In order to show higher smoothness of ¢y assuming the spectral gap condition
(13), we shall use the fiber contraction principle | , , ]. Since C*-
smoothness for £ > 3 can be proved similarly to the C?-smoothness, we restrict
us to k < 2.

First let k¥ = 2. Let the spectral gap condition (13) be satisfied and let
v €]a, B+ 1] be fixed. Applying the implicit function theorem one can show that
Uo(t, 9, -, ¢o) is twice continuously differentiable for ¢ € [0,9], ¥ > 0, ¢o € Py.

We introduce

Gy = CO(l Wy, L(UT,UD)),

Gy := CY(cl W, L(UT x U, UT)).

G1, G2 are complete with respect to the norms || - ||1 and || - ||2 defined by

p1ll1 ;== sup max 01(&)h]~,
ol = swp | _mox |

©2ll2 ;== sup max |p2(§)(h1, he
|| S hieclﬂsu?(l)| )( )y
for 1 € G1, o2 € Ga. Further we introduce the closed sets &1 := {1 € Gy :
o1l < x1}, P2 = Go.

One can show that for any ¢ > 0, £ € clWo, (po, p1,92) € Pg X P1 X P,
hi,hy € U] there are a unique classical solution Uy (-, 9, &, ¢o, p1, h1) of

@+ Au= Df(U(t))u,

(19)
mu(¥) = hy, mu(0) = ¢1(m1U(0))mu(0)
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on [0,9] and a unique classical solution Us(-, 4, &, o, @1, @2, h1, he) of

i+ Au= Df(U(t))u + Ry (t),

(20)
mu(¥) =0, mu(0) = p1(mU(0))mu(0) + R

on [0,9] where U(t) = Uy (t,9, &, ¢o),
Rl(t) = DQf(U(t))(Ul(tv 193 57 ®0, L1, hl)a Ul(t7 797 67 $0, L1, h2))7

Ry = WQ(WlU(O))(Ul(Oa19)57‘)007()01; hl)a U1(07797§; ¥o, ‘P17h2))-
We define Gl(ﬁ) : @Q X @1 — Gl, Gg(ﬁ) : QS() X @1 X @2 — GQ by

(Gl(ﬁ)((poa @1))(65 hl) = 7T2U1(19519)€7§00; ©1, hl)a
(G2(9) (o, @1, 92))(&, h1, he) = mUz(9,9,&, w0, @1, 02, b1, ha)

for 9 > 0, £ € cl Wy, (¢o, 1, p2) € Po X D1 X Pa, h; € UJ. There are T > 0 and
closed ¢; C @; such that Go(T2), G1(T2)(vo, ), G2(T2) (0, ¢1,-) are uniformly
contractive selfmappings on @g, @1, P2 respectively, for (po, 1) € Po x P1.

Because of these contraction properties, the mapping G : @9 X &1 X P —
Py X 1 X Dy defined by

G(p0, 1, 92) = (Go(T2)(w0), G1(T2) (w0, 1), G2(T2) (po, 1, 2))

for (¢o, 01, pa) € Pox Py x Py has a unique fixed-point, (¢, oF, ©5) € Pox Py xDy.
Showing the continuity of G1(-, 1), Ga(+, -, p2) for (p1,p2) € @, x Py, the fiber
contraction principle implies the attractivity of (¢f, ¢, ©4), i.e., the convergence
of the iterates

(21)

(6" 01", 95") = G™ (00, o1, 02)

to (g, 1, ¢3) € By x By x Py for any (o, o1, 2) € By X By X Ps.
Choosing (o, ¢1,¢2) = (0,0,0) we have
Dap(()") = cpgn), ngoén) = gog") (n € N).

This and " — @5, 01" — o1, "™ — @i imply

Doy =¢1, D25 = 3,
i.e., the C?-smoothness of graph(g|Wo).

_ For k = 1 the proof proceeds similar to the case k = 2 where we use G :
@0 X @1 — SI)O X @1 defined by G((p(), (pl) = (Go(TQ)((po),Gl (TQ)(@Q,(pl))

In order to study (18), (19), (20) we shall develop and use comparison theo-
rems for such boundary value problems. The main difficulties are here that the
comparison problem in RZ, will be a nonlinear one (in order to get an almost
sharp gap condition) and that the differential inequality in general holds only in
a part of RZ ) (because of the nonequivalence of | - |, and | - |2q—g for a > 3.)
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2.3 Proof of Theorem 8

In order to apply Theorem 11, we have to determine numbers 7; and a suitable
modification f of f satisfying Assumption 10.
Let the assumptions of Theorem 8 be satisfied.

First let 7; = 7; = co. In this case we can choose f = f and 7; = co. Remains
the choice of 73 < oo satisfying (17).
Because of Assumption 2, there is a constant Ko with |f(u)|g < Ko for

u € U*. One can show that a any 7y > A;Ha*ﬁKo satisfies (17) since
<—A1+ﬂ7r2u + ABWQfN(u)|A2°‘_57r2u> S (—Agfg + K()Agiﬁ)fg <0

for any w € Q N UP with |mou|q, > 72. Thus Assumption 10 is satisfied.
Theorem 11 implies the existence of an inertial manifold M = graph(y) with
@ € Cp~ (UF, mU*) and Lip () < x1.

Let graph(¢’) with ¢/ € CL™(U$,U§) be another inertial manifold with
Lip (¢') < x1. Choosing 5 > max{||¢||, [|¢'|], 45 *T* P Ky}, Theorem 11 implies
¢ = ¢'. Thus Theorem 8 is proved in the case T; = oc.

Let now r; < 7; < o0. Let 7; with r; < 7; < 7; be arbitrary.

In order to construct the function f let b € C°°(—00, o) be a bump function
with the following properties: b(w) = 0 for w < 0, b(w) = 1 for w > 1, Db(w) > 0.
We introduce f; € C(U*, U) defined by

Then for any v € U* we have
mifi(u) = 0if i £ j, fi(u) =0 if [mulo < 75, fiu) = muif [mulo > 7. (22)
Further
<A"‘mh|A"“mDﬁ(u)h> >0 (uheuo).
Applying the mean value theorem to the scalar-valued function
T <Aa7Tih|Aa7Tifi(u + Th)>
we obtain
(Armhl Al fiu+B) = f@)]) 20 (u,heU)
and hence

(AP AP fuu+ ) = f)]) 20 (weus, hew?).  (23)
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There is u; > 0 satisfying —A17% — 17 + p1r? > 1 for v € [f1,7]. Further
let pio = (3 — A543 + 1) /7. )
Now we are in position to introduce f : U* — U? defined by

Fu) = fu) + p fi(u) — pafo(u) — (ueU)

satisfying Assumption 10: The inequalities (16) follows from (23) and (4). For
any u € Q NUM? with |mul, > 71, we have

<—A1+57r1u + Aﬁmf(u)|A2afﬁ7r1u> >1
by choice of 1 and hence the first inequality in (17). Further one can show
<—A1+ﬂ7r2u + A57r2f(u)|A2°‘_ﬂ7r2u> S -1

for any u € QN U'A with |mouls > F2. Thus the second inequality in (17) is
satisfied, too.

Applying Theorem 11 to the prepared evolution equation (15) we get an
overflowing invariant manifold M = graph(p*) with the properties stated in
this theorem. Let ¢ := ¢*|Bye(r1) and M := graph(¢). Then Lip (¢) < xi1.
Because of (22), we have

flu)=fw)  (ueQ)

Therefore, the manifold M N Q is locally positively invariant with respect to (1).
Let up € Q with S(¢t)ug = S(t)up € Q for t > 0. By means of Theorem 11 there

is 1y € M* with S(t)io € Q and
i [S(E)uo — S(t)io]|a < |m2uo — " (T1u0) |0ty (t)
for ¢ > 0. Thus

dist (S (t)uo, M) < |m2S(t)uo — @(m1.5(t)uo)|a
< |maS(t)ug — maS(t)iiola + |¢* (w1 S()ii0) — ©* (w15 (t)uo)|a
<|maug — @* (m1uo)|a (X103 () + Y3 (1))

for t > 0 such that (11) follows.

If 9 = Q = U, the exponential attracting property follows directly from
Theorem 11.

Let Q C Q have positive distance to 0Q and let ug satisfy S’(t)uo = S(t)up € Q
for t > 0. By means of Theorem 11 there is 4y with g(t)ﬂo € M* for ¢t > 0 and

[ S(H)uo — S(t)o]|o < |mauo — ¢ (T1u0)|athh(t)
for t > 0. Using theseNinequalities the existence of T' > 0 follows with S (t)yao € Q
for t > T. Let 4o := S(T)up. Then S(t)ip € MNQ for ¢ > 0 and the inequalities
(12) follow.

The smoothness properties of ¢ follow directly from Theorem 11. Thus The-
orem 8§ is proved. ]
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3 Some Comparison Theorems for Two-point Boundary
Value Differential Inequalities

Let the assumptions of Theorem 11 be satisfied.

The following Lemmas 12, 13, 14 give a connection between solutions or the
difference of solutions of the boundary value problems (18), (19), (20) and a
solution v € C([0,9], R, of the boundary value differential inequality

t) —yi|v(t)| — Ay for a.e. t € [0,9],
< (=Ag — 0)v2(t) + y2lv(t)| + Az if v(t) € Vi (o, A2), (24)
vt () < By, v*(0) < x1v1(0) + By

where Ay, Ay, B, By are nonnegative numbers, 9 > — Ao, and
Vi(o,Ag) :={v € ]RQZO 0 —2(—Ag — 0)v? > yalv| + Ag}.

For a compact time interval T let minT (max T) denote the lower (upper)
boundary point of T.

The main goal of this section is to develop Theorem 16 and 17 for the com-
parison of solutions v € C([0,9],RZ,) of (24) with solutions w € C([0,9],R%,)
of the boundary value problem B

B = (ot ) e e
w2 (t) = (A2 — Qw?(t) + 1elw(t)] + az,
w!'(maxT) = by, w?(minT) = yw! (minT) + by (25b)

where a; = A;, b; = B;, T = [0,9], or with solutions @ € C([0,9],RZ,) of the
boundary value differential inequality -

w'(t) < (A1 = 9w (t) = mlw(t)| - a1, (teT).
W2(t) > (= Az — 0)w?(t) + Ye|w(t)| + a2 (26)
wh(maxT) > by, w?(minT) > x1w! (min T) + by

where a; = A;, b; = By, 0 € R, T = [0,9]. In an intermediate step we shall
compare solutions v € C(T, RQZO) of

0l (t) = (—A1 = 0)vt(t) — v(t)| — a1, (t €t ),
0*(t) < (=42 — 0)v*(t) + y2lv(t)] + a2 (27)
v (maxT) < by, v?*(minT) < xgot(minT) + by.

with solutions w and @ of (25) or (26), respectively.
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Lemma 12. Let u; : [0,9] — Q be a solution of the boundary value problem
(18) and let uz : [0,9] — Q be a solution of (18a). Then v € C([0,9],R%,)
defined by v(t) = (|71 [u1(t) — u2(t)]|a, |72[u1 (t) — u2(t)]|«) satisfies the boundary
differential inequality (24) with o = 0, Ay = Ay = 0, By > |mua(9) — {la,
By > |mau2(0) — ¢o(m1u2(0))la-

Proof. 1. First we want to show

<_A1+57r1 [ur — ug] + APy [f(uy) — f(u2)]| A2 Pry[uy — u2]>

(28)
> —Mifmfur = wo]Z — mlur — ugla|mifur — uslla
for any w1, us € QN UM, Moreover, we will show
<—A1+B7T2[U1 — ug] + APma[f (ur) — f(ua)]| A2 Prafuy — u2]> (20)
< —Ag|mafuy — a2 + Y2lur — uglalmelur — us)la
for any uy, us € QN UMP with
(Imifur — ula, [72[ur — uzlla) € V4(0,0). (30)

Let uq, us € ANU*A be arbitrary. For shortness let ua := u; —ug. Inequality
(28) follows directly from (16) and |mual2a—g < A?76|7r1uA|a.
Further (16) implies
(=AY Proup 4+ APy f(uy) — flu2)]|A2* Pryun)
< AP mpua B s + 7245 lualalmaual2a—gp-

Thus (29) is shown if o = (.
Let now a > (. Since

PSRN _A§—2a+257_2 + 72/15_0(|UA|0¢7'

. . “14a— .
is monotonously decreasing for T > %AQ ta=p Yo|tala, we can use the estimate

[mounlaa—p > A P|mauala

in order to get (29) if

_ 1 _ _
AP | mauale > 5/12 b luala

i.e. if (30) holds.
2. Now let w1, us be solutions of (18a) with the properties as required in the

lemma and let v as defined in the lemma. Futher let un = u; — u2. Then

V()0 (t) =14

3 Elmiual?
- <—A1+%M + AP Fun () — f(uz(t))]|A2a*ﬁ7riuA> :
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Using (28), (29) we find v ()0t (t) > —A1(v1(t))? — y|v(t)|vl(t) for ae. t > 0
and 9% (t) < —Axv2(t) + y2|v(t)| for t > 0 with v(¢) € V(0,0).

3. We have v!(¥9) = |miua(9) — €]o < By and

v*(0) = |[po(m1u1(0)) = @o(m1uz(0))] + [@o(m1uz(0)) — Touz(0)]|a
< xa|miu1(0) = u2(0)]]a + |¢o(m1uz(0)) — m2u2(0)|a
< x10*(0) + Ba.

Thus Lemma 12 is proved. ]

Similarly to Lemma 12 one can prove the following two lemmas.
Lemma 13. Letk > 1 and let U € C([0,9],Q). Let u : [0,9] — U® be a solution
of (19) on [0,9] with p1 € D1, hy € UY. Then v € C([0,9],R2,) defined by
v(t) = (|m1u(t)|a, |T2u(t)|a) satisfies (24) with o =0, Ay = Ay =0, By > |h1|a,
By =0.

Lemma 14. Letk > 1 and let U € C([0,9],9). Let u : [0,9] — U* be a solution
of (20) on [0,9] with ©1 € P1.

If Ry = 0 then v(t) = (|miu(t)|a, |mou(t)]s) satisfies (24) with A; = ¢ = 0,
By =0, By > |Rola.

If |[R1 ()] < Ke?®=Y) | |Ry| < Ke™?, K > 0 then v € C([0,9],R2,) defined
by v(t) = K 'e = (|miu(t)|a, |mou(t)|a) satisfies (24) with o0 = 5, Ay =
AP A=A B =0, By =1.

Now let a;, b; nonnegative numbers, ¢ € R and let T be a compact time
interval. We introduce the cone Xg := C(7T, R%o) in the Banach space C(7T,R?)
equipped with the norm || - || defined by

[[wl] -= max w(t)].

For v; and vs belonging to K we say v; < vs if and only if vo — v; € Kg. We
say v1 < vg if v2 —v1 belongs to the interior of Kq. If v; < ve and vy # vy then
we say v; < vo. Note that K is a closed and normal cone. Here the normality of
the cone means the semi-monotony of the norm, i.e. there is a number M such
that ||v1]] < M||ve|| for any vy, ve € Kg with v1 < vs.

We introduce the nonlinear but homogene, isotone and completely continuous
integral operator Ly , : Kg — K defined by

max T
(Lh o)1) = | =0 () dr
t
t
(L3 w)(t) == [ W=D A20ns |u(7)| dr + (i A2 =0y ! (min T)

min T
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for w € K, and the function ¢(T, g, a1, as, b1, b2) € K defined by
max T

(@4(T, 0,a1,a2,b1,b2))(t) := [ et (=M=l dr 4 elt-maxT(=di=o)p,
t

t
(*(T,0,a1,a2,b1,b2))(t) == [ elt=)(=42-0) g, dr 4 e(t—minT)(=A2-0)p,

min T
for t € T. Then the fixed-point problem
Ly ,w+q(T,0,a1,a2,b1,b2) = w (w € K) (31)

is equivalent to the two-point boundary value problem (25) in K. A function
v € Kg is called lower solution of (31) if v < Lg v + q(7, 0, a1, a2,b1,b2).
Analogously, a function v € Ky is called upper solution of (31) if Ly ,v +
q(T,0,a1,a2,b1,b2) < v. One can show that a solution @w € Kg of (26) is an
upper solution of (31) and that a solution v € Kg of (27) is a lower solution of
(31).

Lemma 15. Let a; > 0, b; > 0, o € R and let T be a compact time interval. If
v € Kg is a solution of (27) then

v <w* <w,

where w* € Kg is the unique solution of (25) in Ky and w € K is a solution

of (26).
Proof. Let v be a solution of (27), i.e. a lower solution of (31).

1. We show that there is a solution w* of (31) with v < w*. For it we introduce
wy € int Kg defined by

wo(t) = e =™y (¢ — min T) (teT).

Note that wq is a solution of (25a) with a; = b; = 0 and graph(wg) C Ws. Since
w§(max T) > 0 and wi(minT) = x2 > x1 = x1wi (minT) we have

qo := L qwo — wo > 0.

There is n > 0 with v < nwgy and ¢ < nqq- Setting w := nwy we have w € K
and

v<w, Ly,w+q<w.

For shortness let L : X3 — K be defined by Lw = Ly ,w + q for w € Kg.
Since v is a lower solution of (31), the isotony of Ly , implies
v < Lv < Lw < w.

The sequence (L*@) e is monotone decreasing in the normal cone KXg. Using
[ , Theorem 3.1] we get the convergence of (L*w)en to a solution w* € Ky
of (31). Since v < w we have v < w*, too.
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2. Now we show the uniqueness of w*. Assume there are two different solutions
w1, wg of (31). Then wy and we are lower solutions of (31). Proceeding as above
we get the existence of a third solution ws of (31) with w; < ws, wy < ws.
Therefore, without loss of generality, we can assume w; < ws.

Let wa = w2 —wy. Then wa > 0. Since wa = Ly ywa — Ly o1 < Loy, swa,
wa is a lower solution of

w = Ly ,w. (32)

Thus is a solution @ of (32) such that wa < .

Since (32) is equivalent to the boundary value problem (25) with a; = b; =
0, w is a solution of (25) with a; = b; = 0. Since @w(min7T) belongs to the
invariant set ¥y, the point w(maxT) belongs to ¥;, too. Since w!(maxT) =
0, this inclusion implies w(maxT) = 0. By uniqueness of the solutions of the
corresponding initial value problem, we have w = 0 such that the contradiction
wa = 0 follows. Thus w* is the unique solution of (31) and hence of (25) in K.

3. Let @ € Kg be a solution of (26), i.e. let @ be an upper solution of (31). Since
(LFb)gen is monotonously decreasing and converging to a solution of (31), the
inequality w* < w follows from the uniqueness of w*. a

Theorem 16. Let v € Ko g satisfy (24) with A; = 0 =0. Then
v<w<w (33)

where w € Ko 9] is the solution of (25) and w € Koy is a solution of (26) with
a; = Ai, bl = Bi, T = [0,19]

Proof. First we note that the existence and uniqueness of w as well as w < W
follow from Lemma 15 with T = [0,9], 0o, a; = 0, b; = B; since & is an upper
solution of (31).

Studying the phase portrait of (8) we find

—Apw? + y2lw| < 0 if w? > yw!, we RQZO.
Hence Vi = {v € RZ; : v® > y1v'} C V4(0,0). Further we introduce V_ :=
{ve Ry, : v* < xiv'}

1. Assume v(t) € clV; for t € [0,9]. Then v is a solution of (27) with T = [0, 9],
0=20,a; =0, b; = B;. The claim of the theorem follows directly from Lemma
15.

2. Assume now there is a ¢t € [0,9] with v(t) € V_. We want show that there is
ath € [0,19] with

o(t) € Vy for t € [0,01], w(t) € clV_ for t € [0y,9). (34)

Let 991 be the first time point with v?(¥1) = yx1v!(¥1). Assume there are 5 €
[91,9[, 93 € [92, 9] with v2(J2) = 10! (YJ2) and v (t) > x10'(t) for t € J9a,¥3)].
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We set T = [02,93], b1 = v1(93), ba = 0, a; = 0. Then (27) holds with ¢ = 0.
Applying Lemma 15 we obtain v|[2,¥3] < w where w € Ky, 4, is the solution
of (25) on [¥2,¥3]. Since w(Y2) € ¥1, we have graph(w) C ;. Hence

v} (0s) < w?(¥3) = xaw' (¥s) = x10" (¥s)

in contrary to the choice of ¥2 and ¥3. Therefore v(t) € cl V_ for t > 9; and
(34) is shown.

Applying Lemma 15 with T = [0,9], 0 =0, by = By +¢, b = B, a; = 0,
€ > 0, the existence of the unique solution w. € K[g g of (25) follows. Moreover,
Lemma 15 implies w < w,.

Let § = w} — v!. Then

0l (t) = = At () — ()] = =4t (E) — /(01 (0))? + (avt ()2,
we' (t) = —/hwsl(t) —nlw(t)] < —Arwt (1) — /(W (1) + (xawe (1))

for a.e. t € [¥1, 9] and hence
5(t) < —A16(t) for ae. t € [y, 9] with 8(t) > 0

Since € > 0, we have §(J) > 0. Assume we do not have §(t) > 0 for any
t € [01,9]. Then there is 7 € [¥1,9[ with §(¢) > 0 for ¢ € |7,9] and 6(r) =
Thus we have 6(t) < —A,6(t) for a.e. t € [r,9] and §(7) = 0. This differential
inequality implies 6(t) < 0 for ¢ € [r,9] in contrary to 5(19) > 0. Therefore
vi(t) < wl(t) for t € [¥1,9]. Further v2(¢) < x10'(t) < xaw:'(t) < w.2(t) for
t € [01,9]. Hence v[[¥1,9] < we|[¥1,9] in Ky, ). Since wk(¥1) > vi(¥1) and
w2(0) > x1wk(0) + Bz, we have v[[0,91] < w.|[0,91] in Ko 9) such that v < w,
in Ko, follows.

Let w € X be the solution of (25) with T =1[0,9], 0 =0, a;, =1, b =1,
by = 0. Then w. — w = ew such that w. — w as ¢ — 0. Since w < w, the
inequality (33) follows. O

Theorem 17. Let A; = )\%fﬁ, As = Ag‘fﬁ, Then for any o € |02, 01] we have:

1. There is a unique nonnegative stationary point wo(o) of (25a) with a; = A;.

2. There are X € |x1, x2[ and n(0) such that wo(0) € Kjo,9) defined by 1o (0)(t) =
(,7X) is a constant solution of (26) with a; = A;, by = 0, by = max{1,w3(0)},
=[0,9].

3. If v € Ko g) satisfies (24) with By =0, By = max{1,wj(0)} then v < (o).

Proof. Let ¢ € ]o2, 01 be fixed and let Wi (w) = (—A; — g)w! — y1|w| — Ay,
Wa(w) = (— Az — 0)w? + y2|w| + As.

1. In order to show the existence of wg(g) we note

Wl(O,wz) <0, D1W1(w1,w2) >—A; — 01— >0, DQWl(U}l,w2) < 0,
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Wg(wl,O) > 0, Dle(wl,wZ) > 0, DQWQ(wl,w2) < —Ag — 0o + 72 <0

for w > 0. Hence there are strongly increasing functions W; R>¢ — Rxg sat-
isfying Wa(n,¥1(n)) = 0 and Wi(¥(n),n) = 0 for n > 0 and describing the
isoclines w! = 0 and w? = 0 of (25a), respectively. Thus there is exactly one
positive stationary point wg = wp(g) of (25a). This stationary point has an un-
stable manifold graph(@l) where ¥; : R>g — R is strongly increasing function
satisfying W, (77) > ¥, (n) for n < wh, and ¥ () < ¥ (n) for n > w}.

2. Let B1 =0, By = w%(g). We define p; : R>9g — R by
pi(x)=-A—o-mnV1+x% p(x)=—-A2—o+nv1i+x 2
Then p; is strongly concave and p- is strongly convex with
pi(x1) =p2(x1) =01 —0>0, pi(x2) =p2(x2) =02 —0<0.

Thus there are x; € |x1, x2[ with Y2 < x1 and p;(;x;) = 0. Let ¥ € |X2, X1[ be
arbitrary. Then

p1(X) >0, p2(x) <0, Xx>xa
Therefore there is 7 > 0 such that w = (1, nx) satisfies

0< (A1 — ow' — mw| — Ay,
0> (=As — 0)w? + ya|w| + As, w* > y1w' + Bo.

Thus wo(e) as defined in the theorem is a solution of (26) with a; = A;, b; = B,
T =10,9].

3. Let By =0, By = wi(0). By construction we have
{w e RQZO w? > U (wh)} € Vy(o, Ag).
Let
V:={we Réo cw! <max{@y(w?), wi}}, Vii={weV:w?> W)}
Then 9(t) < 0 if ¢ > 0 and v(t) # V. Further Vi C V(o As).
Assume there is ¢; € [0,9] with v(t) & V. Because of v' () = 0, there is a
to € Jt1,9] with v(t) ¢ V for ¢ € [t1,t2] and
vl(ta) = wh,  vi(ta) < wd (35)
or
vl(ty) = W (v3(ta)), v2(t2) > wi. (36)

If (35) then there is 7 € [t1, 2] with v(t2) — v(t1) = 0(7)(t2 — 1) < 0 in
contrary to v(tz) > v(t1).
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If (36) then v(t) # V., implies the existence of t3 € [t1,ts] with v(ts) # V
and v(t) € V4, ie. with 92(t) < 0 for t € [t3,t2]. Thus there are 71, 72 with
T; € [tg,tQ] and

vl (tg) — vl (t3) = 0" (1) (b2 — t3) > 0,

UQ(tQ) — UQ(tg) = @Q(Tg)(tg - t3) S 0

which would imply v(t1) € V in contradiction to the choice of .
Therefore v(t) € V for ¢ € [0, 9)].
Let

f?+ ::\A7+ﬁ\~7, \~7, = V,OV

By the choice of By, the solution w € Ky of (25) satisfies w(t) € V., for
t € [0,9]. Thus we can proceed as in the proof of Theorem 16 in order to infer
v <w < wp(p). O

4 Proof of Theorem 11

4.1 Existence and Properties of Go (1)

4.1.1 Uniqueness and Estimates of Uy(-, 9, &, o). For ¢y € P let

Wa(po) == {mSW)(C +wo(Q) : C€EWo}  (920).

Then for any ¢g € @g, ¥ > 0, £ € clWy(po) there is at least one solution
Uo(+,9,&,¢0) of the boundary value problem (18).

Our goal is to prove that for any @9 € @, ¥ > 0, £ € clWy(pp) there
is at most one solution Uy(-, 9, &, ¢g) of the boundary value problem (18) with
maximal existence interval satisfying

Uo(t,9,6,9) €2 (t€[0,9]). (37)
Further we show some estimates which we need for Go(¢9).

Lemma 18. There hold:
1. Let u; be solutions of (18a) with u;(t) € Qforte [0, T] and with myu;(¥;) = &,

o1 (0) = po(m1u;(0)) where ¥; € [9,9] C [0,T], o € Po, & € cl Wy, (v0). Then
there is a constant K such that

v,

[milun (1) = ua(®)]la < (K[01 = Oo| + [€1 = E2]a) max ¢1(t - 6) (38)
€9, 9]

for t € [0, max{®,92}].
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2. Let u; be solutions of (18a) with u;(t) € Q fort € [0,T] and with mu;(9) = &,
mou1(0) = wo(miui(0)), mua(0) = ¢ (musz(0)) where d € [0,T], o,y € Po,
& € clWy(wo) NclWy(wf). Then

o (£) — wa(®)]]o < ;j%“jan@o “all e, (39)

3. For any @9 € g, ¥ > 0, and & € Wy(po) there is at most one solution
UO(aﬁafngO) Of (18) satzsfymg (37)

Proof. 1. Let w1, us have the properties as required in the first claim. Without
loss of generality we can assume 97 > J9. Set ¥ := 91, £ := &;.
We have

[T1[u2(F) = &lla < |miua(V1) — u2(92)]la + [m1u2(d2) — €la-

Since —Am is a linear, bounded operator and since f maps bounded sets into
bounded sets, there is a constant K with

K > |- Amu+ 71 f(u)]a (u € Q).
Because of |7T1 [’(1,2(191) — u2(792)]|a S K|’l91 — 192|, 7T1U2(792) = 52, the estimate
[m1[uz(9) = €lla < Ba
follows where By := K|¥1 — 92| +|&1 —&2]a- Moreover |maus(0) — o (m1u2(0))]o =
Bs := 0. Lemma 12 and Theorem 16 imply |;[u1(t) —ua(t)]] < wi(t) for t € [0, 9]
where w; € K[ g defined by wy(t) = (M|01 — V2| + [&1 — E2]a)01(t — Y1) is the
solution of (25) for these values of B; and Bs. Thus (38) follows.
2. Let uj, us have the properties as required in the second claim. We have
[m1[uz () — &]|a = B1 :=0.
Further |mou2(0) — @o(m1u2(0))la = loo(m1u2(0)) — wo(muz(0))la < [lvo —

@6”0 =: BQ.
The function ws : [0,9] — R%, defined by

wy = Pa(t) (x2 — x1) w0 — @ollo  (t €10,9))

is a solution of (26) for a; = 0, b; = B;, T = [0,9]. Lemma 12 and Theorem 16
imply |m;[u1(t) — ua(t)]] < wi(t) for t € [0,9], i.e. (39).

3. Let g € Do, 9 € [0,T], £ € Wy(po) be arbitrary. Assuming the existence of
two different solutions of (18) satisfying (37) we obtain a contradiction to (38)
withhy =d=v0=0=10,& =& =& O
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Because of (17), there is a number T, > 0 with the following three properties
Sityup €Q  (te[0,T.]),
|7T1§(t)U0|a > 7 (|7T1U()|a =7, t€E [O,T*]) if 71 < o0, (40)

|maS(t)ugla < P2 (|maugla = o, t € [0,T%])

for any ug € clQ.
Lemma 19. Let T, > 0 satisfy (40) and let o € $o. Then
clWy C Wﬁ(goo) (19 c ]07T*])

Proof. Let ¢y € @, ¥ € ]0,T,] be arbitrary. We define the continuous mapping
H:[0,1] x c1Wg — U by

H(r0,¢) == mS(19)(¢ +@o(¢)) (¢ € clWp).

By definition of Ty and Wy(yg) and by means of Lemma 18 there is a unique
Uo(-,9,&, ) for £ € Wy (o). Hence we can define the inverse H (1, -) of H(1,-)
by

H™Y1,8) :==mUo(0,9,&,00) (£ € AWy(0)).

Because of (38) with ¥ = 1 = ¥y = 9 = 0, t = 0, g9 = f, the func-
tion H~1(1,-) is continuous, too. Thus H(1,-) is a homeomorphism from Wy
onto Wy(¢o). If 71 = oo, i.e. Wy = U¥, the domain invariance theorem implies
Wa (o) = Wo.

If 71 < oo then Wy is an open and bounded set. Because of (40) we have

{H(7,€) : T€[0,1],£ € W} NWy = 0.

Using an arbitrary base in the finite dimensional Banach space U§, the homotopy
theorem implies

deg(H(17 ')7W07§) = deg(H(07 ')7W07§) = deg(IaWOaf) =1

for any £ € Wy. Thus for any £ € Wy there exists ( € Wy with £ = H(1,().

Therefore, cl Wy C clWy(po). Because of (40), we have Wy (po) N cl Wy = 0.
Since H(1,-)|0Wy is a bijection from 0Wy onto dWy(po) we have cl Wy C

W (¢0)- O

Lemma 20. Let T. > 0 satisfy (40). Let Uo(-,9,§,¢0) be a solution of (18)
satisfying Up(t,9,&, po) € Q for t € [0,9] where ¥ € [0,Ty], £ € Wy(po), wo €
Dy. Then

|7T2U0(t7797§7<p0)|04 < TAQ (t (S [0,19])

Proof. The claim follows from (40) and |maUy(0,%,&, vo)|a < To. a
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Lemma 21. Let T > 0 and let u be a solution of (18a) with u(t) € Q for
t €[0,T]. Further let 9 =T, § = mu(T) € clWo, po € ®o and let Uy (-, 7, &, o)
be a solution of (18) satisfying Up(t, 9, &, po) € Q for t € [0,T]. Then

[milu(t) = Uo(t, 9, €, ¢0)]la < Im2u(0) — po(mu(0)|avs(t) (¢ € [0,T]).

Proof. The proof proceeds similarly to the proof of Lemma 18. a
4.1.2 The Graph Transformation Go(9¥). For simplicity let v = a. For
9 > 0 let §p(9) be the set of all o9 € Py for which Uy(-,9,&, ¢p) satisfies

Uo(t,9,€,00) € Q for any t € [0,9] and any & € clWy. We define Go(¥9) :

(Go(P)eo)(§) :=mUo(9,9,&,00) (w0 € Po(V), & €cIWo, ¥ =>0).
Further let T, > 0 satisfy (40).

Lemma 22. Gy possesses the following properties:
1. &(9) = Po, Go(9)Py C Dy for ¥ > 0.

2. (9, ¢0) — Go(9)pg is continuous in (I, o).

3. There are Ty > 0 and ro(Tp) €10, 1] such that

[|Go(9)po — Go(9)gpllo < Ko(To)llwo — ollo (0 > To, @o,%0 € Po).

4. We have
Go(92)Go(V1) = Go (V1 + J2) (¥ > 0). (41)
Proof. 1. The first claim will be proved by induction. First we note that
Dy (9) = Dy (¥ €0,T4]) (42)

follows from the definition of T and from the Lemmata 18 and 19.
Moreover, using Lemma 18 with t = ¢ = 03 = 9 = 9 € [0, T], the inequality

[(Go(D)po)(&1) = (Go(D)w0)(€2)la < xalér = &2la (& € cIWo, o € Po)

follows. By means of Lemma 20 we have |(Go(9)¢0)(€)]|a < 72 for any € € cl Wy,
o € Py. Therefore Go(#)Py C Py for ¥ € [0, T].
Let now

@0(19) = @y, Go(’ﬂ)@o C @ (79 S [O, mT*]) (43)

for m = mo € N. We want show that (43) holds for m = mg + 1, too.
Let @g € @ be arbitrary. Because of (43), we have

(p(()mo) = GQ(mQT*)gDQ S @0.
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Because of (42) for any (¢,€) € [moT, (mo + 1)T.] x cl Wy, there is a unique
Emo (9, €, 20) = mUp (0,9 — moT-, &, ™) € c Wo.
Moreover, there is a unique
§o(0,€) :== mUo(0,mo T, Emq (9, 6), o) € cl Wo.
Thus S(-)(& (0, €) + wo(€o(V,€))) solves (18). Since
S(t)(&0(9,€) + po(&0(0,€))) € cl (Bue (1) + Bug (72)) (t € [0,moTy]),

we have

S)(&(0,€) + po($0(9,€) €Q  (t € [0, (mo + 1)T3)).

By means of Lemma 18 we have a unique Uy(+, 9, €, po) in Q and hence

UO(ta 193 57 900) = g(t)(éb(ﬁ’ 5) + 500(50(19’ 5))) € g

for t € [0,9], (0,€) € [moTs, (mo + 1)T%] x cl Wy, too. Applying Lemma 18 once
more (with T =9 =19, =0 =17, & =&, g9 = ¢p) and by means of Lemma 19,
the relation Go(9)po € @¢ follows. Thus (43) is true for m = mg + 1, too. By
induction @y () = Do, Go(9)Py C Py follow for any ¥ > 0.

2. The continuity properties of Gq follows from Lemma 18 with & = &,.

3. Let 9 >0, o, ¢ € Po. Lemma 18 implies

[[Go(0)po — Go(9)wol|1 < ko(9)|lwo — ¢pll1
where

¢% (79) 61992 X2

ko(¥) :== :
X2 — X1 X2 — X1

Because of (7), there is a number Ty > 0 such that ko(9) < ko(Tp) < 1 for any
9 > Tp.

4. The solution u of (18a) with initial value & + (Go(¥2)Go(91)w0)(§) at 91 + V2
satisfies (18b) with ¥ =11 + ¥2. Lemma 18 implies (41). 0

Lemma 23. For any ¥ > 0 there is ¢ € $o being the unique fized-point of
®o = Go(9)po (¢o € Po).
Moreover, g is independent of V.

Proof. Let ¥ > Tj. By means of the first three claims of Lemma 22 the operator
Go(9) is a continuous, ro(Tp)-contractive self-mapping of the closed set @y in
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the Banach space Go. Thus for any ¥ > T} there is a unique fixed-point (1)
of Go(ﬁ) in @0.
Let m € N\ {0}, T > Ty be arbitrary. Because of

Go(T/m)p(T) = Go(T/m)Go(T)5(T') = Go(T)(Go(T/m)po(T)

and the uniqueness of the fixed-point ¢§T of Go(T"), the point ¢§(T") is the unique
fixed-point of Go(T'/m), too. Thus for any ¥ > 0 there is a unique fixed-point
w5 (9) of Go(¥) in Py. Moreover

* * k
vo(0) = wp(-d) (>0, k,m e N\{0}).
Using this property and the continuity of Gy, i.e. the continuous dependence of
g (¥9) on ¥, the independence of () of ¥ follows. Thus ¢f := ¢§(To) is the

unique fixed-point of Go(9) in @¢ for any 9 > 0. O

4.2 Invariance and Exponential Tracking Properties of M

Let M* = graph(¢j|Wo) where f is the function as described in Lemma 23.
Let up € M* be arbitrary. There is 7 > 0 such that m.5(J)ug € Wy for
¥ € [0, 7]. Thus there exists Up(-, &, m1.5(F)uo, ¢f) and we have

0o (mS(Wuo) = (Go(9)@p) (m1.S(W)ug) = mU (9,9, m1.5(D)uo, f) = m25(9)uo,

i.e. S(¥)ug € M* for ¥ € [0, 7]. Thus M* is locally positively invariant.
Because of (17), the vector field of (15) is pointing strictly outward and is
nonzero on the boundary OM* if OM* # (). Thus M s overflowing invariant.

Now we shall prove the exponential tracking property. For it let ug € Q with
m18(t)ug € Wy for t > 0. Further let 7 > 0. Since S(m7)ug € Wy, we may define
the sequence (1,,)%_y by m = mUo(0,m7, S(m7)ug, @) for m € N. Note that
Mm € Wo.

Applying Lemma 21 with T = mr, £ = S(m7)ug, o = v, u(t) = S(t)ug for
[0,T] we get

|mi[S(t)uo — Uo(t, m, S(mr)ug, 95)]la < Imauo — @5 (miuo)|avh(t)  (44)
for ¢ € [0,9,,]. Especially we have
[T1t0 = N la < [m2u0 — @5 (T1t0)]a-
Because of the compactness of clWo N {n € Uy : |mug — n]a < |m2up —

©5(m1u0)|a}, there is a subsequence (17m;)32, converging to some 7 € cl Wo. We

choose (-, up) = S(-)(7 4+ @&()). Let T > 0 and 6 > 0 be arbitrary. Because of
the continuous dependence on the initial data, there is jo = jo(6,T) € N such
that m;7 > T and

|mi[a(t, uo) — Uo(t, my7, S(m;m)ug, 0§)]la < Slmauo — ¢f(r1uo)|ath(t)
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for t € [0,7] and j > jo. Combining this inequality with (44) we find
|7 S(t)uo — alt, uo)]la < (14 6)|mauo — i (miuo)lavh(t)  (t € [0,T])
for any T'> 0 and any 6 > 0 and hence, letting 6 — 0, T — oo
mi[S(Huo — it uo)lla < |mauo — @g(miuo)|ats(t) (¢ >0).
Moreover, we have 4i(t,ug) € Q and 714(t,ug) € cl Wy for any ¢ > 0. Thus
m14(0,u0) € Wo and a(t, ug) € M* for t > 0.

4.3 Existence and Properties of G1(4¥), G2(9)

Let k > 2 and let v €]a, 6+ 1] be fixed. For ¥ > 0 let Uy := C([0, 9], U*) be the
Banach space equipped with the norm || - || defined by ||u|| := H}S“é] |miu(t)|o +
telo,

n%gig] |mou(t)|o. Let Fy be the open set of all continuous functions u € Uy with
telo,
m1u(0) € Wy and u(t) € Q.
For ¢ > 0, (vo,¢1) € $o X €1, U € Uy we introduce the integral operators
Fo,00(-s) 1 Ty x Wy (po) — Uy and P(,¢1,U) : Uy — Uy defined by
t - t -
Foy o0 (u,&)(t) = [ A0y f(u(r)) dr + [ e =™Am, f(u(7)) dr
9 0

+e(t—19)7f1A§ + et 4, (m1u(0)),

(P9, 01, U)u)(t) = g T A=) DF(U(7))u(r) dr+
+ cjf =™ Ar, D f(U(7))u(r) dr 4 e™Ap; (m U (0))m1u(0)

for (u,&) € Fy x Wy(po), t € [0,9]. Then the solution u = Uy(+,9, &, o) € Fy
of (18) is a fixed-point of Fy ., (-,€) in Fy and inversely. Moreover, a solution
u=U1(-,9,§, po,p1,h1) of (19) is a solution of the fixed-point problem

’U/:P('&, SDIaUO(a,&a£7SOO))u+Q (45)
with @ = Q1(9,&, o, 1, h1) defined by

Q1(0,€, 0o, o1, hy) = =D AR,

and a solution u = Us(-, ¥, &, ©o, @1, P2, h1, ha) of (20) is a solution of (45) with
Q = Q2(0,&, @0, 1, P2, h1, ha) defined by

QQ(’&; fa ¥0, ¥1, P2, hla hQ) =
t ~
f eﬂ-lA(tiT)Trlsz(UO(*))(Ul (7—7 197 57 ©0, P1, hl)v Ul (7—7 197 f? ©0, P1, h2)) dr
9

t ~
+ f e(t_T)TQAT(QDQf(UO(*))(Ul (T7 1197 ga ®0, P1, h1)7 Ul (Ta 19) 57 $0, P15 hQ)) dr
0

+e!m™2 A0y (m1Up (0,9, €, 90)) (U1(0,9, €, 00, 1, 1), U1 (0,9, €, @0, 1, ha))
where Up() stands for Up(7,7,&, ¢o).
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Lemma 24. The operator I — P(¥,p1,U) : Uy — Uy is a linear homeomor-
phism from Uy onto itself for 9 >0, p1 € &1, U € Fy.

Proof. Let ¥ > 0, o1 € &1, U € Fy be given. Obviously P(¢,p1,U) is linear.
Since v > « one can show that P(¢,¢1,U) is completely continuous. Let u be
a solution of u = P(¥, p1,U)u. Then u is a solution of (19) with h; = 0, and
the Lemma 13 and Theorem 16 imply u = 0 since Ay = Ay = By = By =0
and w = 0 is the solution of (25). Therefore, I — P(1J,¢1,U) is injective. Since
P(9,¢1,U) is completely continuous, I — P(¥¢,p1,U) is surjective, too. Thus
I—P(¥,1,U) is a linear, continuous bijection from Banach space Uy onto itself
which has a continuous inverse by means of Banach’s Theorem. a

Lemma 25. Let k = 2 and let 9 > 0, pg € @, £ € Wy(p). If po is C? then
Uo(-,9,&,0) is C? in € € clWy. Moreover,

DBUO(ta 19357 QPO)hl = Ul(ta 19;57 ©o, DQDO, hl)

(46)
D3,3U0(t7 797 67 300)(]7'1) hQ) = UQ(t7 797 67 $o, D‘PO; DQ(va h17 h2)

fO’I“t S [0,19], e clWy, hi, he € Uf‘

Proof. Let 9 > 0 and let ¢y € @y be twice continuously differentiable.

We note that Fy ., belongs to C?(Fy x Wy (o), Uyg). Since Dy Fy o, (U, &) =
P(9,¢0,U), Lemma 24 implies that I — D1Fy ,,(U,§) is a linear homeomor-
phism of Uy into itself. Since Uy(-,,&, po) solves u — Fy oo (u,§) = 0 we can
apply the implicit function theorem in order to conclude the C2-smoothness of
Uo(+,9,&,¢0) in €& € Wy(po). Moreover, (46) follows from the implicit function
theorem. Since cl Wy C Wy (pg), the lemma is proved. O

Similar to Lemma 22 but using some more technical estimates (since v > «)
one can show

Lemma 26. There are T > 0 and closed sets ng C &, with0 € ng forj=0,1,2
such that:

1. Go(T2), G1(T2) (o, ), G2(T2)(po, p1,-) are uniformly contractive on Pqy, Pq,
D4, respectively, for (o, 1) € Po X Pq.

2. G()(Tg)éo - éo, Gl(Tg)(éo X él) - él, GQ(TQ)(@Q X le X Qgg) - Qgg,
3. G1(T2) (-, 1), Go(T2)(-, -, p2) are continuous for (¢1,p2) € P1 X Po.

Because of (46), we have
DGo(T») (o) = G1(T2) (g0, Do),  D*Go(T2)(¢0) = Ga2(T2)(0, Do, D* o)

for twice continuously differentiable ¢y € &;. Choosing wo = 0 and applying the
fiber contraction principle, the C? smoothness of the manifold follows.
Thus Theorem 11 is proved. a
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