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SEPARATION AND CONNECTEDNESS
K. CSASZAR

Budapest

Our purpose is to study families of sets having properties si-
milar to those of the family of all connected sets of a topological
space, as well as the relation of such families to binary relations
called separations, Let us begin with the definition of the latter
concept.

Definition I. The relation G between the subsets of a set
X is said to be a separation if
' goAr, Aog for ACX,
Ac B implies ANB = f,
A0 B, A’C A, B’C B implies A’ ¢ B’,
‘The separation O is said to be gymmetrical if A G B implies
B T A.

The notion of separation is nothing else than another formu-
lation of the notion of semi-topogenous order. In fact, as it is
well-known ( [ 1}, p. 7):

Definition II., The relation < Dbetween the subsets of a set
X 1is said to be a semi-topogenous order if
g< g, xX<X,
M<~R implies M C N,
M cCM’< R’ C R implies M <N,
The semi-topogenous order « 1is said to be symmetrical if
M< N implies X - N< X - M,

The above mentioned equivalence of separation and semi-topo-
genous order is contained in the following statements:

Theorem I, If < is a semi~topogenous order and the relation
¢ 1is defined by .
(1) A GCB iff A<X- B,
then ¢ 1is a separation. Conversely if O is a separation and the
relation < 1is defined by
(2) M< N iff M ¢ X - N,
then < 18 a semi-topogenous order.

Proof, G defined by (1) is a separation:
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B Pg< FC X -A=>0 g A;
AC X< XCX-g=A00;
AT B A<X-B=>ACX-B=ANB = g;
AoB, A'C A, BPC B>A'C A< X-BCX-B=A"<IX- B
<> A’ ¢ B’,
On the other hand < defined by (2) is a semi-topogenous order:
o X-g=>08<@g; XaoX-X=>X<IX;
M< N M T X - N=>MN(X~-N) = <=M CN;
MCM <NCFR&ENCM, MT X-K'y, X-NDOX-FK=>MTX~ N«
<> M < N,

Theorem II, If G is obtained by (1) from < , and < is
obtained by (2) from this T , them <'=-2 ; conversely if < is

obtained by (2) from o and o' from this < by (1), then C'= g,

The relations < and O satisfying (1) and (2) are said to
be associated with each other.

E. g. if, in a topological space X, the semi-topogenous order
< is defined by
M< N iff HC int N,
then the separation To associated with < 1is given by
(3) Ao, B iff AC int(X-B)=X-3 ifrf AnE =4,
On the other hand, let <« be defined by
M<K iff MCint ¥ and N cCH,
then U associated with < will be given by
(4) AT 3B iff ANB=ENB = 4.
Concerning symmetrical separations we can say:

Theorem IIT, The separation U is symmetrical iff the semi-
~topogenous order < associated with it is symmesrical,
Proof. If & 1is symmetrical, then
M< &M X-N=>X-NOM=2X-N<IX-M;
if < is symmetrical, then
AT B&=SA<X-B=B<X- A=>BGA,

Let us now consider families of sets defined by some conditions

obviously fulfilled for the system of all connected sets in a topolo-
gical space:

Definition III, The system ok of subsets of & set X is said
to be a connectivity if
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el , {plel for pex, ~
o,el (1e1), N_¢; #4 impries U ¢ el
1e1 1¢e

Connectivities can be obtained from separations in the follow-

ing way:
Theorem IV, Let O be a separation on X, and let C el

hold iff
C=AUB, AT B imyies A=fg or B=f;

then & is a connectivity called the connectivity induced by o .
Proof. @ = AUB implies A =B =g, hence fFel.
{p} = AUB, A o B implies, by ANB=@g, A={pl, B=¢g
or B = [pl, A =g, hence {plcl.

U ¢, =0C=AUB, AT B, pe (\ ¢, implies e. g pEA;
1€ 1 1e1

then, for every i, C; = (Aﬁci)U (Bnci) = A;UB; where evidently
A{O B, , peA;=>A; #f, thus el implies B, = # and B =

= U Bi = ﬂ.
ie 1

B. g. if, in a topological space, & is defined by (4), then
this separation induces the family of all connected sets in the usual
gsense, This G 1is evidently symmetrical. Its relation to the separa-
tion T, defined by (3) can be given as follows:
(5) AC B iff AT, B and Bvcro A.

In general, it is clear that if T is a separation, then the
relation o defined by (5) is the finest symmetrical separation

coarser than ‘3’0. Here the separation 0‘1 is said to be coarser
G, B implies

than the separation 0'2 (or 0‘2 finer than 0'1) it A 1
A 0'2 B,
Clearly the relation of being finer (coarser) is a partial or-

dering among the separations.
Conversely to Theorem IV, if a conmectivity L 1s given, we
can always construct a separation O which induces L. More pre~

cisely:

Theorem V., Let { be a connectivity and, by definition, let

A @ B hold iff there exists no Ced such that
CC AUB, ANC# @8 # BOC.
The relation U' defined here is a symmetrical separation

which induces J .
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Proof, o' is evidently symmetrical.

o' is a separation g ' B and AT g by gncC = g
A G B implies ANB = @, otherwise there would be a set C = (plC
C AUB with the property Cel, CNAZ @ #cCnB; if A ¢ B,
A’C A, B’C B but A’c' B’ would not hold, then there would be
a set C’C A'UB’ such that G'e¢l, C'NA’ £ ## C'NB* and then
C’c AUB, C'NADC'NA’#8, C'NBDC'NB" £F in contradiction
to A o' B. '

&' induces I » To prove this let I' denote the connectivi-
ty induced by I’ according to Theorem IV. We prove that L =',
L <l' since C=AUB, AG' B, A#£@, B#@ would be in contra-
diction with Cel. On the other handa L'c L , Tet ¢’ecl', L is
a connectivity, therefore if C® = g then el ., If O £ 8,
choose peC?, Set
(%) aA=Ufe; + pec,Cer, cuell.
Then Ael, since I is a connectivity, and peA < ¢* by {pjel .
Let B = C’ - A, Prove first that A o' B, In fact, for a set GCel
with C<C AUB=2¢’, CNA# @, we have ps AUCel, AUCCC’
hence by (®) AUCCA, CC A, CNB =@, Consequently A o' B
and A # @ implies B =@, C' = Acl, and therefore L <L

In general, a connectivity can be induced by several separati-
ons. However, that one defined in Theorem V is the finest among them:

Theorem VI, If L is a connectivity and O' is the separation
defined in Theorem V, then @' is the finest one among all separa-
tions inducing L.

Proof. If O induces L and AO B, C<AUB, CNAAZPZ #
#CNB, then CNATCNB and (CnA)u (CNB) =C imply C &L, so
that A O’ B.

The fact that two separations distinct from each other can in-
duce the same connectivity may be illustrated by the following exam-
ple., Let X be the real line with the usual .topolbgy, and let <
denote the separation defined by (4). Then the connectivity L in-
duced by T consists of all intervals, With this I, consider the
separation o' Qdefined in Theorem V. Both ¢ and o' induce & N
however O £ J', In fact, if

A= [Ov l:lf\Q, B=(1, 2)nQ
(Q 1is the set of rational numbers), then A OB does not hold since
1€ANB, but clearly A o B,
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The answer to the following open problem would be of some in-
terest. Characterize those connectivities L whose elements coin-
cide with all connected sets of a topological space X, or the same
question for some special class of topological spaces.
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